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prediction of rivulet heat transfer at the liquid film breakdown3

Nomenclature

An exact malytical solution has been developed to estimate the temperature distribution of the
Ęryid rivulet. The aTatysis is based on solving the energy equation through the transformation of the
dru]et cross-section having the shape of a circu]ar """t* irrto an infirrite"stripe with the help of the
,mnfoma| 3aPPin_g _method. When the results are related to those of the contńuous liquid fiń at the
hrstarrt.ofits breakdown, an increase in heat transfer coefficient is found for the adjacńt rivulets, but
ffi th_e rivulets are separated by dry distarrces a drop in heat transfer coefficient is obiained. The present
*udy is aiso compared with arr approximate solution for the flat liquid film.
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parameter defined by Eq. (1ra),
eneTgy per unit width,
heat tra,rrsfer coefficient,
thermal conductivity,
rivulet half width,
mass flow rate,
normal,
heat tra.rrsfer rate,
heat flux at the rivulet base,

radius of the rivulet,
fi mensionless temperatr:re,
T+ -_ (T _ Ts)k/q'l,
average temperature,
film width,
wetting ratio, X = 2Lf W,
coordinate pmallel to the surface,
coorfinate normal to the surface,
complex variable (z = r ! ig),

Greek Symbols

J.9,1 pmałneters defined by Eqs.
(11a,l1c,lld),
thickness,
dimensionless thickness,
funciion defined by trq. (A5)
dynamic viscosity,

contact mgle,
density,
surface tension,
shear stress,
complex variable,
((:C+in).
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Subscripts

s-
€-
J-

effective,
film,

rivu]et,
liquid free surface.

1. Introduction

Rivulet which is a natura1 pToduct of breakdown of the continuous iiquid
fl]rrr has been a neglected topic for a long time while the continuous liquid film
lras been strrdied extensively. The film stability has been studied to prevent the
filrn from reaching the critical thickness thus avoiding its rupture, Howeveł, tlre
problem of internal heating of stator blades of steam turbines and other chemi-
cal engineering processes, in which the breakdown of the liquid film is observed.
necessitate an extensive rivulet study. A 1imitecl number of studies concerning
lrydroclynamics and lreat transfer of rivulets lrave been conducted. In hydrodyna-
mics Towell and Rothfeld [1] developed an approximate solution for the velocit1-
distribution in the flat fllnr. Bentwich et al. [2] obtained a polynominal solution to
calculate ali the rectilinear flow properties of the rivulet over the complete łange
of practica1 interest. Mikielewicz and Moszyński [3, 4] have dealt in their worlio
lvith the rivulets separated by dry surfaces and their stability, Ryley and Tilr-
gxiang [S] studiea the free energy loss during the film breakdown tlreoretically and
experimentally. They deait with different geometries of the rivulet and measured
the contact angle. Gowroński [0] stuaiea the rivulet heat transfer experimentall5
and concluded that the meclranisms of rivulet heat transfer are not considerablr
different from tlrose of film heat transfer. Fujita and Ueda [7] studied the
transfer of a falling liquid film before and after the f,lm breakdown on a vertic
tube. They concluded that for heating at the low lreat flux the heat transfer
efficient is nearly the same as for the continuous liquid fiim while for a high
flux a lower value of lreat transfer coefficient was noted. Rageb [8] carried out
tlreoretical and experimental investigation for a rivulet under condition that t
heat is transferred through the rivulet free surface according to Newton's cooli
larv. Hirasawa and Hauptmann [9] experimerrtally measured the dl,rramic cont
angle and the heat transfer parameters for a vertical heated wal1.

The problem of evaporation oł condensation of the rivulet requires that t
liquid 1ayer interface is at a constant temperature which is equa1 to the tem
rature of the solid surface at the edge of the rivulet. This is the most com
problem rvhich has been dealt with during the study of the film breakdown. Ti
problem has been tackled only approximately through the application of a
dimensional soirrtion for the flat liquid film.

The aim of the present work is to flnd an exact analytical solution for the tem-
perature distribution within a rivulet having a constant interface temperature_
This solution cal} be used to flnd the influence of rivulet formation on the heal



u-ith the boundary conditions:
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transfer coefficient and for comparison with the approximate solution. The ana-
lvsis is carried out by solving the energy equation using the conformal mapping
method"

2. Analysis

The liquid rivulet being a subject of the present analysis is considered to have
lhe cross-section in the shape of a circular sector. It is assumed that a11 the heat is
transferred through the rivulet free surface. Moteover, the rivulet base is subject
io a constant heat flux while the free surface is at a uniform temperature.

Under the above assumptions, the temperature distribution i(*,ń of the ri-
vu]et cross-section shown in Fig. (1a) is governed by the reducecl 

"o"rgf 
equation:
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at the liquid free surface ABC, and

aT=
0n

at the rivulet base (surface DtrF).

Fig. 1. Rivulet cross-section: a) Z-plarre, b) (-plane

The equation of the rivulet surface applied for describing the boundary
condition in Eq. (2a) is written as;

*' + u' * ZyRcos@ = R2 sin@. (3o)

Eq. (3a) follows from the physical condition of constant temperature and surface
tension on the liquid interface. For simplicity it can be assumed that Rsin} :1
so that trq. (3a) become:

(1)

(z")

(2b)_Q"
l^

Ą =n

*'+ y' !2ycot@: I, (3b)
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The problem can be solved by mapping the z-plane conformaliy into (-plane.
Thus the circular sector of Fig. (1a) could be transfołmated into an infinite stripe
Fig. (rb) by using the conformal mapping function

where

with the boundary conditions

T:T", at

and

ż_1
C : t" 

,::11 '

(:Ę+źq,
;_(:Ł_zr],

(4)

(5")

(5ó)

(7)

(8")

(8ó)

so that /2u\Ę:ln\67ft6aĄ, (6")

and

T =tan-lą#-. (6ó)

In the (-plane the transformed problem to be soived becomes

0'T=- o.
a€a€

{:(_.:€+ł(r-O),(: (r : C - a(zr,- O) ,

at

The solution of the problem formulated by Eqs. (7) and (8) can be włitten as

T_T":i_|- ' ,_ (coil-Cl '' /.,tń.9\l
hl^Ę'"|#a) -ń,"\* )] (9)

After rearrangement, the above equation takes a form

{_: Cp: { { irr ,

C:Cz:{-ir.

T-T":{ż|","(#ę11 , (10)
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where

p:

: co.sh Ź
sinh2 | + I'
_,,Ę ,T-o-+T
-ą?,n,n, -co,sn,-",,,, 2--,,- 4 '

,{ l?f-O+T, r-F-łrtCOSLźS?nn 
4 *SXn o ,

(11a)

(11b)

(11c)

(11d)

Eq. (t0) is reduced

( 16)

,( ,T-O+? 7f-O*ł,,| = cosnźsznn Ą -sLn 4 .

ln particular, on the center line of the rivulet cross-section,
lo the following form l| , (r_@^|

T-T.=Łhlan !' k tan r1l4

For the purpose of comparison we also present the approximate temperature
distribution reffering to the flat film:

T_T":Ę{a- ń. (13)

In order to estimate the effect of liquid film breakdown on the heat transfer
process, the rivulet effective heat transfer coefficient are related to those of the
continuous liquid film having the critical thickness. Basing on the equality of the
heat transfer rate before and after the breakdown, we have:

llr:Ql l

or in terms of the heat transfer coefficient

Tr-T"

(I2)

where

and ,,:+T. (17)

This independent analysis of heat transfer can be now linked,together with
the hydrodynamic analysis of the broken film done in paper [3]. The analysis
based on the equality of masses of the shear driven liquid film before and after

(14)

(15)
6ł
k,

Q"h,
h1

u,:*'
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its rupture is given in the appendix. On the grounds of this analysis a relation
betrnreen the rivulet parameters and the flIm thicknes§ can be written as:

6,: ( !Xó)"' o.

Substitttion of trq. {18) into 
", 'r)' 

*-*

Ł:ć:r(#)''' *,

where the average temperattre diference at the liquid-so§d interface can be ob-
tained fot q - rr as fołlows:

oJ

_li-------|_Ę
r-==_:#r|?_w
cl

(22)

If the rivulets are separated by a dry srrrface (Fig. 2c) the wetting ratio X is
less than unity and its determination is based on the equality of the ńtu,l 

"o*.gy

(18)

(19)

(20)ł._T":*j|","{##)] *,

ł,_T"=#o(#_"o"o) , (21)

when linear fistritrution of the temperature for the flat liquid film is adopted.
Eq, (r9) can be applied for the adjacent łivulets with no intervening dry

Fig. 2. a) ł_Inbrokenfilno. b) Adjaceni riląr]ets. c) Sepaatedrivulets

surface (Fig. 2b). In this case q/etting ratio X is equat to unity and the equation
takes the form
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Calculations of the ratios h,lhł and h"f hs were performed and the results
are shown in Figs. 5+7.

Results and discussion

In Figs 3, 4 the dimensionless temperature distribution was drawn at the
center line of the rivulet and at the liquid-solid interfa,ce respectively using the
9resent anaiYsis and the one-dimensiona] solution. From these figures it appears

- 
Pr€sont §olut|on

,----- !ineor profile

\. 6.9O
/ )§.-
e -/gd-

Y
Fig. 3. ComParison of the present solution with the linear profile at the center line

tliat botlr solutions are close to each other for small contact angles but for large
ones a remarkable difference can be observed. This difference can be explainód
bY the fact that the one dimensionai solution gives acceptable results only when
the variation of the rivulet thickness is very small and this is true for a slender
rivulet. The ratios of mean heat transfer coefficient for the rivulet to that of the
flat film having the same liquid-flux as the rivulet are plotted in Fig. 5. The uppel
curve is drawn for the case when the film rupture creates adjacent rivulets with
no intervening dry surface. The observed increase in the heat transfer coefficient
maY be attributed to the high heat transfer coefficient at the rivulet edge where
the thickness approaches zero. The lower curve is drawn for rivulets sóparated

B1

before and after the breakdown. The relation used to obtain X is given in the
appendix.

The effective heat transfer coefficient is an average value of the rivulet heat
transfer coefficient and the coefficient refferirrg to dry areas regarded as adiabatic
surfaces. Thus making use of Eqs. (14,19) it ii possible to write:

(23)

oL
0
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Fig, 4. Comparison of the present solution with the linear profile at the liquid-soliri interface.
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trig. 5. Variation of rivulet to film heat transfer coefficient ratio in terms of contact angle

by dry areas. Contrary to the previolls case, the lesults show that the ratio of
h,lht is less than unity which indicates a significant drop in the heat transfer
coefficient after the film breakdown. This is mainly due to the liquid distribution
oil the sulface after the film rupture. The liquid distribution is controlled by the
wetting ratio X, described by trq. (A4), that decreases with the increase in the
contact angle. The continuous thin film can produce a rivulet with a relativĘ
large contact angle. Moreovet, for the adjacent rivulet since tlre liquid is concen-
trated on a smallet aTea. Therefore, it has a lower heat transfer coefficient and
Iower h,f hl ratio.It can also be seen that h,f h,l increases with the contact angle-
Despite that both the wetting ratio X and the rivulet heat transfer coefficient
decrease. This may be explained by taking into consideration the influence of ń1
on the rutio h,f h1. At the growth of the minimum film thickness with contałt
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il31e there is a much faster decrease in the fllm ireat transfer coefficient /z1 tlran
:_ ń, which produces an increase in tlre ratia hrf h1. This should be deemed an
-.,rplanation for the behaviou, of the upper culve.

Fig. 6 shows the variation of the effective heat transfer coeficient with the

d! 0.26

' o,24

o.2L
o 30 45 60 7§ 90

0 dog
trig. 6. Variation of effective to film heat transfer coefficient ratio in terms of contact a,rrgle

' ,,ntact angle. As mentioned earlier, the effective heat transfer coe{ficient is de--:red for the surface which is partiallv covered by the liquid. The dry surface is
t,,liabatic. The factors which have an influence on the rałlo h,f ltl for the wetted
, art of the surface have already been discussed (Fig. 5). As far u, th" dry part of':e surface is concerned, the existence ofthe adiabitic-area causes a redirction of,:e lreat transfer coefficient, The nearly constant value of h"f h,s that appears in
::,e figure maY be due to the counteraction of the different inteiacting fiito.r.

Fig. 7 shows the relationship between the ratio of the heat transferloefficients''tained from the present analysis to that obtainecl using the linear profile. It in-
::tates that the present analysis gives higher values of ihe rivulet ńeat transfer
':,ef,ficient and that the coefficient increases with tlre contact angle up to 40 %
ł,iove that of the flat fllm. It is suggested that this difference can nót be neglected
i:rd the Present analysis is necessary to evaluluate the heat transfer parńeters
:;r the large contact angle accurately.

4. Conclusions

From the Preceding analysis and discussion the following points may be conc_
ludecl:

o an exact temPerature distribution for the rivulet of constant interface tem-
perature has been developed,
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Fig. 7. Variation of the present heat tra,rrsfer coefficient to that using linea,r profiIe versus conta,ct mgle I

{

. an increase in the heat transfeT coefncient has been noted when the fiimł
ruptu.re creates adjacent rivulets, 

II
o a drop in the heat transfel coefficient up to more than 70% of that of the|

continuous film has been obtained for tńe case of separated rivulets, Il
o according to the re§ults of the present study the approńmate solution (lineai|

profile) can be used foł the case of small contact angle while for large angl{
it seems to be incorrect to use the approximate solution. 
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przejmowanie ciepłaptzez strugi cieczy po rozpadzie filmu

streszczenie

. .Przejmowanie_ciePła Przez strugi płynące.po porvierzchni ciała stałego jest, jak dotychczas, bardzosłabo rozeznane, Niemniej, strugi_cieczy wy*ieni"jące ciepło występują i *ń1 Źagadnieniaclr lechniki.
Calem PracYjest Przedstawienie dokładnegorozwiązania 

-"rity."r"gÓ"ozkładu temperatury rv strudze,
dla_ P_rzYPadku gdY temPeratrra powierzcńni swobodnej strugi jest 

"iała, a ,r. po*i*".hri 
"tyt 

11 
"t"1rgiz ciałem st_ałym zachowany się stały strumień cieplny.

Dla tvclr warunkórv rozwiązano.równarrie eneigii'(1) przyjmując, że przekrój poprzecżny strugi jest
odcin]<iem koła. Przy rozwiązywaniu, zastosolvanJprretształóeni" Lonfor"mn.(ł) iailfi" tJł".;;Ji
na PłaszczYŹnie zesPolonej" (rys. 1.). W pL.aszczyźnie zespolonej, równanie p.".*6a-i.t*. Ó;;;;ąi; ";;Ji O::t."'i (7J, a,warunki brzegowe ao [S1. Rozwiąrqlil* z"=|olony- jesi l"unJ<.;^ analityczna opi=.nłrownanlem (9), ktora rv PlaszczyŹnie rzeczywistej daje rozwiązanie w poslaci (l0). Pozwolilo [o na
obli_czenie współczynnika przejmowania ciepła ocl ciał.itał.go do strug. '

W dalszej częŚci Pracy,.porównano o"yik rry rezultat z p"rzejmow.iiem ciepła przez fiIm, z którego
PowstałY strugi, Porównanie przeprowadzono dla dwóch przlpajków,_strug cieczy siykają.y"r, 

"i9 
i "i*i*,;ddzielo_nYch srrchą powierz_.hryą..W obliczeniach *yk.r.rrójż" *"pół."yioik p""".1-o*..,i..i";i;, ł;

Prz5'Padku strug stYJ<ającyclr się, jest większy niż dla fllmu - ..to.ri."i dla sirug rozdzielonycir suchą
Powierzchnią - wsPÓlczynrrik przejmowania ciepła jest znaczńe ńższy, niź dla fitńu, z którego ;"";"JJstrugi.

Appendix

Relation Between Liquid Film and Rivulet Dimensions
The relations between tlre dimensions of

bleakdown and the newly formed rivulet lras
and based on tlre following clitelia:

the liquid fiim at the instant of film
been investigated using reference [3]

(.A1)

(A2)

(A3)

ńJ=ńr,
EJ=E,

d,tr-

dX=0,

and fol stable rivulets
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The above criteria have e parameter X, which
written as a function of ot

X-

where

and i
<P - -;COS+ 'o_|"rro+=+x lJ.s?n

13 15O 
- 9Or;rrO .in@ 2

óf can be found from the following relation obtained as a solution of the

of Eqs. A1, A2, A3
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(A4) 
i
i
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l_
Lz.-

ó:sźn@-!"in'@-Ocos0,3

8

where

The relation between other parameters can be found from the equ
masse§ aS

36!z/s (ffi) (o - }"u,o)"'- 6! = I - cos@ ,

^+ - 
p,26?

61.1o
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