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RYSZARD MOSAKOWSKI1

Mathematical analysis of compres§or unit operation
with stepwise capacity control

The mathematical analysis of the compressor unit operation with a stepwise capacity control, with
the assumPti_on of under critical air uptake, is incorporaled in the paper, The relatiónships between the
Parameters characterising the pressure course in the air tank as a iunction of dimension]i". pr..^"t".=
with the air uPtake dePending o_n pressure change have been derived. The formulae on the ńquency of
switchin_g the comPressor into idling and on its maximum value is also given in the paper. I. tr,J.a.pt"a
model oJ th_e air uPtake only a small impact of the pressure changes on"the lru,lu"" Jf d*" of the preslure
rise and _full Period of Pressure change was proved as well as Ón the mean value of the air p.."",r."
uPtaken bY users. SimPle dimensionless relatións allovring for the comparison of the 

"n"rgy "ff"Jtiv"nosof the comPressor units with_various stepwise control syJt"m" have aGo been derived. ei."p..i*""t.l
verification of some of the relationships rłas carried ouŁ as wel].

1. rntroduction

The PurPose of this papel is to analyse of the impact of adopting the constant
air uPtake on the parametels reflecting the pressure course in air tanł in the
comPressol units with a stepwise control of their capacity, such as: the time of
PTeSSure rise and its full change, their ratio and the mean pressure value of the air
delivered to users. An essential purpose of the papel is alsó to evaluate the impact
of the adaPted model of the air uptake on the relations depicting the frequency
of switching the compressoT into idiing (in the compressor units operating witL
constant rotational speed) or on the frequency of stopping the comple§sor oT
switching off an electric engine - in cases where such a capacity controi system is
applied.

In the light of the contemporary most important problems in the fleld of
PoweT Sectol S}stems driven by internal combustion engines, which are] reduction
of harmful emissions and fuel consumption, an equally important pulpose of this

^^ 1}.!+"ll_ University of Gdańsk, Faculty of Mechanical Engineering, Narutowicz a 1t/L2,
80-952 Gdańsk



146 R, Mosakowski

PaPer is introduction of a relation facilitating a comparative analysis of energy
conversion in the compressor rrnits with various stepwise capacity control systems.

2. Characteristics of the control systern

The stepwise compressor capacity control systems are characterised by simpli-
city and reliability. The structure of such a capacity control system applied most
frequently in the compTessor units with the displacernent compTessors is shown
in Fig. 1.

Fig. 1. Structure ofthe capacity control system in the compressor unit.

The compressor CR is equipped with the controller R of a relay type with
hysteresis [1], which maintains pressuTe p in the air tank ? in the range from
Pt-Pz.When the pressure increases to value p|, which is close to p2, the controller
R oPens the inflow of compressed air from the air tank to the two-state final
control l;aljt CW, that assumes a positionh _ hrno, sirntitaneously acting on the
Pląt^es of the complessoT's suction valves. Consequently the compressor capacity
QcR droPs to zero. In the meantime the pressure in the air tank reaches its
maximum value p2. The lasting uptake of the compressed air Q causes a gradual
pressule decrease. when the pressure in the air tank drops to value p| cloie to p2
the compressor controller cuts off the conrrection between the final Óontrol unit
and the air tank, linking its working space with the ambience. The fina1 contro|
rrnit returns automatically to its resting state (h : 0), not acting on the suction
valves' plates, and pressure in the air tank drops to its lowest value p : p7.
The compressor starts its operation again with the full capacity. The lnterna}
combustion engine runs with a constant rotational speed cu, which is equal to the
nominal value ory, maintained by the speed governor RQV.

Time plots of the compressor mass capacity QcR and pressure p in the air
tank for various values of air mass rate Q uptaken by the air receivers are a
graPhical Pattern of the complessoT rrnit operation. As it follows from Fig. 2, the
pressure course in the air tank is of a saw type shape, however, the time periods
of the pTessure change from p1 to p2 aredependant on Q.

Assuming that the time plots shown in Fig. 2 are a graphicai model of the
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Fig. 2. Time plots of pressure and compressor capacity QC R for various ralues of air mean uptake Qs..

compTessol unit operation, an attempt of its mathematical description wi11 be
presented below.

3. Mathernatica] description

The difference between the mass flow rate of air flowing in QCR and out of
the air tank Q causes a change of the ail mass rn in the air tank according to
equation

QCR - Q:+,
o,T

(1)

where r denotes time.
The processes of fllling and emptying a tank aTe accompanied by temperature

changes, The range of these changes depends primarily on the mass exchange
in the air tank as well as the length of pressure fluctuation period. With small
changes of pressure in the air tank (a big volume of the air tank in relation to
the rate compres§or capacity) the change of a thermodynamic state of air can be
depicted by an isothermal pTocess. Based on an assumption, after transformation,
equation (1) takes a form

RT
ap : ?@CR - Q)d, (2)

where: R gas constant, T temperature, V - volume of the air tank.
The compressor capacity QCR in relation (2) is a function of the engine angular
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velocitY o and forcing pressrrre p1. However, considering the assumption c,.l :
(rN : const. and information that p1 in the multistage compressors changes only
insigniflcantly, one can assume for simplification that:

QCR - Q"R(pr,u) - Qx (3)

where: Qry - rated compressol mass capacity, ux7 - rated angular speed.
In the cases where the ratio of the pressure in the environment pg, where air

from the air tank flows into, to the pTessure in the air tank is less then subcritical,
the mass flow rate of air Q flowing out of the air tank, according to [2], is clescribed
by the relation

where: F - free area for the air flow, n, - adiabatic exponent, ł - air temperature
in the working space of the air receiver connected to the compressor unit.

Subcritical flow conditions occur, among other applications, also when such
aPPliances as send-biast cleaning devices to remove rust, spray painting equipment
etc. are supplied with the air from the compressor unit.

As it follows from relation (4), when disregarding the changes of temperature
Ę, the air flow rate Q is a function of pressure p and free area F only. In practice
the air uptake can be constant, when the air tank is equipped with a control
sYstem changing area F in relation to pressure p variations, or variable, when
area F : const., irrespective of pressure p changes in the air tanł. In the last
case, for a given free area F relation (4) may be presented in the following form:

Q:Cp,p
where

Cr-(-2)'=,f;, 1 .F' \rcłll V-nFlłm
The mean flow rate of air flowing out of the air tank may be determined on
grorrnds of relation

Q",: Q?,R : CP ,Pę

where

Pę:

(4)

T21r
- l pk)drrzJ

0

(5)

(6)

the

(/;

(8

and: 12 - time period of the full pressure change in the air tank, p, mean value
of the pressure in the period 12.

After substituting relation (7) into (2) and transforming adequately one gets

Ką:8'R _
dr QN

(99p
rpz
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(10)

where ą denotes the time of pressure increase

where

, :k. , :9!_ !r_ _ Q", rż V
pz'' Qrv =Q*'l1:mŃ,

and: ę * mean value of the load coefficient of the complessor unit, for a given
free area i' or a mean value of the relative compressoT capacity.

Fig, 3. Diagram of pressure distribution in the air tank for determining pr.

In the nęlLod of pressure increase from p1 to p2 the compressor operates with
capacity QCR -- Q1., Hence, after integration óf equation (9) and taking into
accorrnt the boundary conditions:

p:p7 for r:0

p:p2 for r:T1

p(r) : *l; * 
@ 

_ 
Ź) 

*" (_#")], r e (0, ą)

we get

11 : ypr!m|" - łę1, 
,b : Ł.

ę lr-ęl Pz
( 11)

(I2)

In the period of pressure decrease frompl top2 the compTessoT capacity Q :0,
Differential equation (2) depicting the pressure change irrthe air tank takes the
form

dpę
- 

: __aT
P łlP2I

Solving equation (12) and taking into consideration the boundarv conditions:

P: Pz for r: r7,

P: p7 for T: r2,
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we get

p(r) :, ę#).", (-#), r e (rl,r2|

rz-_KpzYnl"-y łl
ę l:I-1pę |

In order to determine z it is necessary to solve the fo1lowing equation;

rrIpzrz-- |p(r)dr l Ip(r)dr.J.J
011

When the relations (10-14), are used then the solutions of the integrals in relation
(15) will have the following form:

i rov,: *r:f,^lT#|-u3NtG- ł),

, Np?2.
ę

to (15) one gets

.ę
l],; - l1,1ę-t, _ ę,-- .z; ę,lł ę (r!a,l) ę ę(0, 1),
I - lpv-l

(13)

(14)

Substituting relations (14), (1

12
l
l p?)dr:

T7

6) and (17)

(15)

(16)

(l7)

(19)

'; = 
o (1s)

where: ,ły'6 - lowest value of ł! met in practice, B - critical pressure ratio,

ł_l
Inł

lim : <,a

ł-O

. Relation (18) is presented graphically in Fig. 4. As it follows from this figure
the mean value of the air pressure delivered to a user drops with decreaiing
quantity of the air used. For the compressor unit load coefficient 9 ś 0,8 anJ
ł > 0,85 this pressure drop is insigniflcant. It follows from relation (19) that
for d ---+ 0 expression (18) transforms into equation of a straight line I - ?l
which is tangent to curves ,: r(ę,l1,1) at the point (1,1). In order to illustrate
an increasingly strong impact of the decreasing values of l1,1 on the steepness of
function r : r(ęł), the curves for l! < ło are also shown in this figuró. These
curves have therefore theoretical significance only,

Extreme values of e determined on the grounds of de I'Hospital's principle
are expressed by relations:

Tm1n: lim -ę-o (20)
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Fig. 4. Dependence of mean re]ative pressure value in the air tank on compressor: unit load coefrcient ęl.

Ztlat_liąz-1
ęźI

It is necessaly to note that examination of the limit of r at ę --+ 0, according to
relation (20), has a mathematical meaning only.

After substituting relations (18) to (11) and (14) as well as to (10) and (13)
we get the following relations:

(21)

ę ł-łł-
T1 : l\ P2--,--'-; ęę-lI-1Pa-hll

rl ę 1 -,!#ż lrPl-- . ęę-I1-1Pa-ht!
r

p(r) : o' , lł-ł# +1- ó,=T L

l(1 -ł)łła"-or /t-' ,),l, r€(o,r1) (2Ą)
\kpz(łF -ł)/ J

p(r) : p2łĆ1 .*p (r1,# Xer@# - U"), T e (rt,rzl ę5)

Dividing by sides relations (22) and (23) one gets

', :, _ Q?,R
T2 QN

(22)

(23)

y=0.1 J
0.8a 1 rl
0,8(

0.7

,}

lim X!4ln U/
o+0 ,

o§, 7
,/

|im X=1
,pt 1

^6.? ł/

/

(26)
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Knowing the rated compTessoT capacity one can determine approximately its
mean actual value on the grounds of relation (26) measuring ą and 12. That
way one can avoid the inconvenient direct measurement of the air flow rate.

In cases where the flow rate of the air leaving the air tank is constant, in-
dePendently of the pressure changes in it, equations depicting the course of the
pressure changes in the air tank take the form:

(27)

(28)

Solution of equations (27) and (28) gives the following simple relations fot Tl,r2,
and a:

T2

rt=Kpz(l -ł),-r_I-ę

12-Kp2(1 -rb)-:_"ę(1 -ę)

(33)

r#:r-, for r€(0,"r)

__dp
^-dr -ę for re (rl,r2|

Tl
Y

T2

(29)

(30)

(31)

As it fo1lows from the comparison of relations (22), (23) and (26) with relations
(29) to (31), neglecting the impact of the plessure changes in ihe air tank on Q
causes the change of ą and 12 but has no effect on the ratio of their values.

In order to estimate the error B in determination of 12 on the grorrnds of
relation (30) instead of (23) the following relation was introduced:

u: l, +U lł)_w# -1)l ,ooy,
L ę(łlba- _ l)'n t/]

(32)

where LimB:l lffi; ,lĘr- O.

The results of calculations are presented in Fig. 5. These erroTs for 4: / dg
are relatively smaIl and decrease quickly with rp drop.

The frequencY of switching the compressol into idling tl has an important prac_
tical signiflCance. This frequency is an adverse value oi the full p.Ó..rrr" change
Period in the air tank and can be determined, after some transiormation, frń
relations (23) or (30). Using for that puTpose the simpler relation (SO) we can get

l o(l _ <o\

-_T2 Kpz(1 - ł)
After determining the zero of the first order derivative of relation (33) with

respect to <p one gets a value <p* : 0.5, which is in conformity with [3]. It is a value
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B12
I%o1

8

4

0,5 0.6 o .7 0.8 0.9 1 .0

9t-]
Fig. 5. The course of determining the error of the time of the full pressure change in the air. tank.

cp to which the biggest frequency value of switching the compressor into idling
corresponds. This value simultaneously corlesponds to the highest frequency of
pIeSSuTe pulsating in the air tank.

The value of ę" can be also determined by solving the following equation:

(e - l)(r _ nsń\11,1, - ł#) _ ł# G -4,)In|l : g (34)

The left side of equation (34) constitutes the first orcler derivative of relation
u : r(ę,r/) with respect to <p determined on the grounds of relation (23).

The course of rp* values obtained by a numerical solution of relation (34) is
Presented in F'ig, 6. As it follows from this figure, values of y'* vary insignificantly
and for the values { met in practice one can assume ł* :0,5. Taking this into
consideration and neglecting small errors in determination of 12 on the grounds
of relation (30) instead of (23) one can accept that relation (33) gives sufficient
accuTacy of determining the frequency u, and especially its maximum value, As it
follows up, from Fig, 5 for ę ) 0,9, the errors in determining o on the grounds of
reiation (33), instead of on the grounds of the relation derived from formula (23),
may have some significance for the values lll met in practice. Irrom the point of
view of selecting the design and control parameters of the compressor unit, the
value of the mańmum frequency of switching the complessoT into iclling has an
essential significance. Taking, therefore, into consideration in relation (33), the
fact that unar occuTs at <p : 0.5 and transforming somewhat this relation we get

V . Lp.utnar :4RT (35)
Qx

Relation (35) has a universal meaning and may be applied to the selection of
the compressor unit parameters with any two-stage step capacity control system,
including onf off control systems with respect to electric motor drive.

/t

".9
(//

ź ryy
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4. Efectiveness of energy conversion

The amount of fuel consumed per unit mass of the compressed air, for any
complessoT capacity, can be deterńined on the ground,s of relation

A- GNrt*G,(r2-ą)

tp* 0,500

t-1

0.4 90

0.482
0.5 0.6 0.7 0.8 0.9 1.0

vt-]
Fig. 6, The course ofthe compressor unit ]oad
coefficient g* corresponding to maximum va-
lue of frequencyof switching offthe compressor
into idling.

Qrz
(36)

Where Gj,. and Gr - fue| consumption du_
ring the compTessor operation at rated ca-
pacity (ę : 1) and at its idling 9 : 0
respectively, .4 - speciflc fuel consumption
of the compressor unit.

After transformation of relation (36)
and taking into consideration relation (31)
one gets

A:AN(+s"Ę);
a*,*,9,:* (37)

where: ,41. specific fuel consumption of
the compressor unit under rated conditions
(ę : t), g, - relative fuel consumption
of the compTessor when the compressor is
operated at its idling (p : O).

Dividing the relation (SZ) by /.1. we
will get the relation for the relative spe-
cific fuel consumption of the compTessol
unit

(38)

(39)

.\:źh:l+g,+
whereas

1Lł-T

It is proposed to name a as the energy effectiveness coefficient of the compTessoT
unit.

As it follows from relation (38), in order to determine ) and a for any com-
pTessor capacity, it is only necessaTy to have two values: G, and G1,.. Expression
(38) can be presented also in a more general form. Making use of the relations on
fuel consumption known in the field of internal combustion engines namely:

Mr'UNGr:

Glv -

Wu'T,
Mx ,aN

(40)

(41)

/

,

f

/
l

l
I

l
l

Wu'rlN'
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we will get the following relation for g,

G,
9": Gtl

M, rllv

Mrrr ąr.
(42)

(43)

(44)

where: M,, MN - antitorque of the compTessoT during operation at its idling
(ę : O) and under rated conditions (9 : 1) respectively, ?J,,?lN general efficiency
of the driving engine during the compressor operation at its idling (p : 0) anc1
under rated conditions (rp : 1) respectively, Wu - net caloriflc value.

After substitution of relation (42) to (38) we will get

\ 1 , M,nrll-ę
^:lt MNrh a

Relation (a3) is valicl either for the compressoT units clriven by an internal
combustion engine or by an electric motor and can be used to compare the energy
eff'ectiveness of the compressoT units with stepwise capacity control systems. The
climensionless fornr of the parameters in this relation simplifles the comparative
analysis. It follows also from relation (43) that the change of the load coefficient
ę frorn 0 to 1 causes ) to change from 1 to inflnity.

In the compTessoT units in which the rotational speed variations are significant
when switching the compTessor into idling, the ratio of the torques in reiation (43)
should be substituted by the ratio of the respective powers.

5. Experirnentalverification

In order to verify the theoretical relations derivecl above, tests of the compres-
sor unit WD-53, with the stanclard equipment, were carried out. The compressor
caPacity, fuel consumption and temperature in the air tank were measured in
the course of these tests. The results of the air temperature and the relative fuel
consumption are presented in Fig. 7 ancl 8.

In F'ig. 8 G.p denotes the mass fuel flow rate consumed by the engine cluring
the compressor unit operation at load coefficient <p. Making use of the curve
gr: t : f (ę), the relative specific fuel consumption g, of the compressor unit
operating at its idling was calculated on the grorrnds of the relation below

G,^l;+l - 9,GN l,p:0

ancl on the grounds of relation (38) values of ) and a in the tun,ction of the loacl
coefficient (p were calculated and presentecl in Fig. 9. In the same figure there
are also shown ) plots obtained from direct measurements in the course of the
comPressor unit operation. As it follows from this figure the results of calculations
show good conformity with the results obtained from direct measurements, for
the whole range of the compTessoT unit capacity change.
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T
tK]

Fig. 7. Air ternperature in the air tank in the function of the compressor unit load coefficient 9r.

0.60.40.2

1.0
LJ

S-= Gi [-]

0,8

0.4
Q[-]0.o 0.2 o.4 U.t) 0,8

Fig. 8, Dependence of the relative fuel consumption in the function of the load coefficient g.

On the grounds of relation (33) the frequency of switching the compressol
into idling in the complessol unit WD-53 was calculated in the function of th(
Ioad coefficient g taking also into account the air temperature changes in the ai:
tank, The results of calculations are presented in Fig. 10. As it follows from thii
flgure, the maximum value of u occurs for 9 : g.53.

In order to illustrate the impact of the rotationaI speed reduction on the
frequency of switching the compressol into idling in F'ig. 10 the values of tl at the
rotational speed - 800 rev./min are also shown with a broken line. Such a shifi
in the lange of operation of the capacity control systenr presently used in the
compressol units WD-53 is possible in the case when a capacity contTol system is
applied by continuous change of the driving engine rotational speecl in the rangt
from 800-1500 rev per min. Then the maximum value of the frequency u would bc
significantly reduced and the compressol capacity corresponding to u-o, shifted
in the direction of the smaller values. Such a capacity contro1 system ensur€s
greater efectiveness of the enelgy conversion in the compressor unit.

1.0



Mathematical analysis of compressor unit operation . . . |57

\ 7
V

/
'\*J Imt,

t,,
lr-l
I

1,0

0,8

0,6

0.4

Uż

0 0.2 o.4 0.6 0,8 1,0
---t-1 "

Fig. 9. Relative specific fuel consumption of the compre§sor unit in the function of the load coefficient jl.

6. Final cornrnents and conclusions

It follows from the analysis of the compressoT unit operation, that if the sub-
critical pressure ratio is preserved cluring the outflow ofthe air from the air tank,
the pressure change in this tank in the range met in practice in{luences the time
of pressure increase in it, ą, and the time of fuil pressure change, 12, to a small
degree only. The pressure change in the air tank, however, has no impact on the
ratio of the above mentioned parameters. Also, for the values of pressure ratios
r/ in the air tank (minimum to maximum) most often met in practice, the mean
value of the air clelivered to the users for <p(0.8 practically does not depend on
the values of the load coefficient rp. Therefore one can use the simpler and more
convenient relations for calculating ą, 12 arrd u. The relation for calculating the
frequency of switching the compTessor into idling is valid also for the compressor
rrnits equipped with other systems of a stepwise capacity control. The maximum
value of u occurs during the compressor operation with mean capacity equa1 to
half of its rated capacity. It is worth mentionin,g that the air temperature change
in the tank has some impact on the valtJe l),no, causing insignificant shift of u-o,
in the direction of the highest values of the mean compressor capacity. A conve-
nient form of the relations for the relative specific fuel consumption, clerived in
this paper, allows to compare the energy effectiveness of the compressor units
equipped with various systems of stepwise capacity control, with the exception
of the capacity control system causing periodical switching off the electric motor
(on/off capacity control).

 IIs
lt-l

5
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IHz]

0.5

0_4

0.3

o.2

0,1

o 0.2 0_4 0.53 0.6 0 8 ,1 0

Fig, 10. The frequency of switching the compressor into idling in the function of the ]oad coefficient cp,
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Analiza pracy agregatu sprężarkowego ze skokową regulacją
wydajności

streszczenie

Artukul zavitera analizę matematyczrrąpracy agregatu sprężarkowegoze skokową regulacjąwydajno-
Ści, PrzY zalożenil zachowania podkrytycznego stosunku ciśnień podczas poboru powietrza. 'Wyprowa-
dzono w nim zależnoŚci na parametry charakteryzujące przebieg ciśnienia w zbiorniku wyrównawczyn
w funkcji Parametrów bezwymiarowych, przy poborze powietrza zależnytn od zmian tego ciśnienia a
takŻe za]eżnoŚĆ przełączania sprężarki na bieg jałowy oraz jej wartość maksymalną. Wykazano mały
wPłYw zmiany ciŚnienia w przyjętym modelu poboru powietrza na wartości czasu narastania i pełnej
zrnia:ny ciŚnienia w zbiorniku wyrównawczym oraz r.la średnią wartość ciśnienia powietrza pobieranegó
przez,llżytko'wników. wyprowadzono również proste bezwymiarowe za,leżlości umoźliwiające porównywi-
nie efektYwnoŚci energetycznej agregatów sprężarkowych o stałej prędkości obrotowej, w}posażonych w
róźne_układy skokowej regulacji wydajności. Wprowadzono i zdefiniowano nowe pojęcia. Pizeprowadzono
weryfi kację doświadczalną niektórych zależności.
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