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RoMUAłD PUZYREWSKI1, PAWEŁ FLASZ\ŃSKI1

Conical and cylindrical axisyrnmetrical flow under influence of
non-potentia] body forces and dissipation effects

The paper is devoted to the axisymmetrica] stationary flow influenced by a non-potential force and
dissipation effects introduced in the form of ]osses distributed in the flow domain, The axisymmetric flow
is bordered by the inner and outer, conical or cylindrical surfaces. Three effects on the flow parameters
have been investigated, namely, divergence of conuses (outer border of the flow), increased ]osses at the
borders and influence of immersed body thickness on the so]ution existence. Conservation equations of
mass, momentum and energy are written in the non-orthogonal system of coordinates based on axisym-
metric flow surfaces. It has been shown that the system is of hyperbolic character, with tvro families of
characteristics. This enab]es introducing a simple algorithm of the problem and defines the formulation
of boundary conditions. The examples óf solution are presented.

1. Introduction

The model of non-potential body force can be applied to the cases where the
flow details may be disregarded from the engineering point of view. This model
coveTs the situations where the existence of bodies immersed in the flow can be
Teplaced by the distribution of a speciflc body force in the flow [1-2]. Focusing
the attention on the body force distribution, one has to keep in mind that this is
the modelling of the momentum equation. Mass conservation equation can take
into account the fact that part of the space is occupied by the immersed body,
Energy equation can model two effects namely:
a) energy subtraction or addition if any,
b) an increase of entropy ploduction.

Such conceptualization help us to construct the closed system of equations,
provided that the information on existence of the body has been properly intro-
duced into the model.

As an example of the application one can point out the axisymmetrical model

lTechnical University of Gdańsk, Department of Turbomachinery and Fluid Mechanics, Na-
rutowicza IIl12, 80-952 Gdańsk



60 R. Puzyrewski, P. Flaszyilski

of turbomachinery stages. Assumption of the axial symmetry is equivalent to the
assumption that blading becomes invisible. Its existence in different conservation
equations is represented by means of properly chosen parameters,

2. The concept of non-potential body force in energy equation

The body force of potential character appeaTs in the enelgy equation as po-
tential energy denoted as n,. Non-potential body force / can not be converted into
a form of energy but it can change the amount of total energy along the path of
fluid element, according to the equation

+(+lelŁr^)-ił (l)d'\2 p J
here[/-velocity,p-pTessrue,p-density,e-internal energy.Letusassumethat
we can split / into two components. The first is responsible for the momentum
change io and, the second for the entropy production ir.rłr. right hand side of
equation (1) can be rewritten in the form

F.rt : Go+ iń .ó
Scalar product (2) can be either negative or positive oT zero.

The case when
Up+ fp),U <o (3)

means subtraction of total enelgy from the fluid element according to (1).
If

ffe+fp),u>o
then the fluid element gains enelgy.For 

G"+irl,i:o
one can also distinguish two possibilities either

(fu+ i)t{i,

ń+i,-o.
In both of the latter cases the total energy of fluid
conflne our further consideration to the case (5).

The form (1) of energy equation can be justifled under certain conditions.
Let us consider the momentum conselvation equation for Newtonian liquid in the
form

(2)

(4)

(5)

(6)

(6")

particle is conserved. We wil1

dUp+ -pgradr - gradp 1 L, l pt-
d,T,

\1/
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vhere L, is the viscous force expressed as below

-1ir: it srad(divd) i p,Y20 (B)

rnd vector ;], is a non-potential body force which appears here as a carrier of
limension only without specifying precisely what it is.

Energy conservation equation, with the help of Newtonian stress tensor and
]ourier law of heat transport, can be written in the form

a (u2 , \ J ż 1 , - 10n l ._ l _ 1e1'- l rl: r-.Uł:Lu.U l -+łe l -\Y"T (9)
dż \ 2 ' - ' p' ) 

JlL - ' p-p - paL p \",|

rhere a is the dissipation rate, .\ heat transport coeffi.cient, T temperature.
Let us introduce the fo1lowing:

o heat transfer is negligible .\ = 0,
o flow is stationary &: O,

o exists a vector i, : Vł + Ęi + 7i,
for a"ł 13"+1s: l where 0(t],,{Ja,[J.) and (i, j,i1 

^r. 
the versors of

vector d.

fhen one can rewrite equation (9)

61

*(+ ł ełi- ") : (ń*żi,+ e ó) 0. (10)

[f one fixes

:hen one gets exactly the form (1) of energy equation with the non-potential body
brces in the form of (2). This equation

- l-
7n 1 żLr: fn,p

,i}" = i,

a/Uz " \
ź(; le1:*")-Upl fp),u

:oincides with momentum equation written as

dU
P n :-pgradn-gradpl pIe

o,T

(1 1)

(12)

(1u)

(7")

vhere appears the non-potential body force (11). This force can be interpreted
l,s a reaction force of immersed bodies in the flow.
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3. Conica] coordinates

It is convenient to investigate the ańsymmetrical flow in an axisymmetrical
system of coordinates. We introduce a system based on the family of cones shown
in Fig. 1 following [3].

The cross-section of the cone given by tgl - ,r(1) with the plane ę - rQ)

Fig. 1. Conical coordinate system.

and the plane z - rl(3) rrniquely determines the position of the point a. The rules
of transformation between conical and Cartesian coordinates may have the form

r : (r- 1r1)a(s))cosr(2),
a - (r.1 a1)r(3)) sinz(z),

-(3)
(13)

The example of the description of the axisymnretrical channel borders are
shown in Fig. 2. AgAl is the inner border, 8681 is the outer border of the channel
where the axisymmetrical flow along the cones will be investigated. For the very
small taper angle 1 the outer border is nearly cylindrical and so wil1 be the

ł
,1
LY-
lt

1\

/i 'i {.lt

vv:-|:Ą
1/:\L-§Z
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Fig. 2. Notation for conical coordinate system.

intermediate cone suTfaces. It is therefore feasible to approńmate a cylindel With
a cone of a very sma1l taper angle, and so there is no need to introduce a cylinclrical
system of coordinates.

The problem is formulated as follows:
What should be the curvature of the fluid elements fo|lowing over the
cones in order to keep the flow in accordance with governing equations?
Is the system of equations closed or what kind of additional conditions
have to be introduced?

Given that the conical stream sulfaces are coordinate surfaces as well, we aTe

allowed the velocity vectoT with only two non-zeTo components like

U.g.1 = 0, U,ąr1 f O, U,ę1 f 0. (14)

The conical system of coordinates is not orthogonal. To clerive the system
of equations in such a system the easiest way is to use the Christoffel symbols
technique. Details of derivation wil1 be omitted here, details ale pTesented in [4-5].

4. Systern of equations

Let us set down the governing equations in conical system of coordinates
taking into account (14), axisym-Ót.ióal condition #, :0 and stationary con-

dition ft _ O.

Mass conservation equation

(I - rlr1),"(s)))(r_ * r{t)r(s))r3) pU_rr, _ rnlr1)1 (15)
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can be rewritten into the form

Ur{z) -

Momentum conservation equations:

. in z(1) direction

PU*G) 0U,@) _
\/Ę +dtY ail3) -

(17)

\E+",,y# ł pf,<,l. (18)

(19)

G(r(t)), z(s).
p

(15a)

#ffi^ : -#+ + ffi*, - p,o# ł pf,<,l, (16)

. in z(2) direction

p(J*{z) ("#h. [},1z1 ł W) :'
. in a(3) direction

0p rG) r 
+ "(ry 

_
a,ł|)mY I

Energy equation:

0p
a;@

rr2 l fr2

"rP ł ełrr*": Bo("(r); _ o(z(1),r(s);

where the frrnction a(rl),r(3)) can model eneTgy subtraction or addition; accoT-
ding to Euler's formula it is

a(rG),r(s); : (t} *1zlIJ,o1)g - (U,q{J,o1)

where Uro7is the rotor circumferential velocity. For the nozzIe flow a(z(1), 7(S); :g.
Gibbs equation:

0p p Op k-7płl+;ęr^
a;@-ńam-- k e u^, '''

with entropy production term s and isentropic exponent k.
State equation:

Ł : R:I,.
p

(20)

1a rG)2 f ,ąz,1,

117G)2 a p

(2I)



Conical and cylindrieal axisymmetrical flow . . .

Caloric equation:
e: c,T ł e0. Q2)

The above system consists of 8 equations for 11 unknowns

r,Ur{z),Ur{z),p, p,T, s, f ,G), f ,Q), f ,{r), e {ż3)

The closure problem relies on introduction of some of the above values as
inown.

It seems to be reasonable to introduce the blockage factor r:7(a0),a(3)).
This will be equivalent to the representation of blading in mass conservation
equation.

The next proposal conceTns the modelling of the blading in the momentum
equations by introducing the character of body force. It is sufficient to introduce
:or example the component Ątll : 0. It means that the vector of the body force
_s placecl in the plane tangential to the conical surface. Other possibilities may
re put forth, but here only this one is being considered.

The third assumption to close the systern is the entropy production along the
..orv given by the function s - 5(7(1), rr(3)). This is also the information about
_re existing cascade, which is otherwise invisible because of the axisymmetry
,.ssumption. Entropy production can be determined by so called loss coefficient
_ : ((z(1),7(3); according to the approximate formulae

65

Since the system is closed one can investigate the character of the system in
,:der to formulate the boundary conditions necessary to integrate the system.

L]ne can reaTTange the system into the following form of (24)

ks s0 łeH_(1&;?_l)./{-t\ P /

5. Method of solution

'# # _,u, #, ru#, o9# *o#. o# _

,#-##,oWĄ09#,o#*,# -T

(23)

" łTTi6r
R Ur{z) )

(24)

^Dp k 0poŃo, ;ffi , o# l plJ,el (, - h)w-
, o#fu -(Łź | (Jl1,1) # - plJ*lzl'# -.Ll,,zlffi
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The above set is linear with respect to

0p 0p 0U,ę1 }U,z ap 0p
ar\)' ariCI' ar(o' adą' ailD' a;@r'

(25)

dUr{z),

dp, (26)

Adding additional equations (26)

,# * o# + dŃ)#& + drz)#& * o# * o#
d,@ # + d*G) 

#,(ą n offi * oW * o#
,# * o# * oW * r# + d*@ # + d,@ #)

the system is closed. It has main determinant in the form

dp.

Wg:

, -,
1+Z(1]-

^ 
(3,)

0

0

6*0)
0
0

-rG) 0
_p 0Kp

#0
LrG) 0
g 6rQ)
00

00
00

p(},{z)(r - ffi) 0

00
żrG) 0
o d/-0)

d,p _ Pt]z,rr> z(3)

610) - r- ł r1)r(3) 1 + z(l)''

0
1

-(#ź + U?o,)

0

0

d,,(e)

(27)

(30)

The conditionWg: 0 leads to two families of real characteristics

d,r1) _ o

6rQ) 1 a 
"(t)2d"r(ą: -;6;@|'

(28)

and

(29)

Along the flrst family (28) the mass flow rate function m@0)1and E6(r(1)1 are
kept constant, For the second family of characteristics (29) the ordinary differen-
tial equation has to be fulfilled

The problem is reduced to the solution of ordinary equation (30) along the cha-
racteristics (29).
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6. Examples of solution

As an example a conical nozzle shown in Fig. 2 rvas chosen. The main geome-
:rical parameters were

ru 1m,

L,Z zAI - zAo: 0.25 m.

At the inlet uniform distribution of pTessure, temperature and normal velocity
n-ere assumed

Po : 15000 Pa,
To : 373.15 K,
Un 100 rnls.

Along the outer border the increase of circumferenlial velocity was linear with
:espect to the coordinate z

(r*Q) : Ąoa '- "Ao
zAl - zAo

The following influences on the solution are investigated
a) influence of the taper angle from 450 to 00,

b) influence of 1oss distribution coefficient from 0 (isentropic flow) to the value
(:0.0615 (mean value),

c) influence of the blockage factor given by function
/1 =x1.2 l _, r 1.2

r - (b+0,02)*(0.6- s)lo.6)+(:-:) l':)\ 0.5 / \0.5/
where

- q (conical coordinate) varies from 0 to 0.6,

ż z-zAo
- zAl-zAo)

- b varies from 0.028 to 0,048,

The results of calculation are presented as ,S2 suTfaces evolution in the form of
:nirnated movies. Here only the two extreme situations are shown in the fo11owing
igures.

For the influence of the taper angle Fig, 3 shows ,S2 surface for 450 anct F'ig.
ł for 00.

The influence of loss coefficient is shown in Fig. 5 for the isentropic situation
and Fig. 6 for the maximum loss coefficient.

For the influence of blockage factor we have for T : 0.048 a situation as in
Fig. 7 and for the maximum there is no solution at the root Fig. 8. The 'white
spot' occurs at the root, which simply means no solution.

Manuscript received in April 1998
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Fig. 3. Stream surface 
^92 

for taper angle 45 0

oIIGR BORDER

Fig. 4. Stream surface 
^92 

for taper angle 0O
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I l,i$l ER
BoRDER oUTER

BoRDER

4

Fig. 5. Stream

a-2

Zeta - lo§s coefficient (dissipation effects)

q - conicaI coordinate

z - aXial coordinate Gelalive Value)

surface Sz for isentropic situation.

zela - l0ss coefficient (dissipatiOn erects)

q - conicai.oordinate

z - axial coOrdinate (relative ValUe)

maximum loss coefficient.Fig. 6. Stream surface.9z for



70 R. Puzyrewski, P, Flaszyński

sTRE^lt
6URF^cE§2

tu0
0.08

0.07

0,06

0.0§

0.1,4

0.03

0.02

0,01

0

lxllER BoRDER

Fig. 7. Stream surface ,S2

tiu0 - bbckag. f.cto] .t lh6 hub

z - axiel coordinslc (r.lativó valuć)

for blockage factor r:0.048.

0.8030.40.2

lau0

0.08

0.07

0.06

0.0§

0.04

0.03

0,0ż

0.0l

0 0,80s0.4g2

|XNER BÓRDER

lalo - blockeg! factor at thó hub

z - axiel coodinab {oletive valug)

Fig. 8. Steam surface ,S2 for blockage factor r:0.068 (no solution at the root)
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Stożkowy i cylindryczny ptzepływ pod wpływem
niepotencjalnych sił masowych i efektów dysypacyjnych

streszczenie

Przedstawiono problem osiowo-symetrycżnego stacjonarnego przepływu z uwzględnieniem niepoten-
:jalnych sił masowych oraz procesów dysypacyjnych (w postaci strat entropowych rozmieszczonych w
:ńzanze przepływu). Obszar przepływu jest ograniczony przez wewnętrzną (cylindryczną) i zewnęttzną
c1,Iindryczną lub stożkową) powierzchnię. Rozpatrywany jest wpływ trzech czynników na parametry

przepływu; rozwartość stożków (zewnętrzne ograniczenie obszaru), wzrost strat entropowych w obsza-
:ach brzegowych oraz wpływ grubości ciał redukująych przekrój przepływu, na istnienie rozwiązair. R,ów-
:ania zachowania masy, i]ości ruchu oraz energii zapisane są w krzywoliniowym układzie współrzędnych,
,]paltym na osiowo-symetrycznych powierzchniach prądu. Pokazano, iż rozpatrywany układ równań jest
1pu hiperbolicznego, z dwoma rodzinami charakterystyk, co umożliwia zbudowanie pTostego algorytmu
oraz określa sposób formułowania warunków brzegowvch. Zamieszczono przykładv rozwiązań,
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