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WOJCIECH PIETRASZKIEWICZ

Gdańsk

On the Lagrargean Nonlinear Theory of Moving Shells*

The virtual work principle is used to derive two-dimensionally exact equations of the nonlinear
theory of shells. A1l the relations are presented in terms of symmetrical stress resultant and stress couples

defined with respect to some reference (undeformed) shell configuratiori. The theory is extended to small
perturbation problems of deformęd shells as well as to dynamical shell problems in a non-inertial frame
of reference.

, 1. Introduction

The basic problems of two-dimensionally exact no.nlinear shell theory were reviewed

by Koiter [1]. He used the Eulerian approach in which all quantities are defined or re-

ferred to deformed shell configuration. The deformęd shell middle surface geometry is

not known in advance and the simple Eulerian equilibrium equations in general cannot

be solved without any further simplifications. Howęvęr, for small stTains (but large displace-
ments) all Eulerian relations become refęrred entjrely to the known refęrence configura-
tion and in principle can bę solved [17].

In general nonlinęar shell theory it is desirable to distinguish at the beginning betweęn

Eu]erian and Lagrangean formulation .of the theory, as it is done in threę-dimensional
continuum mechanics. In the Lagrangean approach all quantities are referred at the be-

ginning to some known reference (usually undeformed) shell configuration.
Lagrangean shell theory can be constructed directly by'integration of the appropriate

three-dimensional continuum equation§ over the shell thickness. Using the §econd Piola-
Kirchhoff stress tensor, Habip and Ebcioglu [9], Habip [10] and Pietraszkięwicz
[5] discussed various dynamical nonlinear shęll theorięs, in which three displacęment
and three rotation components of the shell middle surface werę taken as independent

deformation parameters. Shrivastava and Glockner [6] and Iwao Oshima [1U
used the Piola-Kirchhoff stress tensors to obtain shell equations, in which shęll deforma-
tion was definód by three displacement components of thę middle surface.

The appropriate equations of shell equilibrium and natural boundary conditions

for thę nonlinęar shełl theory can also bę derived using two-dimensionał virtual work
principle. Thin approach was used by Koiter [1], Sanders [3], Budiansky [4] and

Simmonds and Danięlsen [7].

F Praca wykonana w ramach problemu resbrtowego PAN-19, grupa temalyczaa 2,

t91l



92 w. pietraszkiewicz

In this report we use the virtual work principle to obtain the Lagrangean nonlinear
shell equationr. Y" assume here that deformation of the shell space can bę represented
entirelY bY deformation of its middle surface. We do not restrict any strains, displace-
ments or deflections of the shell middle surface, thus obtaining two-dimensionally exact
equations of equilibrium and natural boundary conditions in terms defined with respect
to some ręference (undeformed) shell configuration and along its natural basis. Tle theory
Presented herę is expressed in terms of symmetric stress resultant and stress couple ten§or§
and is such that after linearization it reduces to the "best" variant ofthe linear shell theory
discussed by Budiansky and Sandęrs [2]. This Lagrangean shell theory is beiBg ex-
tended also to small perturbation problems as well as to shells vibrating in a moving
non-inertial frame of reference [16].

2. Notations and basic relations

Let r(,9) and 7(,9') be the position vectors of the middle surface of a shell in the re_
ference and deformed configurations, respectively. We will use here as far as possible
the sYstem of notations used by Koiter [1] and the author [17]. Thus, for the referencę
surface we will use the following geometrical quantities: the base vectors ao, the unit
vector normal to the surface n, the metric tensor aor,the curvaturę tęnsor bor, the permu_
tation tensors eou ałrd e"P, the Gaussian ćurvatureK,thę Christoffel symbols l-:x,or, flp
and bY a single vertical stroke ( )1n we will denotę the covariantdifferentiation with respect
to the reference surface metric. The analogous geometrical quantities for the deformed,
surface will be distinguished by a dash: do, i, dop, 6op, ćop, R, F^.oF, Fluand by a se-
mi-colon ( ),, we will denote the covariant differentiation with respect to deformęd
surface metric.

During dęformation we have the following relations [1, 17]

V:rłu, Żo-anlu,o,

whęre

do:l*oa*+ rpon, a":l:oao +n"ń,
' n:n*a*ł nn , n: qoa" +nń ,

tt:ttoao +wn:lfaołwn ,
li":6źłu"v-błr,
rpo:w'łbf,u*,

n*:łf e1* rpollB,

n:Ęąe^*l!"1!u .

ęurrlatutę terrsors ior dęlonned suttacę §,a\ bę iorrrrd ftom

dą:i,'żB, 6op:iorp'ń:aĄp,ń,

(2.1)

(2.2)

The T§ę\tię a§d

(ż.3)
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where in the reference metric

aąp:dlopa** doBn: app,

dlop:l"ow-b§ Q":d|p,,

dop: rpoplb§l*o:dpn.

Let us define the surface strain tensor TaB and the tensol of change of surface curvature
Kopby the following relations

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

K op 
: - (n* l:o, + nd,, - b,p) .

It is important to note here that the sign in our definition fot rcnp is opposite to that
used by Koiter [l] for his analogous tensor of change of curvature pa.Our sign conven-
tion when linearized agrees with that used by Green and Zerna [13], Naghdi [14] and
Chernykh [15] for the linear theory of shells and will correspond to the usual sign con-
vention for the stress couples. Sanders [3] and Budiansky and Sanders [2] over-
came the sign convention difficulties by using the opposite sign in their definitions of
curvature tensor bop.

These strain measuręs Tap and,lcop satisfy the following compatibility conditions [lJ

where from (2.4), Q.5) ^*łr,łur'r'--r.2, 

"*: -(6"f -b')'

y,p:Ź(l:*l*p* Qn 9p- aof),

eof eĄ'|rc p 71, *T' (b * 7- rc* 

^) 
T n p pf : 0,

Kyf, + e"B ex "ly dp|p 
^- 

b op K p 

^ 

* } rcn, K 
B 

^ 

+ +a"n y *o p"|, p lJ :0,

where we denote

l^.laf7: laS|},T la),|f- IP7|al

^*ału :łE" § a op : Z e"oe' P (a 
"p 

* 2y ou),'a
l

} 
:ź.* ł "ra op ł 2y np) (a l, * 2y 

^ 

u) .

In what follows instead Qf rcop we will use mainly the tensor of change 'of cttvatare pno

defined by
p op : rc"p * ł(bi y *p + b§ y,) . (2.10)

This tensor pnp differs only by sign from that used by Koiter [1l. This choicę of the

mea§ure has one advanlage. Whęn linearized, it gives us thę tensor of change of curva-
ture discussed by Budiansky and Sanders [2] as the "be§t" choice of the strain measure

for the linear theory of shells.
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3. Eulerian theory

Koiter [1] discussed the basic set of equations for the nonlinear theory of shells using
Eulerian approach, what can be summarized as follows.

Let us aś§ume that the shell is in equilibrium under the surface load fi, per unit area
of deformed middle surface Ś, and boundary force F and couple tr, p.. unit length of
deformed surface boundary contour C. then for any further virtual (infinitesimal) displa-
cement field

u:óu,7'+6wń (3.1)

subject to geometrical constraints only, the principle of virtual work have the form

tl(n"P6y,u+m"PEp,o)da: lt p. óuda+ !(r.óu+K. 6f/)iF, (3.2)
s§ć

where
6y * : } 1ói,,, + óa F|) - b,p 6il,

ópop:6rcop*}ę6;ay"o+Efr6y*), (3,3)

§K a§ : _ 6ń fi p - b:, 6i ** - b; 6i *, o 
_6;, 

o 6a * + t; u * o da )

ó d2 :Ep, (6a,a u +! 6 a, 
"ń1,

F:FT"+F-, K:€,pKnąl, Ę:p-a,*pn. (3.4)

The symmetric tensors n"B and łn"B, defined, in deformed configuration §as the coeffi-
cients in the virtual work principle (3.2), are called Eulerian stress resultant and stress
couple tensor§, respectively.

Applying variational calculus to (3.2) we obtain the follówing Eulerian equations of
equilibrium (1) 

6,§ +!6i*8-_źbr_mo*),,_Exmo*.o+fiE:Q,
(3.5)

m"Prnp+6opnoq +P:g
and four natural boundary conditions, which can be put in several forms. Let i and t
are unit vectors, outward normal and tangent to the deformed boundary Ć, respectively,
such that 

n x1:i, ł:ioć, i:;nóo (3.6}
Then for 

ó a:ó;..,.7+6ń,ł+6wi (3.7)

the following four conditions have to be satisfied on free Ć

@"P -6' m'*)i ni p : (F- 8 - t! x-'sł u )

1n"9 -6!, m"*)i,To : p ł _ 6X K\Tu,

*ł,uł,+ 
ft{mofi o|r1 : F + ft CxĘł,

m"Pioir:ft5n

(3.8)
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It is imPortant to note the simplicity and cęrtain symmetry of our first two boundary
conditions (3.8)r,z(cf. [1]). If we introduce the normal curvature 7 and geodesic torsiorr
7ofCas

ó:b,g7ąP, i:-b"ph§* (3.9}

these two conditions can be expressed also entirely in terms of physical components

(n"ii,i p) +7 (m"Fi*Tr1 : p?i 
u +i K§ t r,

{n'Pi. t i - a (mąi,Tu1 : p lT, _ akr t r,
Introducing the stress resultant and. stress couple vęctors by the relations

no _ (nnq + Lr6?, *fu - Ź6x mf)ó, + mo ",*i,
(3.1 1}

mn:ćplm"FóĄ

the equations of equilibrium (3.5) and the necessafy symmetries imposed on nof and nf,P
can be found from the following two vector equations

n"ro+fi:fi,

moro+dox no:0
which are equivallent to the global equilibrium conditions about the origin

(3.12>

ln"Ęds+ llpaa:O,ć§
(3.13}

l@f +ix n)i.dś+ ll (Vx flda:0 .

'ć ś;

It is imPortant to note here, that the equations (3.5), (3.12) and (3.13) are two-dimensionally
exact, what can be verified by an independent derivation of the Eulerian shell equations
integrating three-dimensional continuum equations over the shell thickness [14].

4. Lagrangean theory

It is easY to note, that ihe Eulerian stress resultant and stress coupletensors no| and łnn|,
defined in (3.2), are ręferred to deformed shell configuration. Thus the vectors no and mn
are measuTed Per unit length of the deformed coordinate culves 0o. Usually the geometry
of the deformed shell is not known in advance and it is not possible to solve the equilibrium
equations (3.5) without any further simplifications.

In the exact nonlinear theory of shęlls it is desirablę to deal Ńith the quantities associated
entirely with the known reference (undeformed) shell configuration.

Let us assume thę shell to be in equilibrium under the surface load p, per unit area of
the reference Śhell middle surfaces, and the boundary force F and couple K,per unit length
of the refererrcę surface boundary contoul C. If the virtual displacement field (3.1) is

95
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resolved in the reference sulface basis

6u:6unan+6wn (4.1)

then the principle of virtual work (3.2) can be put in the following Lagrangean form

JJlł"Pó7"r+ Mą6p,r)ila: jjp. 6uda* !@.6u+K. 6t2)ils, (4.2)§ść
where here wę have (3.3)2 and

óy.u :! ęt*, 6l*s ł llp 6l*o+ 9 o 6 cp u * rł p ó q,),

6rcno: -n.3dop-n"ód*,B-d,p6n-d*nl3n*, (4.3)

F:F"arł Fn, K:eoB K"aP + Kn, p: pąan* pll .

The sYmmelric tensors NoP and M"i, defined,with respect to the reference (underformed)
shell configuration in(4.2), will be called the l-agrangean stress resultant and-couple ten_
sors, respectively.

l- l_la laO":rl; rlo, v"ds:u/ -lods (4.4)

it is easY to establish the relations between the Lagrangean and, Eulerian quantities to be

y,,:rfi r*, y*:f,V**. (4.5)

To transform (4.2) let us note that in vector form

6y,r:!6(a".a):l@u,,.ór+ż,.óu,p) ' G.u)
6rc o, : - 6 (7,ł. ą : -|(6u,o) 1p - a"xy 

^nr6u,*]. 
i

and the left-hand side of (4.2), representing the internal virtual work (tVĘ can be transfor-
med to the form

IVW: lltQ"'au+9"i). 6u-M"pń. 6łJ-7vods- !! (Q"poe+Qnń)p. óada, (4.7)c§
where

Q"B:N.P +ź6iM*fr _;6!l,t'" 
,

Q":MoFFłd"'yn^rM^', (4.8)

6ł:a"n(b,*- n,*) .

The second Part of the line integral (4.7'1 can be transformed further as follows

- l u*n. óu,pv,ds: + ! LMąń,. 6u- M"P(n. 6u),pfv,ds:cc
: - S 6! u."du. óuvods + ! |(M'Pv,t B),,ń. 6a -cc

-(Mnqvotpń, 6a),r-M"Ptl,vp(i. óa),,fds, (4.9)
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where bY ( ),, and ( )., we denote directional derivatives at tlre reference shell boundary C,
in direotions defind by the unit vectors v and t,outward norm.al and tangent to the reference
boundary C, respectively.

To transform the right-hand side of (4.2), representing the external virtual work (EVW)
it is necessary to transform only the last line integral as follows

97

where

l tr. ół ds :+ 
I K. (a" x ó a"+ńx óz) ds : - J nr;. 6u,p ds :cc,Ł

: l bF*R*aF. óuilsł ! |(nPQ,,i.6u-(Rstri.6u),r-cc
-RPvr(ń.6u),,f ds,

RF:ł"K.óo:
f,e§'ęe^rx^l!,+xtps.

(4.10)

(4.11)

(4.L2)

Using (4.7), (4.9) and (4.10) it iś easy to show that the Lagrangean form of the virtual work
principle (4.2) gives us the following Lagrangean equilibrium equations

(9" A 
lB 

^ 

+ gn n§ ) p- b! tQ' ^ 
r! 7 * Qn n) + pP : g,

(Q"^ rp 

^ 

+ Qo n) p -f b o p(Q" 
Ą I! 1 ł Q" n0 ) 1 p : g

and four natural boundary conditions,, which we present here in the form similar to that
of (3.8) for the Eulęrian theory. Thus if at the boundary C

óu:óu,vł-6urt*6wn (4.13)

thąr the following conditions have to be satisfied ou free C

{(Q"8 - Uf, t t*) v 
" 

l!6 + |Q"v n * (M"P v n t B),,f n } v 

^ 

: {F 
l -Ą R* llu + (RB t r),r n^} v 

^,
{(Q'8 -up-tw"*)ąl!u+|Q"v,+(Mofvntp),,f n^} t^:{rĄ -6!n"llr+(RFtp),,n^} t^, (4.I4). 

^

(Q" 8 
-6I U*) v, p, + |Q" v n * (M" P 

v o t p),,f n : r -6P* R" rp p + (R§ t B\,, n,

Moqvołr:ą8yr _

Ifwe introduce the Lagrangean stres§ ręsultant and stress couple vectors by the relations

Nn:QnPap+Qlń, Mo:ćBaMoidt, (4.1,5)

wbere (4.8), Q.1) and (2.9) should be used, it is easj to show that thę Lagrangean equations
of equilibrium (4,12) and all the symmetries imposed on Nof and M"8 can be found from
the following Lagrangean vector equilibrium equations

N"płp:O,
M\o+a,xl{o:0

7' Prace IMP z. 64

(4.16)
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which are equivallent to the Lagrangean global equilibrium conditions about the origin

l Nn,łods+ l§ p da:0 ,c§
l ętw" +i x u)vods * ll @ xp) da :0 .c§

It is easy to show that under (4.4) and, (4.5) we have

(4.1,7)

p: p

and, (4.17) can be obtained directly from (3.13).
The equations (4.12), (4.15), (4.16) and (4.IĄ are also two-dimensionally exact,

valid for arbitrarily large strains, displacements, deflections and rotations of the shetl
middle surfaie.

The vector equations (4.16) enable us to discuss the obtained results from purely geome-
trical point of view. Indead (4.I2) can be looked at as the component form of (4.16) along
the reference basis ao, n.

It is easy to note that our equations (4.1,2'), (4.1$ are different from those proposed
before for the Lagrangean shell theory. Our theory is formulated entirely in terms of symme-
tric stress resultant and stress couple tensors. This results here directly from defining them
as the coefficients in the virtual work principle (4.2), and not by integration over the shell
thickness as it is done in |5,6,9 - 12]. Our equations are two-dimensionally exact. rt
means ńat, as yet, we have not restricted any strains, displacements or deflections of the
shell middle surface. The equations are written entirely in known reference shell geometry
by means of quantities defined with respect to the reference configuration. For any parti_
cular shell problem our equations in principle can be solved without any further simptifi-
cation.

On the other hand our equations are much more complex than those of the Eulerian
tbeory (3.5) and (3.8), Although the full discussion of various consistentsimplifications of
our equatioąs will be published separately, it is interesting to note here the following two
extreme special cases. If the flexural strains are suppo§ed to be much smaller than the
extensional strains, all stress couple terms can be ignored, and the resulting membrane
equations are those derived by Budiansky [4] for the Lagrangean membranę nonlinear
shell theory. complete linearisation of our equations for infinitesimal strains, displacements
and deflections leads to the ,,best" variant ofthe linear theory ofshells [l, 2],

E §_^lt _^J--L_5. Small perturbation problems 
i

Large class of problems, such like dynamical stability or small vibrations of deformed
shell, can be solved using the exact theory of small deformations superposed on the large
finite deformation [13]. Let us assume that the deformed sheil Ś undergoes some small
perturbation and becomes §'.

l:

IaV; (4.18)
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Thus

r' :i+ei, a'n:óo+tżo, i' :n*ełt,

a'nr:dor+ańrr, b,,r:bno+ei"r, (5,1)

T'op:Topłejnp, rc'op:rcop*tłop, etc.,

where all geometrical quantitięs with star can be found easily in terms of undeformed
geometry and perturbed displacement field. Thus, for example, from (5.1) and (2.1) to
(2.3) we find

ź":i:,e** h* n, h:i* a** h* n,
(5.2)

r::U""_- 
_urr,. 

b,:ń,.,+bź.i*, ł '

i 
"o 

: 
Ż(I*nI *F + l*ol*p ł 9 n b p ł Ó 

" 
q p),

(5.3)

iop : - dą ń - i * n - d *oF ń* - h*o, n*,

ń*: _?łf at§,r+łł.'r.*rr"i^u+fool^u1, 
(5.4)

ń: -2nż'P§"u+ ^E .o).^ol,^'lu",Ya

ao::Ziop, iop: -iof , (5.5)

ń*, : _2-o*o6"F ł,B *2 1.*ne'Pią) etc.

Let us assume alio that

p.':p*eŹ, F':F+ei, K':K+sk',
(5.6)

1rrlaf -;yarlr;(1af, 14,oB :pla| arf4a| .

If we now write down the equilibrium equations (a.12) for deformed perturbed shell §',
and substract (4.t2) valid for Ś, we obtain the following Lagrangean equations to be satisfied
for the perturbed quantities

(Ó"' t ̂
 

+ Ó" n ) p - ur- (Ó' 
^ ę l + Ó. D + (Q" 

^ 
i! 

^ 

+ 9. ńl 7, * - b| (Q" 
^ 

ip 

^ 

+ Q, ;) +
't-

+ |ź Ói M k - Ół u \ l 
. ! + (i, 

^ 
y fo* + a, 

^ itr p) M o* nF J l, -
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-u!l*rózv^* _6!v"*) q^+(t"ly^r**łli^r*)Mp*nf +fia :g, . (5.7)

ł***
(b' q 

^+ 
Ó"n) p+ b np(Ó"^la. 

^ 

+ g'na1 + 1Q"^ ó 
^ 

+ Q"ó p + b,p(Q"li!^ + QW) +

+SiÓi, u* - ił u\ q 

^ 

i (dn^y 
^ 

u* +ł t j 
^ 

r*1 M'* nfln +

+ u *1t 1ili u l" - $i 1 u,"7 lP 
^ 

+ (ó" 
1 

y 

^ 

r* + ł' i 
^ 

r*) M u" na ] + $ : g,

where we denoted

b^:Ń"^ +ł6ii,t^" -161i,t* ,

ón:i4^n|^+ć^l^r*ińr*, (5.8)

Li:a*6*r+v'Fb*o2

ł lo*=i lr1"*i 
^*1r-"i 

,*1^ -

The appropriate boundary conditions for the perturbed quantities can be found similarly
from (4.15) to obtain

{Ó,8 - 6s- i,I,*) v. I:0 - 6X Mo* v, l^p + (Qo F - at* v*y v 
"i !, 

+

*

+ |Ón, + 6r P 
v j ),J nĄ + |Q' v 

" 
+ (M" P 

l, n t p),,J ń^}, 
^ 

:

:łi' - (6f ń- + ÓX n1 |, - t! n"ilu + 7ńB t u1,, nĄ + (RP t p),, ilt\ v l,

{Óą - 6x i,I*) v 
" 

t lu - Ó! u n" 
v o lĄB + (Qn B - 6! v *1 

v 
"i!, 

+

*

+ |:Ó' y, + (fu" s v n t p),,7 nt + |Q"v n + (M"B l, n t p),,1 ń^:1 t 

^ 

:

:{ń'-(Ęń-+iłf n) |u-u!n-i^u+ęił!t),,nr +(RPtu),,ń^}ve, (5.9)

(Óą -6r- u*1 v, q, - i! l,t'" n o Q B * (Qo 0 - 6a* u*1 v, tp, +

+ LÓ" v 
" 

+ (itn P 
v nt p),,7 n + |Q" v, + (M" P 

v o t p),r] ń :

= i - t6l, ił,p, + iX n- ę e) -6X R* h e + (ńP t ),, n + ęRB t ),, ń,

fu'Funrr:ftaru.
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6. Dlnamic§ of §hells in a non-ineńial frame

Up to nowour Eulerian or Lagrangean equations can be used only for statical shell
problems. It is easy, however, to exfend them also to dynamicat shetl problems using the
vector equations (3.13) or (4.17). Thus if dynamical effects arę taken into accountthen
(4.17) should be replaced by [8]

l Novods+ Il pdo: ll paita,c§§

l (M" +T x N) l o ds ł ll @ +1 x p) do : II p(i x a + I. t) ita,c§^§
where p is the mass per unit area of the reference shell middle §urface, m - external surface
moment per unit area of the reference shelt middle surface, e - angular acceleration vector
of the shell deformation, .l - moment of inertia tensor. Solving the dynamical problem
we should known p, m and I in advance. Here, looking only at the conventional shell theory,
we assume m:r:O,

Inertial frame of reference {Oo, i} can be defined [16] by choosing a point oo in three-
dimensional Euchidean poipt space and three unit orthogonal vectors i^, fn:1,2,3.
In this frame the motion of the shell middle surface points Flt1 can be described by

i oQ) : 9 rP ę1) :V 
o 
^(t) 

i 
^ 
: (r Bo + u8) a, + (r g * w)n,

l01

aę1: 
frrrlt):ilap+ivn ,

o6:fiłolt):iilap+ńn

(6.1)

(6.2)

(6.4)

(6.5)

the formula

(6.6)

of motion follow easily as component representa-

No|o+p:a. (6.3)

Let us assume further the another moving non-inertial frame of reference {O(t), k,(t)},
defined by a moving point O (l) and three moving unit orthogonal vectors k{t) , i:1 , 2, 3 .
In this moving frame the motion of the same F1l) is described by

r(0 = O ( /)P ( t) :T. tG) k t(t) : 7rP + u§) a p * (r * w) n .

Let the rrrotion of the inertial frame too, i.} with respect to the movin g frame {O(t),
ł;(l)} is defined bY a vector function c(l) and an orthogonal tensor function QQ) such
that [16]

and appropriate Lagrangean equations
tion in ap, ł basis of

c:c,(t)ki, Q:QuG)kt@ki, i:cłQŻo

Then for absolute acceleration in the moving frame we can prove [18, 16]

a :v - ć - 2A (v - ą - (A - A1 (i - c),
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wherę here
A:QQ,T,

A:-AT o

A:A'-QÓ' ,

A: -Ar
(6.7)

fcos p cos ł7- sin p sin y cos 0, -sin p cos łil -cos p sin r4 cos 0, sin r4 sin 0 lg,.:Icospsinrpr-lsinpcos14cos0, -sin rpsiny+cospcostycos0, -coslt/sin0l (6.8)

|sin p sin 0, cos p sin 0, cos 0 l

and the dot rneans the time derivative with respect to the moving frame, keeping /c, constant.
The orthogonal tensor components Ql can be expressed in terms of only three functions,

Euler angles v Q), ę(t),0(l) for example [16]

For arry ręfęręnce surface geometry, dęfinęd in the moving frame by r:r(01 we can easily
exples§ ł; in terms of ap, fl and Lagrangean equations of motion follows as component
representation of (6.3) in ap, n basis, using (6.6) for absolute accelęration.

Reeived by Editor, February 1973.
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O nieliniowej teorii powłok w ruchu]

streszczenie

Podstawowe zńeżności nielinioivej teorii powłok uzyskano z dwuwymiarowej,zasady.prac wirtu-
alnych. Przedstawiono teorię powłok zarówno w ujęciu Eulóra, gdy wszystkie zależności formułowane
są w niezoanej geometrii konfiguracji odkształconej powłoki, jak i w ujęciu Lagrange'a, Edy wszystkie
zaleŻnoŚci formułowane są w znanej geometrii ustalonej konfiguracji odniesienia powłoki. przedsta_
wiony w Pracy nowy wariant nieliniowej teorii powłok w ujęciu Lagraoge'a zawietatylko-symetryczne
ten§ory sił i momentów węwnętrznych i stanowi naturalne uogólnienie ,,aajlepszego" wariantu liniowej
teorii Powłok, Uzyskane wyniki są dwuwymiarowo ścisłe dla powierzchni środkowej powłoki.

Podstawowe zaleimośct teorii powłok w ujęciu Lagrange'a tozszutzotlo również na zagadnienie
maĘch perturbacji stanu odkształconego oraz sformułowano }odstawowe związki nieliniowej dynamiki
powłok poruszających się w nieinercjalnym układzie odniesienia.

K nełnnreh'rroft Teopm purł(yqtrxcn odoiloqen

Pegroue

Ocsognrre 3aBIłcnMocTE lremrrrefuoft Teopffrł odołosex troJIyqeEBI tr3 AByMepgoro np!łllĄtrna BEp-
TYaI$Eoft Pa6orrr, Paccuorpeua Teoptrfi o6orroqer n eżrreponov qpe.qcTaBlleEl{tr, KorAa Bce 3aBIlcuMocTE
SoPrrłYrzPYrorcx B EeItlBecTEoż reorvrerpru 4e$opuaporarłuoż cpe46noź norepxrocrr o6orrowu,
a TaKxe B JIźrrpapKeBoM IIpeAcTaBJIeH{a, KorAa Bce 3aBEcEMocrz ([opnłyrrapyrorcx s nsBecTEoż reo-
MeTpEa i{eAeóopłmpoBansofi cpeAEEEoż IIoBepxEocTE o6onow.

flPegrraraeml uoBar gerrrneirłłul Teopn o6orroser B nałpaffxeBoM trpeAcfttBnentrE BblpaxaeTc,
ToJIbxo qepe3 cnłMeTpEgecKfie TeE3opEI BEyTpęflIrn ctrJI E MoMeEToB g.EB$aeTcr, o6o6qemenł ,,naż-
JIY{IIIero" BaDranra rrurrefuofi Teopur o6onoset. Peeyrrrrarrr §onyqenmle r pa§ore ,BJlrlIoTc, ,py-
Mepuo ToqIrbIMII głx epelguuofi noBep)mocTa o6onowu.

Ocgongrre 3aBrcEMocTIi TeoptrE o6orroser B JlilrpaHxeBoM trpeAcTaBnentrE o6o6Ęer6r ra npo6ne-
MbI MaIBlx nePrYP6aqnŻ Aetlopuzposanroro cocTorgx o6onowtr. florryłemr Taxxe ocnoBffiI" auur-
CBMocTr EermEefurOŻ /EłHaMEKE o6orroqex l[Brxylqrxcfi B EetrEepqrajl6qoź crgreue oTcseTa.
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