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WITOLD DRABOWICZ

Gdańsk

A Multiple-Scattered Method for Chemisorption Systems

The objective of this work is to discuss in detail the theoretical background of the korringa-kohn_
Rostockęr multiple-scattered method with an application to the study of electronio structure of clean
surfaces and adsorption §yst€ms.

The męthod presented here can be applied to periodic §y§tems with slab configurations. By means
.of the above mentioned method the theoretical study of the electronic structure of the ordered overlayers
,adsorbed on the crystal surface, the chemical bonds of adsorbate species and adsorbate-induced electron
,§tates can be performed.

Nomenclature

1983

sUC
As

Y,G

k, q

u
K"

- surface unit cell,

- atomic segment,

- wave and Green's
functions respectively,

- wave vectors,

- two-dimensional lattice vector,

- vector of the two-dimęnsional
reciprocal lattice,

Yu, -
R'" -

/(i i) /(ij\
AIm , 

''ń', 
Alni ,I'm', -

t

Cru,tm, t'm' -
p-
A_

spherical harmonics,
radial functions,

diagonal and off-diagonal

structufe constants,

Gaunt integrals,

radius of atomic sphere,

cross-section of SUC.

1. rntroduction

The multiple-scattered, or Korringa-Kohn-Rostocker (KKR) method has proved very
useful for calculation of energy levels in solids and molecules, ńhenever the muffin-tin
(MT) model is appropriate. The calculational scheme presented here is a generalization
of the (KKR) formalizm to films and surfaces which are rćpresented by thin film.s.

The film or the slab is a simple model desig4ed for the calculatiorr of surlace proper-
ties of solids. Such a modęl hasgreatflexibilityenabling clęan surface§, recon§tructed sur-
faces, and chemisorbed atoms or molecules to be studied within it. One of the advantages
of the thin-film approach is that the chemisorption can be treated rąther easily.

The multiple-scattered technique can be used for calculation of electronic structure of
adsorbed overlayers, adsorbate-induced electron states and chemical bonds of adsorbed
atoms and molecules. The method takes into account not only thę local aspects of the bonds

t1231



l24 W. Drabowicz

of adsorbed species but also long-range effects due to
as well as adsorbate-adsorbate interactions.

The model of the physical system, shown in Fig.
It consists of M atomic layers of substrate bounded

rnic layer which is denoted by shaded circles.

the extended nature of a substrate

1, is periodic in two dimensións.
on both sides by an adsorbed ato-.

+b

Fig. 1. The crystal slab with adsorbed overlayers

In the scattered-wave formulation the film is divided into surface unit cells (SUC}
each of which extends to * co in the z direction. The film boundaries can be described by
the relations z:zt atrd z: z2 and the space of ęach SUC is divided into three regions. The
region of nonoverlapping atomic spheres surrounding each nuclear site in an atomic seg-
ment (As) we denote as region z The part of the suc which contains all the atoms we call
atomic Segment. The boundaries of the AS Lię in z:zt and z:zz planes. The interstitial
sPace between the atomic spheres in AS we denote as rąion 1I Two surface stpips of not
overlaPPing atomic spheres arrd for which z>z, or z<zl constitute region.I11 Excluding
the region lI],this division of space is analogous to the muffin-tin approximation used in
the band theory.

2. Green's function and the system of integral equations

The integral equation is a convenient theorętical tool for investigating, among others,
Problems c'oncerning the electron band structure of bulk, clean and chemisorbed surfaces,
as well as low eneTgy electron diffraction on the cr,ystal surface and other scattering pro-
blems. The basis of the integral formulation is the Green function.

We derive now an integral equation for wave function which is a solution of the Schń-
dinger equation

which written in the form
[ - V' + v (i)Jiv (i) = EY (i),

(Yz + k2 7 
y(i): v til v|til .

(2.|>

(2.2}

withk2:E, can be intepreted as in inhomogeneous differential equation with the term
V(i)Y(;,) that can be considered as inhomogeneity. Introducing the differential operator

fącąum
!-

D:Yz +k2 , (2.3)



A Multiple-Scatteręd Method for Chemisorption Systerr.ls L25

and the inhornogeneity term

F(i): V(i)Y(i).
lrye can write now (2.2) in an abbreviated form

DY(i):F(i).
SimilarlY, for the Green function satisfying the inhomogeneous difi,erential equation.[1]

y2 G 1i, i' 7 + k' G 7i, i, ) : a (i *i:),
where ó,$s the tfuee-dirnensional Dirac delta function, we can rvrl.te

DG(i,i):a(i_ł).

(2.4}

(2.5}

(2,6}

(2.7)

MultiPlYing both sides ot Eq. Q,Ą by r(i,) and integrating over the volurne Z with res_pect to r'we get

I_.DG(ł, v) r (i) a3ł, : ! F (.i,) 6 (ł _i, 
) d3i, .YY

The integration on the right can be carried out by makirrg use of the irrtegrał property ofl
the delta function [2]

I f (i,)ó(i-i)au:1 ęi1.

t ne 1i, i, 7 r 1i' 1 a3i,:F(i) 
"

(2.1x)

(2.12)

(2.i3)

(2.8)

(2,9)

(2.10)

Thus, we get

Due to the fact that LaPlace operator Y2 in Q.3) acts on functions of the i coordinates,
the differential oPerator D can be taken out from under the sign ofintegration. Therefore,we obtain

D l G{i ,i,)r{i,)ari,:F (i).

BY comParison of (2.1l) with (2.5) we §ee that the integral in (2,1l) rnust bę identifiedwjth the wave function Yt.łS. Our final result is then

We have found thus the solution of (2.I) for various inhomogeneity terms and for the
same boundary conditions imposed on Fand G functions. This soiution is in thę forn of an
integral equation, where the Green function has appeared as a kernel.

Since the Potential in region 11is assumęd to Le zero the integration in Eq. (2.13) is
confined to the atomic sphere and two surface strips. Equation (z.lł canoo". o.'*riii*

Y(i): Z, I e G,i,lvęi,,1yęi ,)d3i ,,
j*s Yt+ttr

a§

(2,14}
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where7, § denote the number of spheres in an atomic segment and number of surface strips,
respectively, whereas Y''ylisthe volume of regions I ind III. PuttĘ VG)VG) from (2,1}

into (2.13) and with the help of Green's theorem [3]

we get

P(i): I J tyrci,)|v2e7i.,i,l+treli,i,11}d3i'+
jłsV11111

- I [",n 
.,,,ru'ł,'_y(i )óSŚ!)fds, , (2.16)

§r+rrl

where n is the outer normal to the atomic spheres and to the surfaces z, and zr. We denote
by Sr*rr,. the surface bounding regions I and III. The total surface Sra'1; con§ists of all
the surfaces of atomic spheres and of two planes z:zt and z:zz.

On account of (2.6) and (2.9) the first term on the right side of (2.16) cancels with thę
left side and one obtains

trrr'o-Gy,y)du: Ię#-"#)or, (2.15)

ys

(2.17}

We have obtained the system of integral equations the number of which is equal 7+s"

3. Green's function for a thin fiIm

The thin fllm, which represents the surface region, is divided into SUC as is shown in
Fig. 1. The three-dimensional SUC, defined by the right parallelepiped whosę cross-sec-
tion is denoted by A and whose z extent is in principle t oo, is assumed to be truncated at
z: łL. The length z is sufficiently large for the electronic charge density to be considered
negligible at z: !.L.The plane boundaries of the film are of infinitę extension and retain
translational symmetry parallel to the surface. There is no translational invariance along
the direction perpendicular to the surface.

Turning now to the evaluation of the Green function we multiply both sides of equation
(2.6) by

(2Ą-+ exp[- ięL'+k,,1.i1, (3.1}

rvherę the vector i,' i, t' = ęr!, k;, k:) and kn: (K,, ,' K,, ,0) is the vector of the two-dimen-
sional reciprocal lattice. Integrating over the volume of thę SUC and taking into account
the integral property of the Dirac delta function (2.9) we get

{2r7'l J {."p[- ięi'+k,l.ilLv'c(i, i'l+k'c1}, i';}a3i :
' 

:(2n)-+ęxp[- t(k' +k,),i'f . (3.2)

, [ [ot, ,},f!Ś)_yG,)G9, !lar,:o.
j+sJL on 0n J

§r+ rrr
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Denoting r(7):exp t_t(i'+E).7] and using Green's formula (2.15) we get

t.vv,cav: t 
cv'vav + I?:+-" #)rr. (3.3)

Yv§
The surface integral vanishes, since the flux through the surfaces perpendicular to the x
and Y axes cancels out and the planes perpendicular to the z axis are removed to infinity"

Hence, we have

(z")- * 
!. |G (i, i )y 2 y (i ) + k' v (i 1 e 1i, i, )7 ari : (2n ) 

- + exp | - i (7", + _R") . i' ] .Y

(3.4).
Carrying out the surface integration in the (x, y) plane we obtain

QĄje|-(k',+ K*,)2 -(k;+Kr,)2 -k:2 + E1exp { -i |(k,+K,,)x-(ri+Ę,)y]} x
@

x 
_J 

G(i , i')exp(- ik',z)dz:(2n)-+exp[- Ą7i +k).i'J, (3.5)

wherę E:k2. Since the integration region extends to infinity along the z axis we can use
the one-dimensional Fourier transform pair [4]

and

f (k):(zn)-r 
_I*f {Ą"rv(-ikz)dz,

@

f (z):(2n)- + l 7 ęt<|exp(ikz) dk .

Hęnce equation (3.5) can be written as

lż7

(3.6)

(3.7)

(3.8)

where Ę' : (k !, r,;, O) and ń : (x ,y, 0) . The summation in Ęq. (3.8) is over all the reciprocal
Jattice vectors Ę.

Now we insert (3.8) using (3.7) and obtain

where

This integra7 we analyze by means of contour integration in
The singularities.in the integral arę at k::+IE_(Ą,a(.sr1+
at k:: + i1(a' + k), _ E]+ for E _ (Ę, +fJi.o.

on account of
kL:Fięk'r+ i Imk'" ,

(3.9)

(3.10)

the complex k'.-plane |5l.
for E-(Q'+fr;'>0 and

(3.1 1)
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:and

,we,can write

eXP |ik, (z - z' )7 : exp |i (z _ z' ) Re łl] exp L_ (z _ z, ) Im k,,], (3.12)

(3.13),:§o##S!^*:,
c

,wheręCisthecontourwhichfor z-z'>0isclosedbyalargesemicircle'C2intheuppórhalf
plane and fot z- z; <0 the contour is closed by semicircle C3 in the lower half plane as is
,shown in Fig. 2.

rn the limit as the radius of the sęmicircles becomes infinitą thę contribution there-
from to the integrals becomes zero. The integrals are then equal to their values along the
,real axis Cr.

For z*z'>0 the contour integial along Cr*Cz is equal to the residue at the pole
IE_(a,+ k)']+.
Thus

,and
1: (2rtź) {Re s [E - ( {' +,R )']+} ,

, . exp {ip, -(Ę' + R )'f+(r - r')}

rE_(a,+k)2f+
Similarly for z - ź <0 the contour integral along C1 * C3 is equal to the residuę at the

pole - |E-(a'+R)2],.

(3.14}

(3.15)

Fig. 2. The complex kL-plane

(3.16)
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and

, _n.exp {i|r-(ó' + k)2J+G- ź1}

Inserting (3.17) into 

'r;; 
*"'

(3.1?)

(4.1)

(4.2)

e ę}, ił 1 : !_l "jŁłGjŁĘ n') l-r',,l_2tr*ffiexp{i[E-(fr,+k,1Ż111z,,_z,)}(3.l8)
wheJe za and z, denote the smaller and the greater of the quantities e and z,, respectivel}.

In the case of Ż-(fi'+R,1"<0 and z-z|>o o, ,- r'.o *"-otrurn the following result

c (i,}, \ :_ J.' y 
=p!, 

(4j&ł ( n_i,)lv\,,')-*?ffiexp{_l(d,+K,72_n1+@,_z)}.(3.19)

4. Representation of the wave function and Greenrs function

our further considerations are based on the System of integral equations (2.17) by meansof which we can derive the final secular equation of ańilyr;;;'o.,n, investigated. Forthat purpose, however, we need the representations of the wave function and Green,sfunction in regions I and III, respectively, because of the fuherical symmetry of the poten_tial.

. rnside_each atomic sPhere ofthe first region, say the one centered at the atom locatedat C' as shown in Fig. 3, we can expand the wave function in terms of products of radialfunctions and spberical harmonics

ql
P(D(ą, ę)=E I c[|n§l)ęr)\-(Si, Q),I=o m=-'

whćre..9,, rPrarethe polar angles of ir:i_ Ć, and, y,*arenormalized spherical harmonics.
-Rl') are radial functioo, *hi"h satisfy the radial differential equation

t-* *(, ł)-,ę+v.lt l_Ą_a!l)1r;:6,

with the boundary condit,ions requiring the functions -R!') of the coordinate system to befinite at the origin and Rj') b|:t, where p, is the radius of the atomic sphere about theith atom in As, These functions should be.calculated for each kind of atoms in suc.To make use of the spherical symgletry, 1ea!o need an."p*rioo of G(i,71io ,prr"ri-cal harmonics. rntroducing i:Ę+ ć, uoc y'.=ij+ ć1, ,n"rJ i, and,,ii; 
'ńr;;;i;i;"vectors of the lth and7th nucleus in thę AS, ąs illu§trated in Fig. 3, we cąn expand Green,sfunction in spherical harmonics lxith anquiar coordinates l,ł,i i,':i-Ó; ;i;j:}.łąas their arguments [6, 7].

Thus, we have

GQD (i,, i !) : Ę,ł A ł:), -, j,(rc r,) j, (rcri) * rc ó 1, ó **, n 1(rcr,) j {rc ą) y-(S;, (p )y ł, (s;, ń,
(4.3)

9 Prące IMP, z, 36
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are givęn by

and

Fig. 3. Thepositionvectors7 and 7'ręlitive t<>

some chosen origin

and

otiD(ii, ir: I ZAfł,)r,,,,jr(orr)jy(rcrj)Ym(St, Q)Ę}(.9l, 9}), . ,

lm l'm'

where ,c: -E+ for E> 0 and rc : + i(- E)+ for "E'< 0 .

The quantities jl,n1, A§!j),r*, ana ntiP,1,., denote the sphericil Bessel,.the spherical

Neumann functionso the diagonal and the off-diagonal structure con§tants. These constants

o
A[i,i|, y--, : 4ni('-'') E i - Ln!fl c 

"*, 
lm, t"m, ł

LM

Atij) r*, :  xia-'')I i - Llf!} 
C rr,,ń, r, -|,,

LM

where the coefficients nf!} fot i:j and i{j arc dęfiled as follows:

nti}:ot!}ęl).+D[?(2)+ 6lo6ijDoo @:}

A practical scheńe for evaluating these coefficients iŚ ralea on ńwald's method [8].

The explicit expressions for the termś in (4.Ą can be written in the form [9]

p"iłtt> : _ Ęł "ffi 
"*p 

{t- ił +k)2 + nl | ą} x

x|Q+k,|"vfro(s,,. Qn), (4,8)
1L+1

Dt'ł Q) : - Gtr-!' ex p ( i fr 
, n'. 1 

| 

ń. - Ć + Ć j|L Y (3 
^, Q 

^) 
x

J .-o 
[-,U.- 

ć,+ć;'ć'- #]Ę'"dĘ, (4.9)
. 

ll lżl2

(4,4>

(4.5}

{4.6}

,!

(4.10)Doo(3): -5 i ,(!=|"' ,,.2r Eo vl(2y-l)

where O is the volume of the AS, whereas S,, ęn and 9., Q,are the polar angles of vectors

i.+K, and R,,-C1 tCj, respectively.
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The sumnation in (4.9) is carried out over all two-dimensional lattice yectors and the
prime indicates that the term with fr.:0 is to be ońitted fór i*j. The parameter 11 in
(Ą8), (4.9) and (4.10) is chosen arbitrarily in order to optimize the convergence of the sum_
mations.

The quantities C"r,ln1. 1,a, lta the Gaunt integrals of the form

CLa,ut,yw":l aę f ,r"sa8ytM(,g, q)yń(s, ę)\,*,(S, E), (4.11)

The coefficient C"*,'r*,I,m.:O if M*m-m', whereas the sum over Ł runs only the values

|1-1'|<r<1l+l') and (l+l'+L) is an even integer. The C's vanish for other L's.
Wę turn now to the region 111 in which the wave function has the representation [l0]

131

v!,i1: Z, clP exp t;(Ę +Ę). i]u||(z) ,

where k: 1 , 2 corresponó to zr= -b and zz:b, respectively, and C!k) are the coefficients.
The function u!,')(r) satisfies the Schródinger equation

(4.12)

(4.13)

rvith the boundary conditions "r)Goo):O ana uf;)(U1:1. An analogous equation is
satisfied by the fu:rction ,|,') (").

. The representation ofthe Green function for this region is given by expression (3.18).

5. Secular equation

Having detęrmined the representations of the wave function and Green's function we.
can derive the secular equation for our system, For that purpose we will need the standard
expansions of plane waves into spherical harmonics and spherical Bessel functions [1l]

exp(it,v1:+n|łirllcrlYm(s; ,'Qł)YIx(sł, qk), (5.1)

.l

exp(- ti,i1:lrc|l-tl'i,1l<r)Y,|,(S; , qł)Ym(Sr , qi), (5.2)
lnt

where,9;, rp; and3E,rpi arę the polar angles of i and Iin a fixed coordinate system.
Substituting (3.18), (4,3), (4.4) and (4.12) into (2.t7), using (5.1), multiplying (2.17)

by rf,@;, p;), using orthonormal properties of spherical harmonics carrying out inte-
gration over atomic surfaces ,S1 with respect to 7 and over the entire,surface §r*r, with
respect to i' we obtain the set of equations [l2]

p? j i I p', 7rc ó,,, ó.,,,, 7n,, L!| - n'y) + AIIł), 
^, 

(j, L? - 1 i1] cfi), +
l'm' , i= j

+ I p3.1A!ł,l),,,,,, ( j,, t? - j ł)f c!l), + Z, A lA!:;,') (- Ę + i f ,,,) c|? 1' l'm',i+i n'

+A[*,l)@(ł)+,Ę,)C1,1)]}-0, (5.3)

9.

{- #- Y Q) - |E - (ł + r"i'l} uf){,l :0,
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,ł -V, .r,, 
( *r,)],, 

=,,, 
i', :(* l,<*r, r],, 

=,,,

;-dR!i)(r,)1

,-,/: L-*i |,,=,,:fT].,=o,.

ydu§ll1 fdu|?l1

,, :L#J,= _,:H= _; r,:; :W],=;W]"=,-

The corresponding structure constants ,ą|ł,2) ana d[ł,? are

7 G, 2),, :ł,, ;, ""p 
('ijl', d,) .*p (@ y,łG.l>, ę1l 

ly 
.nln,n'-all. 

zt,l,rr,

and

(5.4)

(5"5)

(5.6

(5.7)

(5.8)

(5.9)

(5.10)

A!ł,1),:ąni,
exp ętF|?l - Ć ) exp (i T,, b)

v,jls!?l, rp!?l1,
2iAr",

where

F:9 :(q,+ K,,x, Qy* K,,r, - fn),

and

F 
"?,) 

:(qr+ Kr, r, q, + Ku, r, In) .

The normal components of the vectors i§ll and F[?) are

r;-|E_(Ę+k)'fu if e >(i+k)z,

f,: *ryli+k,12-nlź if n<(d+R)2.

and the polar angles of these vectors are denoted by,9[l), 9!!) ald S!?),qf,?l, respectively.

For E<(ł +.R")' th" vectors Fjl) and Fj?' t un" imaginary components. The spherical har-

monics, in this case, have complex arguments and are defined by P]

y,^(s|,, zl, 
rłt, 

z1.1 :|q##'-|i *, 1,-'"' - 
[ 
- f] exp (i łn pf,', z}), (5,1 1)

where rj'l(x) is Hobson's associated Legendre function.
Now choosing 7 to lie above the plane surface z2, putting.(3.18), (4.1) and (5.2) into

Q.I't) ,multiplying it by exp [ - i (d' + k) .il,integrating i ovęr thę atorrłic segment boundary

of area A onthe plane zr:S and 7' over the surface Slagr W€ §et

A l p3 L aI? łl) ti, l i' _ i ł> cf!), + A A|2,') gJ 
}> + r ; c[,' ) +

i'l'm' 
+AA::,z)ą_Ę)_i7")C[,)]:0, (5,12)



A Multiple-§cattered Metho,d for Ch.emisorption §ystems 133

where the structure €onstants ąfe

zir"A
Proceeding similarly as before and taking i below the surface z. we obtain

e L p3 Z eI| łj} (i, l,Vl - i ;7 c§!), + A Af,l, lJ (LQ _ r ) cf,.) +
j,l'm'

+ AA:1,2)(- l!ł> +r)c|')]:0. (5.16}
The structure constants are

,ł!]i,fl :łn(-Dt?XpGF:2):ą:xpGbr)v,,*,(S!,rr,,p§r)),

,<z, t)_eXP(2ir,,b)A,rr",'r:Ł, A:',')

A!' ł,}, : łn ( - ł' ":e 
d F ł' ś t Ye \i b Ą) y,.,(*§'r,,łL'r ),

.łtl,zi_eXP(Żir,b),ł(r,1)_ ldn ' Ąn :rlrJ

(5.13}

(5.14), (5.15}

(5.17}

(5.18), (5,19)

The basic equations (5.3), (5.11) and (5.15) represent a set oflinear equations for the
coefficients Cf}, CI", Cf,z). The solution of these equations will be nontrivial if thd deter_
minant of the coefficients vanishes. The secular equation obtained in such a way contains
the required stationary connection between the energy E and the two-dimensional wave
vector fr. rne order of this equation equals the number of atoms in the AS times the num_
ber of coefficients Cf* in (a.1) plus the double number of reciprocal lattice, needed to
describe the wave function (4.12) in each surface strip.

Received by the Editor, February 1982.
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'Wielorozproszeniowa metoda ilo analizy chemisorpcji

s treszczeni e

Praca dotycz! szczegółów metody teoretycznej wielokrotnego rozproszenia stosowanej do analizy
powierzóniowych własności kryształów czystych granicących zpróżnią oraz powierzchni pokrytycb
cienką war§twą ośrodka adsorbowanego. Metodę tę stosuje się do uporądkowanych układów perio-
dycznych w ramach modelu cionkiej płytki,'Pozwala ona na wyznaczenie wiązańchemiczny ch adsorbo-
wanego ośrodka, jak również struktury elektronowej padŁoża arazzmiag tej struktury w wyniku oddzia-
ływania tego ośrodka.

Mero,{ MHoroKpaTIIoro paccenHnfl .ĄJIf cIrcTeM c,.xeMocop6Ęuefi

' Pe3IoMe

B rracroxlĄefi pa6ore paccMaTpuBź}I{,rcx reopetłłecKlle ocIloBBI łręroła MnorotpaTfioro paccęrnn'
Koppurrn, Rora, Poctorepa, crr}^arr{"ro .4rL ficcJleAoBanu, oJlexTponnofr crpyrtyp.rr lrncTblx troBepx-
IrocTefi, a Taxxe aAcop6quomrx lloBepxtocTgblx cBoficrr.

, 3ror MeToA lrpl{MelfteTcfi, B paMrax MoAeJIE rolłroż ruIacTElIKIl, AnE EccJreł@D{}EEff ełexrpogxofi
cTpyxTypbl treplłoArllecKn( yflopfiAoqelilrblx cEcTeM, agcop6nponaxnhlx rrźr Ilonelrxnogtu KpłcTaJlna,
gJrexTpounbrx. cocTo.ffiRfi, a Tarxe xtrMlłqecK}fx crnsefi aAcopdara.
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