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Secondary Flows in Crrrved Channels of Arbitrary Cros§
Section Variation**)

[n tlrcler to calculatc encrgy lossos calisccl bv sccondarv florvs itl curved clrannels of any sectional
ii-,.lngt'ł nlatlrernłtical tnodel ollt statiotlat,v, inriscid (iilca1) fltlrv ficld has bcen applicd. The qualitativc
.-.\:r.\P0lldcllce bct$'cct] tlre lvall strcaInlirlcs in a spcciirlly cut-r,cd channcl dcternlined nunrericaIlv
rFORTR-Ą\i Program) and thc u'all streat-tllines clisplaycd exllcrinlcntally in a rvind channel lras iccl to the
ćj\cl()plllctlt tlfa calctrlation nlcthoc1 ftlr thlec-dinlcnsjonal 1rottlldarv iavcrs. Irundarrrental results ofthc
i,jill\iLjlir ofsecondarv flrlrls clue to different effects are gir.en in the prescnt paper.

l. statenrent trf the problem

As it is well-known. flows along curved channels are of a typical three-dimensional
ni|ttlre. al]d their energy 1clss c:rlculatiorr is gerrerally based on empirical-lreuristic
eorrelations found experirnentally. It is evitlerrt from Fig, 1 that tire total pressure
h.lutrdarv loss coeflicient of plane blade cźlscades - passed through nitlrout sepa_
13Iioll - can be assessecl lrom the empirical relatiollship

;. : t.4j,l0 '.rt;1; +2,10 '(It., -//,)T+(l+0.1'1
Slnpl

Tlre main itlflrrerrtial pafatlleters are the irrflou,and outflow angies. |}, and |3.r.
lccordilrg to the strtlcture fottncl by I{. Wolf [13_]u**) and tlre clisplacement thicknęss,

x) Frieclrich Lis1 Llrrivcrsit1,, olTrirnslrort ancl Conrnrrrnications, I)epartment of Vehicle Engineering,
Dr.-sden. Gcrtrran Dcmocrtrtic Rcpublic,

*x) Pallcr reatl by M. Riissler on Octobcr 25. 1984, at the 'Icchnica] L]niversit.v ol Gdarisk as an
:rtr-tlclcd version ol a pirblication to the ..I-ivtlrosoft" Confelcnce in Portoroż. Yugoslavia. September
lt)--l4. 19lł4. copyt'ight by CMl, PubIications. Ashurst Lodge. Ashtlrst, Soutlrampton SO42AA. England.

**x) It should be lroticed that the P, atxl fi, values appearing jn Fig" 1 anrJ the abo,,,c equation are
lrpressed in erades (grd) and not angle clegrees (.). ln gener.al

in casc ol clecelcratcd florv,
in case of.,cclual prcssure" flclrr,,
in case of accolcratccl flolr,.

\\'hen a hi_ehe-r degrec olaccuracy is,recluired it must be taken into aecounl that the functional dependence
.-,n tlre laclor sinPr,15;nP, increases in a siightl.v progrr]ssi\.e \!a).

stli/.
sill /l,
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Fi_u.:1. Empirical correlation ol thc rotal nresqure boundarv loss cocfficient i. and rhe following quatities:

fr _ cascade inlet angle, /i, - citscade outlct angle, r)f - displacement thickness on the channel side
rvall in the cascade inlet plane @ (measuring points fixed by H. Wolf [13] for the parameters at lower
left cornęr of the figure and valid for a small turbulence degree at the exit), b - channel height (perpendi-

cular lo 1he figure plane). / profile chord tength. /t, peak-to-vallcy height of channel surfaces
The right ordinate scale applies io the rc, valuation recommendation according to [6]. The pressure lo§ses
shown in Fig, 1 are ręlated to the dynamic pressure in the cascade inlet plane @ in case of decelerated

flow, in all the other case§ to that in tlre ca§cade outlet plane O

óf, in the cascade inlet plane for which M. Hultsclr and H. Sauer [6] recommen-
ded a re-valuation (see the scale at the right harrd side of the ordinate axis in Fig. 1).

A dependence of this inlet displacemellt thickness on other felevant influential para-
meters is unknown.

Due to a nlłmber of further parameters being of importance, including velocity,
vorticity and turbulence clegree distributions, observed in channel inlet sectio
sectional path 0f curved channels, longitudinal vortex in the cornert separation a
and so on. loss calcuiation is possible only in a relatively rough way (evaluation)
else an adequately large number of information must be given,

An alternative to this is to use a mathematical model allowirrg for the sufficięn
exact calculatiorr of secondary flows in curved channels of any sectional c

sin f3z
sin &,

which run in the main flow clirection. By means of this modęl it is possible to anal
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::le thlee-dimęnsi()11al flclrv lield in clrder to develop efficient irrstallatiorrs serving to
:::]luellce the secotrdary florv field. In this rvay a possibility is seen for clesigning
..:,-itrirrily curved clrannels ol any slrape with powęr lirnitirtg properties.

2. "Ihe Mathcrnatical Nlodel

\ clear exPlanatiotl ior tlre tornlal,itln of secotrdary flows \1,as givell by E. Linclner-'' 
1-1le nlechłtliisnl ol' rorter lbrrnlttion is barecl on the existellce ol a sitle rłall

blrutrdarY layer of transversal velocity distribrrtion t:,(z) in the inlet plane @ of tlre
curred channel as demonstrated in Fig.2. Due to the pressure difference between thę
:].iCtitlll side SS atrc1 the pressllre side P§ tlris boulrdary layer is more strorrgly de-
ilectecl thatr the basic flow in the curved chantlel. Some basic relationships governingjiliti I'iltatioll trre _eivetr in Table l. Although tlre secotrdary flow is caused by a fric-
Iiotl effect. its clevelopnręnt in tlre curved clratltlel llay be consiclerecl by rneans of
-i iriction-fl'ee model, i.e. that of arr ideal fltritj. Tlris nrociel results irr the Helrnholtz
\tlftć\ ecluiłtiot-t (1)sliorł'rr irr Table 2. By simplification, tlre equation system (3) is
.'Ł'taitre<j if tlie basic florv velocity distribution r,,(l) in tlre curved clrannel of constant
cr.lss-section is aPproximated according to tlre laił, (2) ol thc free yortex (sce Appendix).
Equatiorr (3.2) describes the Helnrholtz vorter tlreorenl accordin-q to whiclr tiie circu-
latiotl (l) (see "fable 1) of a voltex fiiarnent slrclwn irr Fig. 2 remains constatrt witlr
t iIlre.

Usin_s the relaticlnship (2) in Table 2 it is possible to clifferentiatę the riglrt side of
equation (3.1), and thus the common clifferential equation (4) and its ir:rtegral (5) are
.'btained, Tlre above irrtegrai represents a change of the peripheral component of
]-rrtation c,-l. in tlre crtrved chatrnel of cotistant cross-section, being proportional to the
angle of Curvatule ł;. Tlris lztw calr be explained by means ol arrother Helmholtz
1i-]rtex tlreorem (2) showrr in Table l and stating tlrat vortex tubes consist perma-
i:entll of the sanre fluic1 volunre. This 1,olutne nroves with tlre basic flow velocity l"(r),
i-', Illtlre slorvly lt tlle pressure side PS tharl at the suction side S.§, This lneltIls fhat
ilt tlie Present case the rotation vector ćl) moves tvitlr double arlgular velocity in

,,(\
It

-1lr_
'-:§

o>-

Fig. 2. Schematic diagram of fluid rotation in the curvecl channel of constant cross_section
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Basic assurrrpticlns on O.'O r",r,'.l,'ł] i',l
curved clrannel clf constant

cross-section (Fig. 2)

ó]- : r,ló,ł (1)

óI1 : const (.1)

?u,
(,), : 

- 
(_r)

c,:

direction opposite to that of the lromologous elernentary fluid volulne of tlte basic
flow (see Fig, 2).

Theoretical investigations of secondary flows based on tlre Helmholtz vortex
equation (1)(see Table 2) węre madę by H. B. Squire and K, G. Winter [12], They
restricted their studies to berrds of invariably rectangular cross-section being very flat
in the męriclional plane, i,e. of high'bspect ratio /zlln In such a case it is possible to
determine analytically the stream function of the qrrasi-plane secondary flow field on
tlre basis of the fundamental result saying that the vortex of the secondary flow in
the persistent basic florv, i.e. in the bend of constzint cross-section Az,lr, is propor-
tional to the bencl angle /t: złnd the rrxial velocity gradient of the actual basic flow
upstream of the cascade (see equation (2) in Table 3),

.R. Puzyrewski [10] modified the model of tlrę ideal seconclary ilorv by replacing
the coefficięnt ó : 2hin Eq,(5)of Tablę 2by afunctiotl of the spanwise coordinate,
He follows thę vortęx linęs irr the bencl arrcl points out that the coefficięnt O repre-
sęnts tlrę cotangent ol the arrgle formed bętween tlre vortex litles arrd tlrę basic flow
streamlinęs.

L, Bćlik [2] nrodif,red tlre slrape of tlrę itlflow velocity profile and the aspect ratio
of thę bencl and slrowed their influęnce on the secondary flow fięld.

As the aspęct ratio is cot,nparatively high, the sohttion may be obtairred analytically,
1rl1975l). Bażant [1] applied this vortex florv tlreory to bęncls of non-flat, but

stjll irrvariable flow crclss-section, ancl solved thę Poisson equation (2) of Tablc 3 nu-

merically using the męthocl of finite differences,
Now tlre question is, irl wlricl-r way tlrc t;oLtcx łlctu, nrotlcl nray be nrorlified to

apply it to irrbitrarily curved channels.
Tlie inathematical model of ideal, i.ę. irrviscid secotldary flows doęs not get nruclr

more complicated if the simplificatiorrs stated are dispensęd with frorn tlre very
beginning,

M. Hackeschmidt [3] pirt forward a tlreory serving to calculate ideal statio-
nary secondary flows in curved channels of any sectional change. His mathematical
model is based on the idea of dividing thę curved channel into a multitude of berrds
(partia1 knees, Fig, 3). Such bends are formed by adjacent equipotential surfaces
(which R. Puzyrewski calls Bęrnoulli surfaces) of the basic flow, i.ę. thę flow which

. 'l'ablc 2

Matlrenltrtical rrroclel of atr tciea1 scconclary flow in
a platrc cltrved clrarrtrel Óf constant cross-section

(t,!)tl, : (tl!)i'
t'.'' : const^./\
Ł', ((,), ( /tr.\
; - : r'l"^ l-" l
1,- tl. (''\''/
(rI : colls1
ro_:0
dul.,. ]-,.

a,L:

Dcl" : *,l;,,,,,,.

(l)
(2)

(3 1)

(3,2)

( 1._1.,

(4)

(5)



Fig. 3, The patterns of equipotential lines
(O| and streamlines (Y/) of the basic flow
in the plane channel existing in the inlet
range (i.e. without diffusel in the cascade
channel outlet range); l _ cascade pitch

, Table 3
Mathernatical model of an ideal secondary florł, in a plane curved channel

of arbitrarily variable cross-section
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is not influenced by the secotldary olle. This ilssunrption of suclr a basic flow -expressed by tlre iteration inder (0) in equations (3) and (4) irr Table 3 - means that
the velocity curl of the secondary flow marked by arr apostrophe (') may at first
be left rreglected in the Helrnholtz equation (1)(see left condition (3) in Table 3 and
Appendix). Tlrus equation (1) is sinrplified to tlre common differential equatiorr (3)

in Table 3 describing the secondarv flow rotation (D'(ó) - c,l('P) depending on tlre local
velocity of the basic flow l" ,ł r} wlrich is not infllrenced by the secondary flow, the
radius of curvature r of tlre stręamlines y/ and the curvilinear coordinates s and n

(see Fig. 3). By applying a series expatrsion of the birsic flow velocity t:. alrd tlre
vorticity żco' along the streamwise coordinate s and approximatirig the dependence
in spanwise direction r;"(n) by means of the law tl"r : const (after eqtration (2) in
Table 2)tlre differential equation (3) in Table 3 can be irrtegrated. In tlris way equatiotr

{4) is obtained with /s denoting the pzrrtial bend thickrress, The parameter W rcpte-
sents the ratio of the veiocity in tlre inlet area r,.(0) to tl-rat in the outlet area rl.(,4.s)

of eaclr partial bend at the respective streanrline V while /' is a function of this
vclocity ratio Il.

For tlre wlrole channel, try' is equal to sinPrlsirr/i, in the case of a wake-free
casczrde channel outflow. l.e. W equals the parameter in the ernpirical formula for (,..

The remaining term R in Eq. (4) of Table 3 covers higher orcler terms of series
expansiol,t. In orcler to obtain tlre differerrtial quotierrt of the basic flow velocity r,.

versus the altitude coordinate ; givetl in equations (3) or (4), a boundary- layer cal-
culation alorrg the basic streamlines formed otr the chatrnel side wall is required,
In this case it is a so-callecl collateral boundary lttyer, as described, for irrstance, by
W. Kńmnre1 [7]. The term ,,collatęral" tneans that thę boundary layer along the ł1

streamline is conrputed without regard to the influence of the secondary florł,.

As thę raclius of curvature r of basic streamlines P in a channel lravirrg stagnation
points Sl (Fig. 3) carr bęcome very small, M, Hackeschmidt [4] has introduced the
secondary flow stręam function 7' (see equations (6) irr Table 3) being a generirliza-
tion of the stokes flow ftlnctiotl.

It satisfies the lincar partiaI clillęrcrltilrl cqriation (7)of the secotrd order. the local
seconda,ry flow velocity being contained irr its right sicle, i.e. in its ir-rhomogelleous
ternr (7,1). Expression (7.1) is valid for the area ol the side wall vorticity boundary
layer tlrat is a wall trrea irr rvhicłr accordin_t to (4) the vorticity differs from zero. The
thickness ó",o of this vorticity boundary layer equałs or is greater thatl tlre frictior'
boundary layer tlrickr-ress d" (see equation (8)) iri wlrich vorticity is _eenerated accor-
ding to the second ternr of tlre right side in equation (4). Beyorrd tlre vorticity boun-
dary layer (7.2) there is no seconclary florł, vorticity but the secondary flow field does
exist. Therefore the partial cliffęrerrtial equation (7) gets homogeneous.

3. Numerical Tests of the Nlathematical Model

As an investi_qatiorr object a special cascade clrannel was used (Fig. 3). Deflection
was observed irr its inlet area wlrere the flow rvas mainly accelerated, whereas in the
outlęt aręa. in the present casę dorvnstream from tlre potential surface @ : 80, a nearly
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llip t. ;,śl'll Ntllll0|'ioally dctcrnlincd wall strcantlirlc l)itttcrn ol'ideal total llow (continutrus lines) and
llrllcrtlilrl Ilitsic l'ltlw (tlirshcd lincs). Right: wall stroitnllitlc pllttcrn madc l,isiblc by cxpcrirncrrtal mcans
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(ź)

Fig. 6, I'ota1 relocit1" on thc clianilęl stcic

rlail obtaine<l J'ronl thc velocity i,,, of the

lrictit,tllcsi ba.ie flr,rr cristilrg t,tl lllc ctlSc R
(\| t|)c (,(}|litlL,rirl l.rlLItldltl,) lil\c|' d illl(l thc
lelclcit__v rl, ol a lrictiollless (ideal) sccon-
tlar1- fltltv on the rł,ltll tr41 Thc clotted lines
nliłl,k tlrc boundal,y 1iiycl,s of thc rcal I1ow
\\,hjch at tlre l;egirrning \Ą,as llo1 the subject

oi ilrvcstigiititln

rectilinear deceleratiorr was seen.'['hę rvhole clralrnel rłas dividcc1 irtto about,50 bęnds

(partial krrees) and 20 diffr.rser sectiolrs ol differerrt cross-sections.
The tnathematical nrclclel clescrilrecl (Table 3) was coc]er1 iil F"OR'l'RĄN LlY

1{. D, r{ilbrich [5] in l982.
For the cascacle chanlrel sl,iowtr in F'ig. 3, l5 streatnlirręs T/ arld 11 planes in thę

lralf-space parallel to thę side wall were Qhoselr. The distances bętweell these planes

were kept snrall within thę sicle lvall lror,ltrclary layer ancl larger iri tlrę cel]trc of tlrę
clratrne l.

For the nulrrerical detęrtrrinatitltl tl.f tlie secoirclary {ltllv ficlłl in the irrcliviclual

lretrds accclrcling to diffęrerrtial equatitln (1)in -fable 3 a lir-rite differelrcę method lvas

usec1. By tllettlls of tlrę cocle melrtionecl above it is possible to compute tlrę local
sectllrdaLy flolł,r,orticity, the seconclary florv streall function (Fig.4), virriolls charac-
tęristic p:rratnetcrs oI tlre sęcotrdary florł, fielcl, as for itlstance tlre circrrlatio11 and the
yorticity cclltte cOordillates, arrd the tłall streanllinę lielcl of tłie total flow restrlting

fronr the basic alld secondary flows, Fig. 5 lcit. As tlre idęal secondary flow veloc,ities

are calculated in a sufficięrrt trlllnbcr of equipotential surfaces by taking 4,) : cotlst
(see Fig. 3) arrd r'Il : )*) the valtte atld the clirection of tlle total velocity can be

deternincd lollowirrg the sr.lperposition rule (see Fig. 6), An isoclinal field is obtained

1rermitting to plot tlre streamlincs slrown irr tlre lelt siclę of Fig, 5. The speciiil fęatures

of tlre cllatlnel slrown in Fig. 3 are the follorving:
for ó < 0, tlrerę are l]() fixęc1 boundary rviills.
for <P: [0,40]. tlrele is otrly one fixed botlndary wall irr l1orv directicln, i,e, part

of the blade profile stlrface and in casę of

x} In thc diffuscr area lrI.1 : l was choscn
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aD > 40, tlrere are two fixęd boundary rvalls, i.e. the renraining parts of thę
pressule side P^§ and the suction side SS of the blade profile surface.

Itr case of unstable or open clrannel flow bor_rndaries being kept constant, tlre set
of 15 streamlines covered 4 or 3 clrannels, i,e. several adjacent channels hacl to be
taken under consideratiorr (see Fig. 3), Hence a relatively 1ow supportirig poirrt
derrsity resuited irr tiie weak secondary flow area and a relatively lrigh supporting
poirrt density in tlre itrtense secondary flow zrrea.

For the developnrent of the electronic data processing prograrrr it proved to be
advisable frolrr tlre metlrodologicai point of view to deternrine simultaneously the
secondarv flow field by means of itn elcctroanalogy nrodel. This refers mainly to tlre
supportitlg point arrangement selectęcl and to FOR"|RAN pfogram tests for which
a reasonably accurate solution of equation (7) irr Table 3, i,e, the electroanalogue
solution. hirs been available.

4. Verification of the T'helory

Tlre same cascade cliannel (trig. 3) was used by M, Róssler [11] to slrow
experimentally the streamiines formed on the end and side walls by applying the
soot/oil/petroleum method. Thęoretical florv conditions in the clranrrel inlet cross-
-section were in agreement witlr those observed experimentaily.

In result of comparitrg tlre streamline patterns on the wall deterrnined by means
of the two metlrods denronstrated in trigs 5 left and right, the relatively simple
mathenratical model of the ideal secondary flow proved to be applicable. The com-
parison has been only a qualitative one as Fig. 5 left demonstrates the wall stream-
line field of a frie tionless. i.e, rllodelled, flow while in Fig. 5 right the renl flow lield is
slrorvn, Boundary layers as irrdicated in Fig. 6 are not considered here although the
coilateral boundary layer has been used as secondary vorticity generator in eqrration
(3) and (4) showrr in Table 3. In the inlet area @ : const (see Fig. 3) of the respective
bend this collateral borrnclary layer generates the quasi-vortex tttbe r,-l,. shown itl
Fig.2, whiclr is, however,laterlt ilr the itrterior of tlre bend wlręn lack of viscosity irr
the fltrid is assumed.

Due to tlre relatively goocl correspondence between numerical arld experinrental
results concerning the streanrline pattern on the channel side wall forrned in the illlet
area of tlre curved channel (see Fig. 5), the wall streamlirre pattern was detelmined in
the same way in tlre adjacent diffuser. As it is nearly rectilinear, the vorticity gene-
ration term at the right siele ol the differerrtial equation (3) or the seconcl term at the
right side of equation (4) in Table 3 are not applicable. Consequently, the secondary
Ilow lield in the diiitrsel,is ollly chan_ued by the velocity ratio W (sec: the [eit equation
(5) irl Table 3). The result of tltis irrvestigation is showtt in Fig. 7. Irl the centre, the
streamline patterns fornred on tlre channel side wali. can be seen. In our case thę
main flow through tlre diffuser is frictionless and can be represented by means of
equipotential surfaces. The diffuser begins at the equipotential surface @:80 and
ends at @ : 100. In Fig. 7 the abscissa in the upper graphs repręsents the left (P§)
edge of the difftrser channel (in flow direction) slrown in the centrę of the figtrre and
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the abscissa irr tlre lower graphs - its right (SS) edge. While the pressure side PS ol
the cascade profile is lolded counter-clockwise, the suction side SS is folded clock-
wise into the table plane. The assumed axis of rotation is in tlre direction of the main
florv in the table plane, i.e. irr the figure it shor,vs from 1eft to right.

Althouglr our matlrematical model of the secondary flow is rather simple, as has
been alreacly mentioned earlier, the qualitative comparison between numerical anrl
experimentai solutions can be considerecl satisfactory.

5. Nlain results

There are local deviations between the wall streamlines of the ideal fluid and
those of the ręa1 one in both directions; but positive arrd negative deviatiorrs are
clistributed over the rvhole channel system. Let us now raise the question how to
explain thę relatively good correspondence between the r.vall streamline patterns of
the ideal secondary flow rnodel and the rezrl flow.

Ideal and real secondary flows can be distinguished from one another by means
of t,uvcl phenomena showing opposite effects: on the one hand side the ideal secon-
dary flow rotates faster than the real one becattse of its lreedom from friction, btlt
on the other harrd side, in the case of a collateral boundary layer, less vorticity is
generated than in the case ol a bilateral boundary layer, irrduced by primary and
secondary flows. As W. Kiimrnel [7] demonstrated, the three-dimensional side wall
boundary layer gets thicker in the suction side region. Independently of tlrese facts
the lolloriirig two findings may be regarded as essential ones.

5.1. Figure 4 sholvs that in the equipotential surface ó : 0 there are only nega-
tive values of the secondary florv stream lunction while in the equipotential surface
@:20 and 40 there are only positive values and in the potential surface @: 10
both negatile atrd positive values occllf.

Hence the change of streamline pattern in the cascade clrannel inlet area (see Fig, 3)
does not reduce, as a rule, the intensity of a secondary flow developing upstream,
but there is a new secondary flow forming in the opposite direction. This means that
in one and the same equipotential surface, secondary flow fields rotate both to the
left and to the right exist side by side. The new secondary flow displaces the "older"
secolldirr1, florl forcing it out of the (collateral) boundary layer area into the area of
the lorr,-loss main flow. This is demonstrated in Fi_e. 8. lt carr be noticed that in those
channel areas in rvhich only one secondary vortex exists the distance from the vorti-
citr centre :,, to the channel side wall is smaller than - as a rule hali ol - the
homologotls tlrickness t) ol the (collateral) boundary layer. However in tlre area itr
rrhich trro vortices exist side by side, the curves of the distance between vorticity
celltres :,, and the (cclllateral) bounclary layer thickness r) irrtersect.

5.2. Before the main flow reaclres tlre stagnation poirrt Sr in Fig. 3 it separates
from tlre channel side wall. As can be seen in Fig. 5 riglrt, a line lonrrs in front of the
stagnation poirrt parailel to the pfessLlre side limitillg a three=łliinensionel sti]gnation
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Zol]t], In the matlrematical model tlris zone has been legarclecl Llp t() 1-1o\!, as black-box.
Consequently it was not possible in rnathematical modeling to corrsider the lorrgitu_
dilral vortices in the cornet developirrg clownstt"eam from such a three-clinlensiclnal
stagnation zone. But irrdeed they have a markecl ilrf]lletlce olr the lvhole llon, field
ancl mtlst be taken it-tto acccltlttt in nrathenratical rnodelin_e,

6. Prospcct

The goocl qualitative confornrity clf wall streanrline patterns found by experinlełlt
rł'ith those ol ideal (i.e. frictionless) seconclary flow lrave lecl to the clevelopnen.t of
a theor}' rvhich is usecl to calculate three-dimensional (bilateral) boundary layers
according to tlre integral method.

At Present tlieir programming and verification serve the purpose ol calculating
the pressttre losses causet1 by secondiłry flclws in tłre channel,
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Secondary Flows in Curved Channels

Appendix

Determination of the secondary flow vorticity in the zeroth approximation in curved
plane channel without taking side wall bountlary layers into account

(according to NI. Hackeschmidt, 1981)

The HeImholtz equation (l)in Table 2 reads irl cylindrical co-ordinates (r, t, z,} with _--axis directed
parallel to thę basic flow as:

I"7

( i. l; i\r.+r] / t li 
'el = et:((,)|^!r,l,-,^ łt,l=. 

), 
: (,ir*(,=-,||;i+,',a

The terms with alile in Eq. (1) result from the fraction:

ru. ć r-łr._D+r. J ,,l, _ _tt_t\', -.
rćt r r ćtr \ r )ćut+r,'

Now Eq. (1) reads as follows:

/r-rr.,\ji r,.l, / ,. i\r=-r.i / ," .ć\t,l.
( -- l . * : (,l,-łc"=;- }"'"_( r,,;+r,;},_\ /,/rijl.+t, \ (r 'L':/, 

\'cr 'Ćz)r

The 0_th approximation can be made assuming

u',:1:'"=tź:ó,
whence the following is true:

o),:1,11,ol, ,r. =1T, u",: lTrCz ror
Equation (3) is simplified to read as follows:

'9t 
-(|'/,o,i*r=. )i. (6)iłt' \./\ (r lz/r

Tlris is the differential eqrration for the n-rain component of secondary flow vorticiry in the zeroth ap-
proximation.

We choose the integration interva] ,:1e in the direction of the basic flow so small that the cońfinement
to linear changes of the basic flow velocity fr and the boundary layers vorticities ó" is sufficient, whence

dD óó D{/tl- u(ó)
t-(e) : fr(ó) : -e 0.1)ćt"' ćt At

_ , *. , aću ćó ó(At|- ó|O)
(D(€l : (D(a)+:lr,, 

a l, -. (7.2)

spanwise to the basic flow direction the rotation theorem can be applied which implies

;(r)ł ;14i. (8)
r

with i being the curvatule radius of the tlasic flow mean streamlidć.
The basic flow velocity in the z direction can be assumed to change stepwise which means

tlr= i(/z)- i(@) ćuIa-_-.--:-0z z ćz|72

T

(1}

(2)

(3)

(4)

(5)

Az
n

] 
- 

Prae lMP z. 92

(9)
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It follows from Eq. (8) that

a,
:: 0rF,,

Thus the ]intĆgiaiol thó differential, eQuation'(6)

2t(Ą
---=-,r'
iś equivałent to equatión'(4) in Table'3

(t0)

Przepływy wtórne w kąBałach zakrzy_wionych o dowolnej

streszczenie

Celem wyznaczenia stlat energetycznych wywołanych pr7eplywami wtórnymi w zakrzy-wiolych,,t<qnq-
łach o dowolnej zmienności przekroju zastosowxno model matematyczny stacjonarnego, nielepkiego
(idealnego) pola przepływu. Jakościowa zgodność między wyząaczonymt numerycznie liniami prądu na
śóiankach specjalnie zakrzywionego kanału (program w języku FORTRAN) a liniami prądu wyznaczo-
nymi doświadczalnie doprowadz-lła do opracowania metody obliczania trójwymiarowych warstw przy-
ściennych. Przedstawiono podstawowe wyniki dotyczące zachowania się przcpływów wtórnych w róż-
nych warunkach,

Bropułnue TeqeHnf B I{cKpIlBJIćńunx rcanałax
IlpoH3Bo.1bHo nepeMeHHoro ceqeHufl

, PesroN{e
|,

Ą;rn onpe4e-reHil, ]Hepl eTllltecxux noTcpb BbllBaHHblx B foplr9HblMH TcqeHl,lr\1,1 u ucrpnu.lćHHux
KilHa"lax [po!t3Bo-'1bHo nepeMcHHoto ceqcHltfl npt{MeHrelcrł MaleMalH.Ie!^Ka' \4oy'c"lb clit[ł4oHapĘ()lo.
HeBf3roro (ugea,rsHoro) noflrł TelleHur. KaqecrseHHoe corJ,Iacuc Mc)KIy HoMepfiqecKH onpe.(e,,rćHHslvtł
JII.1HI{rMr.l Toxa Ha cTeHxax cneuuaJ,llHo l.łcrprłn,rćIłHqro KaHaJ,Ia (uporpavva Ha,3blxe OOPTPAH)
}t J.iLrHIlrMIl ToKa 3KcnepfiMeHTaJ.ILHo onpe5e,rćunulłrr ilpllBeno r pa:pa6orre MeToAa pacvLira rpćxpit-
3M€PHąX flofpaHI{qĘ}łIx,c,loen.,llpe.qcTaBIeHbI o_cHgBHbre pe3ynbTaTbI,(ąca}o]..qxeQ, noBeA€Hu, BT,opłlt-


