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ZBIGNIEW BILICKI-

No n- equi libr iu m *"§o,ttffi?i*ł"e constr uct ion and

Institute of F]uid-F]ow Ma,chinery PASci., Depa,rtment of Multiplnse Flow,
Fiszera 14, 80-952 Gdańsk, Poland

Abstract
The paper presents capabi,lities of contemporary thermodynamics in the area of flow mod-

elling with thermodynamical non-equilibrium. A philosophy for the development of constitutive
equations has been shown, which is based on Extended lrreversible Thermodynamics (EIT),
Two examples of its application to flows with thermal non-equilibrium have been presented.

Keywords: Non-equilibrium fl ows; Extended irrevesible thermodynamics

Introduction
Contemporaly thermodynamics, that is thermodynamics of irreversible pro-

cesses [1], as a discipline of widely acknowledged physics, offers an effective
method of search of constitutive equations in cases, when interesting phenom-
ena are taking place in time, r, which are of comparable order of magnitude
with the relaxation time, 0. It can be assumed, that if the Deborah number,

ó
De : Ę : 0u ż 0.01, then the thermodynamic system or the element of fluid
are not in the thermodynamic equilibrium. In the case of an element reduced
to the material point we cannot even consider the local equilibrium. This is the
outmost intelesting case, flom the point of view of contemporary thermodynam-
ics, as the Classical Irreversible Thermodynamics cannot be applied in such case,

However, we have in hand Extended, Irreuersible Thermodynamics(ElT), Inter-
w] Vari,ables Thermodynam,i,cs (IVT) and the Rational Thermod,ynami.cs (KI).
Tro first concepts of thermodynamics allows for the existence of the equation
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of state, a non-equilibrium equation of state. The latter, RT, replaces the equa-
tion of state and the constitutive equation with the functionals of temperature
history, r(t- rp), history of the deformation of the fluid element in the form of
deformation gradient tensor Fu(t - ap; : grad(rp), which is.a set of derivatives
of the functions of motion and local temperature gradient, ft, with accordance
to the principle of universality. It must be strongiy stressed here that RT has
played a very important role in the development of other methods of contempo-
rary thermodynamics and further is an inspiration in the development of effective
and relatively simple methods of finding constitutive equations, rvlrich undoubt_
edly ought to depend on the history of motion, It was the RT which brought the
attention of thermodynamicists to the fact that the reversible processes, occul-
ńng under conditions of thermodynamical equilibrium, are only a special case of
a general class of irreversible and non-equilibrium processes. The most interest-
ing, in the authors own opinion, is the EIT. The constitutive equations, derived
according to its rules, include the history of motion and are appropriate for im-
plementation in construction and exploitation of machinery. In the present papel
presented will be two examples of implementation of EIT in practice, i.e. in the
description of rapid liquid depressurisation and the hydraulic jump in liquid.

2 The EIT method

In the case of single phase media the equation of state

s: s(u,u), (1)

describing the state of local thermodynamical equilibrium is extended to include
the so called generalized thermodynamic fluxes, which render that at a point
there is no equilibrium. The equation of state in ElT assumes therefore a form

§ : s(u, u,q,p" ,i "), (2)

where: s is the specific entropy, u - specific internal energy, u - speciflc volume,
q - heat flrrx, p' - a difference between the hydrodynamic pressure Ph and ther-

modynamic pressure p, md i ' i. the deviator of the viscous part of the pressure
tensor.

It is usually assrrmed that in the case of the equation of state, defined in such
a way, the element ds takes a form of a total differential

*:(H)*-(#)(fr) .dqł (#)*, - (#) , d,?.. (3)
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Based on (3), analogically as in the case of classical thermodynamics of reversible
processes, [2], we can define an absolute non-equilibrium temperatule T as welI

as the non-equilibrium thermodynamic plessuTe p.

and

T-'|u,u, j,,p',i') - (H),,r,",r,

T-rp(u, U, 9.,Po,i') : (#),,",r,,u".

(fr) : -T-lual(u,u,q,p,,?,),

(#) - -T-l uagltl, u, q, pu,? u),

(+) -- -T-lu & z(u,u,q,,p,,? \,'aP"'

(4)

(6)

As a consequence of assumed equation of state (2) there arises a problem of
deflnition and physical interpretation of remaining partial differentials

(5)

(7)

(8)

In above deflnitions there appear quantities rr1,06 and a 2, which respectively
have a vector, scalar and tensor character. The most general forms are sought for
these quantities from the theorems of non-linear fleld description of mechanics [3].

The fundamental quantities are described by means of the following equations

T,P, ao : ft,z,e(u,D,Po, 11, 12, Ig, 14, Is, Ia), (9)

where the algebraic invariants Q, P u are, provided in the form of relations

h :TrP o 
= 0, Iz :Tr(Po)2 =0, Is :Tr(Po)3 -.'- v, 

(10 _ 15)

Ią: j" Cł, Is:Q.Po.q, lo:Q.(P')'.q.

Based on the theorem of representation, the outmost general form for the
remaining two coeffi,cients can be written in the form

ct : 0log * o,, i' , q F o,r(i ")' ,q, (16)

6.r: orov .r *r, i '+ czs(ł ł" + azą(q,i' .q)'+ czs(ł(i ")' .o)". (17)
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Superscripts § denote symmetrical parts of deviators of particular tensors. Ap-
pearing here coeffi,cients o;; are also the functions of invariants

au : 9(u,D,p', Il, Iz,. . ., Ia). (18)

As can be seen from the hitherto conducted considerations, the general form of
coefficients, present in trqs. (10-15), is very complex. For the sake of simplification
of the form of these equations there can be considered a linearised form of above
equations. Then

&2:azrf", ao:dB1pu. (19 _ 21)

In such a version both the pressure p and temperature T assume identical in-
terpretations as those deflned by CIT. Introducing (10-21) to (3) we obtain the
general Gibbs equation

ds : T-Idu łT-lpd,u-

-T-luaggp"d,po _ T-luarcq. d,q- T-lua21? " , d? o, 
Q2)

and hence the entropy derivative with respect to time in the form

ś : T-r V .q - T-]po V,w-

-T,-1i' ,i -T*laoop"p" - T,latoe.a _ T-laztF' , 1i';.. (23)

In order to select from (23) the term responsible for entropy production we must
assume the form of the entropy rate. An interesting concept is the final formula-
tion by Miiller [4], where the first term of entropy rate is the same as in CIT

J" :7-1q ł §ofi"q+ 0ro i ' .q, (24)

(25)

01 :010Ql

where

B: P(u,u).
Introducing the definition of entropy rate (24, 25) we aTe able to determine the
entropy production rate in the form

/.
o :j_-(vr-1+oro V.P ołOotv p"*ep" V §ot-7-1cl6q*e, F' .vao)+

*r"|-T-1 v.w - ?-1oo oi" + 0- el)q.Vpol + 0or v ,o]+

+ i, . | -r-' ł -T-rorr(i,). +0,o($ d" + (1 -ez)(q 0 0,o)"],
L

(26)
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where e1 i e2 denote transport coefficient dependent solely on Ł and u.
We can see from the entropy production equation that the entropy sources

have the similar structure as in CIT, i.e. the products of rates and coupled ex-
pressions playing a role of generalized thermodynamic forces.
Confining attention to the simplest cases we neglect these terms of entropy pro-
duction, which introduce the nonJinearity as well as we assume a constant value
of the coefficients ht, Orc. According to the rule assumed in trIT, similarly as in

CIT, introduced dissipation rates 9,p",i o are functions of all inter-coupled ex-
pressions in the equation of entropy production (26). Amongst these expressions
are the derivatives of rates with respect to time, which provide a possibility of pre-
senting the constitutive equations in the form of evolution equations. Simplifled
evolution equations, related to (26), assume a form

vT-I -?-laroq:ploq* (prs + !n)V.i'+(lrrn- fuot)vpo, (27)

85

-T-l V .w - T-Iaooi" : I_lotpo * (/os - 0or) V .q,

-T-L Y -T-'azl(P ")' : l.IztP o + (lrrn - 0ro)(v d".

(28)

(29)

In the above equations there are the coefficients present, which values stem from
the imposed constraints resulting from:

r the Second Law of classical thermodynamics Fn 10, &or ( a, P,21 ś 0;

o general form of the Second Law of thermodynamics, which postulates that
a1l spatial derivatives of rates must disappear or must group in the form of
divergence of the rates products dnd hence F,t3: LLzą, 1_Itą: lros.

Introduced into (27-29) coefficients must have a physicai interpretation. Fbom
the rrrost simplified form of the above relations, corresponding to the case where
the considered thermodynamic system is influenced by the stationary rates and
the spatial distribution of rates is negligible, there result the relations relevant to
CIT, namely

V?-' : &10Qt

-T-1 V,w:1.10Lp',

-T-l ł: prri ".

The coefficients appearing in (30-32) have the following physical interpreta-

F.o : ()?r)-r,

(30)

(31)

(32)

(33)

(34)

tion

HoI: (C?)-1,
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ll21: (ZrE)*' (35)

Assrrming, on the other hand, the unsteadiness of dissipation rates and at the
sarne time their spatiai homogeneity we obtain from (30-32) more complex rela-
tions, however, this time in the form of evolution equations

V?-1 - T-loroq: 1)?2)-1t,

-T'-1V .w - T-laooi" : ((T)-Lp",

-T'-1 ł -r-'orr(i')' : 1zqT)-1 ? ",

(36)

(37)

(38)

The above equations can be compared with the so called Maxwell-Cattaneo equa-
tions, known earlier than the formal nomenclature introduced by EIT,

71q+q:_)V?,
roio * p" : -C V.w,

rz(P u)'+ p o : -2nv ,

where Tl,T2,rs denote the relaxation times of relevant rates. Bearirlg in mind,
that (36-38), in the specific cases reduce to the Fourier and Stokes equations we
can obtain the physical interpretation of the constants appearing in (36-38)

010 : t1(.\T)-1,

,_1
0oo : f00( ',

ci21, : rz(Zn)-I.

We obtain a conclusion from the Clausius-Duhem inequality, [1], as a identity
to be obeyed, that the ti,me constants źn euolution equations are pos,iti,ue. These
results, obtained on the grounds of thermodynamics, are consistent with the
inquiry that the momentum and energy balances supplemented by the evolution
equations were the hyperbolic equations, where the Cauchy problem is well posed.
These equations have the hyperbolic character if rl,rg,T2 are physically explained
as the relaxation times, i.e. deflned positively. As an example we can show that
the energy balance in the form of heat conduction

: - V,Q,

becomes the hyperbolic equation after introduction of evolution Eq. (39)

(39)

(40)

(41)

(42)

(43)

(44)

aT
P" at

azT dT 
^

T: +"- _-V'T:0,'at2ftpc (45)
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At the same time that equation describes propeTly the thermal wave phenomena
determining the flnite values of propagation velocities even of temperature dis-
turbances with infinite frequencies. Additionatly, it is worth turning attention to
the fact, that the evolution equations can be regarded as functionals with respect
to time, similarly as postulated in RT, It is enough to note that the evolution
equation

0q
'fr:-(q+}V?),

ca,rr be solved when the temperature gradient is assumed. The solution has then
the form 

t

(46)

It can be seen from the above equation, that the heat flrix at each instant
of time ź depends on the value of temperature gradient not only at the same
moment ć, but also in the entire range of considered observations, denoted here

as -oo. It has also been assumed, that q at the instant ć --ł -oo is zero. The
fu. (a6) expresses the thermodynamic rate with dependence to the history of
thermodynamic force, which in the considered case is expressed by the tempera-
ture gradient.

3 Application of EIT in modelling of two-phase media
flows

Assuming that the two-phase medium of liquid and its vapour can be de-
scribed by means of the so called homogeneous model [1], then the conservation
equations for that medium assume the identical form as in the case of a single
phase medium. The difference regards only to the equation of state and definition
of barycentric velocity w, described by means of the equations,

q(ć) : _ł 
I.*p(_ *lvrę)ńt.

PrnW : plwl+ Pows.

The equation of state, assumed an the extended form

(47)

s : s(u, D,t,p',q, P ołi,ż). (48)

The Gibbs equation for that model of the two-phase medium takes a form

ś : -?-1 V .q - T-7po V .w - T-l(pn - pl)ń - T-l i' ,S +

-T-7aootpuPa - 7-1oro9. Q - T-7azti ', (i t:1l - 7-tooorłff . {łs)



88 Z. Bilicki

Similarly as in the case of the single phase case we must flnd a function clescribing
the entropy rate. We assume that in the form

J' : ?-1q ł §ofloq,+0lo i ". q* §oz*q,, (50)

where B is expressed by u, u, r. Having ma,de such assumptions we can determine
the entropy production in the form of the p1,oduct o : JŹ Xi

o:9.(v"-1 -?-1croq ł \rcV.fr'+ §otVp" łetT' VOor-|

łez P " . v §rc ł 0oz Y ż * esi v 0oz)+

+p"|- ?-1 V .q- T-laootp" ł (1 - er)q .VOu f 6or V .q]*

+i,[-T-1(lln - llt) -r-taooz# ł §ozy.q+ (1 - es)q.vpoz]+

+ i, . [-:r-' ł -T-rorr(i "). + 0ro(f,d" + (1 - rr)(q i 0ro)"].

F\om trq. (51) we can determine all constitutive equations describing the two-
phase medium. These have a very complex form. To illustrate bhe problem
presented below is a simplest form of constitutive equations, which describe very
interesting relations

VT-1 -?1atoq:Flonl
-T-I^rt(pn - p) -?-1 V.w * T-logo7p' : llotąo,

T-'1rV.w - T-t(1-1g - ll) -7-taooz#: Footi,

-7-1 ł _r-'orr(i ')' : !-1zt ? ".

(51)

(52a - d)

Of particular interest is the relation (52c), which consists of the second derivatives
of quality with respect to space and time. A detailed discussion of that relation
has been presented in [5].

4 Application of EIT in the description of rapid liquid
depressurisation

Obtained constitutive Eq. (37) has been successfully implemented in calcu-
lations of pressure changes drrring a rapid depressurisation of liquid with tem-
perature of 2o"C, where plessule was varied from 80 bar down to a negative
measured pTessure (positive normal stress) of about 27.5bar. The process was
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run at a rate of about 8.6.1010 Pa/s and was experimentally investigated by the
Lienhards group [6]. It has been assumed, that the equation of state takes a form

s : s(u, urrrpl') (53)

A one-dimensional modei has been used in calculations of such process which
had operational physigal properties [7*8]: operational viscosity f and operational
thermai conductivity A

gU dA
(54)

(55)

A dz'

,*-#:^,9o* (o- ł)#- (1ą (#)" **(xT), (56)

where Ę is the saturation temperature, A - channel cross-section, C - channel
circumference,

describes the shear stress at the channel wall, / is the Fanning friction factor,
r and fl are mentioned above operational p.opuitiu.. The above equations have
been supplemented by two constitutive equations

0p , a@w)
0t' at

dw 7nh 0 r4-dwl C
^-- -L-l-ń-l -ł -'dt - Dz ' azLs" r],z) '- A'

1^w2ru: rlP r,

#:rrr(rt-tlg)+LrrU

0rT ł po : Lzt(pt - p) * t rrY,

(57)

(58)

(59)

where 0p is the pressule relaxation time, L12 - Lzz : ( is the bulk viscosity,

ll,tl lJ,g are chemical potentials of liquid and vapour respectively, L77 : L21, are
phenomenological coefficients determined on the basis of the experiment. A com-
parison between the theory and experiment, performed by the Lienhards group,

[6], has been presented in Fig. 1.

5 Application of EIT in description of hydraulic jump
in the pipeline

Hydraulic plessuTe in the closed circuit pipeline ph, can be described using
the conservation equations of masś, momentum and energy in the form (54-56),
however, with the amendment, that it has been assumed that ph : p and the



90 Z. Bilicki

o,a
ą
o
J

o
ą S,

\Jl,
o lo zo 30 40 50 msgc

Figure 1. A comparison between theory a,rrd the experiment by the Lienhards group, [6].

equation of state, describing the fluid inside the channel, is given by the equation
derived from the EIT

s : s(,ł.ł, u,Tn), (60)

a constitutive equation describing the state of stress at the wall is provided by
the evolution equation

Tn:Tu+O_q-.-, dt. (61)

That equation has a form of the functional

o

- eoo

1,2

l .15

1.1

E, 1-o5Łą1

x 105

o.85-'--o o.1 o.2 o.3 o.4
t tsl

Figure 2. Air pressure in the channel a^fter sudden closure ofthe valve at the outlet. Theoretical
calculations are denoted by the broken line and experiment by the solid line, Calcu-
lations have been performed assuming k : - 0.05 during the flovl retardation and k
: 0 during the flow acceleration.

t

rn(t):ł 
[*r(-#)^(t,)d,t,, 

(62)
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where 0z : colst andTn:0 when ć --+ -oo. The stress Tlr, pTesent in Eq. 61),
is described by Eq. 57), whereas r," replaces f?,, in the model based on EIT.
Using such model Kuciefiska et al. [9] performed calculations and compared
them with the experiment conducted in the tube fiiled with air. The tube had a
length of 1. 13 m and internal diameter D : 32 mm. Initial mass flow r-ate was
equal to 0.0a kg/s. The hydraulic jump appeared due to a sudden closure of the
valve downstream the flow. The authors of calculations suggested the fol1owing
expression describing the relaxation time 0"

0r: (63)

6 Summary

Presented two examples of application of trIT in calculation of non-equilibrium
flows in machine construction show potential capabilities, which are offered by
the contemporary non-equilibrium thermodynamics. such thermodynamics ex-
tends the modeling capabilities onto the cases of flows, where thermodynamical
equilibrium is not preserved. It can be an effective tool, in particular in the case
of multi-particle flows, such as for example polymers.

Received February 2002
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