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Abstract

In this paper the comparison of material e�ort models: the classic Huber-Mises-Hencky approach
and the Burzynski condition was presented. Burzynski yield condition is pressure sensitive
and naturally takes into account the strength di�erential e�ect, which has been observed in
nickel-base super alloys such as Inconel 718. Investigation was performed during thermal-�uid-
structure interaction analysis of a power turbine guide vane of turbine helicopter engine PZL-
10W. Firstly, computational �uid dynamics conjugate heat transfer analysis was carried out,
then stress analysis was performed with boundary conditions obtained via computational �uid
dynamics analysis. During stress analysis, two mentioned above equivalent stress de�nitions
were applied and di�erence in material e�ort modelling by them was shown.

Keywords: Burzynski stress; Thermal-FSI; Conjugate heat transfer; Thermal stresses; Turbine
guide vane

1 Introduction

The inlet temperature plays an essential role in the performance of gas and steam
turbines, where cyclic thermo-elasto-plasticity and high-temperature creep may
interact and contribute to failure [1�3]. Much e�ort has been made to develop
methods to predict the temperature, thermal stresses, and associated lifetime
of critical components in the aerospace and power generation industries [4�9].
Accurate prediction and assessment of the material e�ort (the risk of fracture)
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are important for these processes.
According to Wªodzimierz Burzy«ski:

Generally, under the notion: material e�ort we understand the physi-

cal state of a body, comprehended in the sense of elasticity or plasticity

or material strength, and generated by a system of stresses, and related

with them strains, in the body [10].

In the elastic state, an equivalent stress de�ned by an assumed hypothesis is com-
monly used as a measure of material e�ort during the design process. The stresses
should be kept within an allowable limit.

An overwhelming majority of structural analyses use the classical Huber-
Mises-Hencky (HMH) J2 plasticity theory to de�ne equivalent stresses and de-
scribe the plastic response of metallic alloys:

F (J2) =
√
3J2 − σTY , (1)

where J2 is the second invariant of the deviatoric stress tensor. However, it was
shown experimentally [11�14] and numerically that the HMH yield condition is
insu�cient to simulate the response of metals that exhibit di�erent values of
yield stresses in tension σTY and compression σCY , which is known as the strength
di�erential (SD) e�ect [15�18].

The SD e�ect is characterized by the SD parameter

k =
σCY
σTY

. (2)

The e�ect has been observed in many iron-based metals, such as 4310, 4330,
maraging, and HY80 steels [11�12], as well as titanium, aluminium 2024-T351
[15], magnesium, and nickel-base super alloys such as Inconel 718 [19]. The SD
e�ect for isotropic materials is related to the pressure sensitivity of the yield
points, the in�uence of the Lode angle on the yield points, or both [20].

Hu discovered the in�uence of pressure on the yielding of aluminium alloy in
the 1950s [21�22]. In the 1960s, Hu performed pressurized tension tests on Nittany
No. 2 brass and found that hydrostatic pressure a�ected the yield strength [23].
In the 1970s and early 1980s, Richmond, Spitzig, and Sober [11�14] studied the
e�ects of hydrostatic pressure (up to 1100 MPa) on the plasticity for four steels
(4310, 4330, maraging steel, and HY80) and grade 1100 aluminum. The steels
showed the SD e�ect, and hydrostatic pressure in�uenced their yield strengths
and stress �ow. Nevertheless, there was no in�uence on their work-hardening
characteristics. The aluminium alloy did not exhibit the SD e�ect, and pressure
in�uenced the stress �ow and work-hardening characteristics, which shows the
independence of SD e�ect and pressure sensitivity in general. The yield function

ISSN 0079-3205 Trans. Inst. Fluid-Flow Mach. 136(2017) 65�76



On an approach to thethermo-elasto-plastic failure. . . 67

developed by Richmond was identical to the one proposed originally in 1928 by
Burzynski [24�25] and in the 1950s by Drucker and Prager [26]:

F (I1, J2) = aI1 +
√
3J2 − d , (3)

where I1 is the the �rst invariant of stress tensor, d is the modi�ed yield strength
in the absence of the mean stress, and a is a material constant related to the
theoretical cohesive strength of the material.

It is well documented that the large hydrostatic stresses that develop in sharply
notched or cracked geometries can exceed 1000 MPa [20]. Wilson [15] conducted
experiments and nonlinear �nite element analyses of notched round bars (NRBs)
made of aluminium 2024-T351, which shows the SD e�ect. He modeled the load-
ing of an NRB to failure using the HMH and Drucker-Prager yield functions. The
HMH results overestimated the experimental load-displacement curves, while the
Drucker-Prager FEA results essentially matched the experimental data.

The experimental observations have shown the e�ect of Lode angle (or the
third deviatoric stress invariant) on the yield surface of materials that show the
SD e�ect. The e�ect of the Lode angle appears particularly apparent during
shear processes place. This was proven experimentally and numerically by Bai
and Wierzbicki [17]. They tested NRBs and �at grooved specimens made of
aluminium 2024-T351. The �at grooved specimen had the same range of stress
triaxiality as the NRB, but the corresponding values of the Lode angle parameter
were di�erent [17]. This feature gives a direct way to see the e�ect of Lode angle
parameter on metal plasticity. Bai and Wierzbicki evaluated the I1J2J3 yield
condition. They numerically proved that correction for the pressure e�ect is not
enough, and the Lode angle parameter e�ect should also be taken into account in
the formulation of the yield condition.

Iyer and Lissenden also examined the in�uence of the third invariant of stress
deviator tensor on the yielding of metals, which exibit the SD e�ect [16]. They
tested aged Inconel 718 at an elevated temperature of 650 ◦C. They considered
nonproportional loading of hollow tubes, such as a shear strain followed by an
axial strain. The J2J3 class models were found to agree the best with the ex-
perimental results. However, the J2J3 and I1J2J3 class models were both able
to predict the stress and strain response from the six biaxial load paths almost
equally well.

Lewandowski conducted hydrostatic pressure tests at pressures of up to 450 MPa
on Inconel 718 at room temperature [27]. These tests indicated that hydrostatic
pressure does not signi�cantly a�ect the plastic �ow. Between 0.1 and 450 MPa,
the compression yield strength decreases by around 28 MPa [27]. Pressures of
up to 450 MPa cover the range of internal pressure produced during Iyer and
Lissenden's tests [16]. However, the internal pressure in an actual geometry can
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exceed this value (Tab. 1).
For hexagonal close packed materials, twinning and texture evolution con-

tribute to the SD e�ect [28�29]. As these metals are pressure insensitive, the
dependence of the yield condition on the �rst stress invariant should be neglected,
and the e�ect of the third stress deviator invariant J3 becomes important [28�29].

In our work, we consider the paraboloid case of Burzynski yield condition
[18,24,25,30]

F (σm, σe, σ
T
Y , k) =

1

2k

[
3(k − 1)σm +

√
9(k − 1)2σ2m + 4kσ2e

]
− σTY , (4)

which is pressure sensitive and naturally takes into account the SD e�ect. Here
σm represents hydrostatic stress and σe is the HMH stress. The material e�ort of
materials which reveal strength di�erential e�ect are described more accurately
by the Burzynski model than the Huber-Mises-Hencky approach, as shown on
the example of Inconel 718 [18], which is widely used in aerospace industry. In
this work, comparison of equivalent stresses obtained by applying the Burzynski
parabolic model and the classic HMH de�nition was performed. Investigation
was carried out based on thermal-�uid-structure interaction (FSI) analysis of a
power turbine guide vane of a turbine helicopter engine PZL-10W made of Inconel
738. The elastic range was considered. The vane is uncooled, but we included
cooling of rotor disc and cooling of casing, which locally decreases temperature
in structure, which causes high temperature gradient and consequently leads to
thermal stresses. Firstly, computational �uid dynamics (CFD) conjugate heat
transfer analysis was carried out using Ansys Fluent software. Then stress analysis
by Ansys Mechanical was performed with boundary conditions obtained during
CFD analysis.

2 Burzynski material e�ort model

Burzynski presented an energetic hypothesis for materials that show the SD e�ect.
He proposed de�ning the limit of elastic range as a sum of uD, which is the speci�c
elastic distortional energy, and uA, which is a part of speci�c elastic volumetric
energy [24,25]:

uD + ηuA = K , (5)

where the parameter η = ω + δ
3σm

depends on material parameters ω, δ, which
represent the contribution of speci�c elastic volumetric energy in�uenced by the
hydrostatic stress σm = 1

3σii. The constantK denotes the speci�c elastic energy at
the yield point. Burzynski evaluated the parameters K, ω, and δ using quantities
commonly evaluated during material test, σTY , σ

C
Y , and σSY which denote the

yield limit in tension, compression and shear tests respectively. This leads to the
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following form [18,24,25,30]:

σCY σ
T
Y

(3σSY )
2
σ2e +

[
9−

3σCY σ
T
Y

(σSY )
2

]
σ2m + 3(σCY − σTY )σm − σCY σTY = 0 , (6)

where σe = σHMH denotes the HMH stress. The introduction of harmonic

mean relation between material constants: σSY
√
3 =

2σTY σ
C
Y

σTY +σCY
leads to the relation

that was independently evaluated by Drucker-Prager [18,24,26,30]:

σe + 3
σCY − σTY
σCY + σTY

σm − 2
σCY σ

T
Y

σCY + σTY
= 0 . (7)

However, the assumption of a geometric mean σSY
√
3 =

√
σTY σ

C
Y leads to the

Burzynski-Torre parabolic model [18,24,30,31]:

σ2e + 3
(
σCY − σTY

)
σm − σCY σTY = 0 , (8)

which after introducing the SD parameter , Eq. (2), can be rewritten as [18]

σ2e + 3 (k − 1)σmσ
T
Y −

(
σTY
)2
k = 0 . (9)

After solving with respect to σTY and extracting the positive root, �nal form of
the Burzynski yield condition is obtained [18]

F (σm, σe, σ
T
Y ) =

1

2k

[
3(k − 1)σm +

√
9(k − 1)2σ2m + 4kσ2e

]
− σTY = 0 . (10)

The Burzynski equivalent stress has the following form:

σB =
1

2k

[
3(k − 1)σm +

√
9(k − 1)2σ2m + 4kσ2e

]
. (11)

3 Thermal-FSI analysis

Considering heat transfer in structural parts, temperature distribution is not our
�nal aim. We would like to know how temperature a�ects our structure. Thermal-
FSI analysis o�ers an excellent approach to this purpose. The power turbine
guide vane (Fig. 1) of helicopter engine PZL-10W is considered.The structure is
relatively sti�, so that deformations do not in�uence the heat transfer. Taking this
fact into account we considered one-way thermal-FSI analysis (Fig. 2). In �rst
step we investigated conjugate heat transfer analysis to obtain temperature �eld
in solid bodies and pressure acting on vane. Then, stress analysis with boundary
conditions obtained during CFD analysis was performed.
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Figure 1. PZL-10W � gerneral view with pointed out power turbine.

Figure 2. One way thermal-FSI analysis scheme: a) computation �uid dynamics (CFD) �
streamline shading by temperature b) computation solid dynamics (CSD) � thermal
boundary conditions

3.1 Conjugate heat transfer analysis

Modelled domain consists of 4 �uid domains and 4 solid domains (Fig. 3a). Main
�uid domain was modelled as �ue gas assuming compressible, calorically imper-
fect gas, therefore speci�c heat and other properties vary with temperature. We
assumed single component gas for which we evaluated average properties from
the relationship for mixtures. We assumed �ue gas consists of the following mole
fractions: 75.8% N2, 16.8% O2, 4.1% H2O, 3.3% CO2. Average viscosity was ob-
tained from Sutherland's relation for mixtures [32], thermal conductivity from the
Chapman-Enskog relation. Speci�c heat for each component was obtained from
polynomial function than average quantity was obtained taking volume fraction
into account. Fluid cooling casing was modelled as air with properties which vary
with temperature. Solids properties were modelled depending on temperature.

Relatively �ne unstructured mesh was created, it consists of 3 200 000 poly-
hedral elements with conformal solid-�uid and solid-solid interfaces (Fig. 3b).
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Figure 3. CFD models: a) computer aid design (CAD) picture b) �nite volume discretization.

In order to capture the e�ects in momentum and thermal boundary layers the
low-Reynolds eddy-viscosity SST γ-Reθ. Transition turbulence model [33,34] was
used and mesh was build based on dimensionless parameter y+ ≈ 1 near walls.

The disc is cooled by air taken from the compressor outlet, while casing is
cooled by air delivered from the environment. We assumed that the mass �ow
rate of �uid cooling the disc is 1% of mass �ow rate of the main �ow.

3.2 Stress analysis

After the temperature �eld and pressure distribution had been obtained via CFD,
we used them as boundary conditions (Fig. 4) during stress analysis.

Figure 4. FEM boundary conditions: a) thermal b) mechanical.
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For stress analysis we applied the isoparametric elements with quadratic shape
function. Because the guide vane is connected with casing by joint studs, we
modelled connection between them by constraint equation which �x rotation with
respect to the axis of rotation. Owing to this constraint, a torque between vane
and casing was transferred. Other connections were modelled by frictional contact
with 0.2 friction coe�cients. The model had got �xed displacements in bottom
part due to connection with essentially sti�er body in that place. Instead of the
�xed displacements on casing we applied springs with longitudinal and torsional
sti�nesses (Fig. 4b). Those sti�nesses were obtained by additional analyses.
Radial direction of casing is free.

Due to the lack of experiment data of compression yield strength for Inconel
738 lc we assumed strength di�erential parameter equal k = 1.10.

4 Results of thermal-FSI simulations

Figure 5 presents the values of temperature at characteristic points, which rep-
resent maximum temperature at stagnation point and in�uence of cooling casing
and rotor disk. We can notice high gradient of temperature causing by cooling
casing and rotor disk.

Figure 5. Values of temperature in kelvins at characteristic points.

The Burzynski and the HMH criterions were compared at a few critical points
on vane presented on Fig. 6. Values of equivalent stresses, based on the Huber-
Mises-Hencky and the Burzynski material e�ort de�nition, obtained at critical
points are presented in Tab. 1. Table 1 shows us the discrepancies between ma-
terial e�ort models are rather huge. The biggest di�erence is for maximum level
of stress and it is 66 MPa, which is around 11% relative error. Maximum relative
error occurs for S3 point and it is 12%. We can notice, that the Huber-Mises-
Hencky equivalent stresses are higher than stresses according to the Burzynski
de�nition. If we compare these two de�nitions, we can evaluate relations Eq. (12),
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Figure 6. Schematically showed places of measured stress level.

Table 1. Equivalent stress: the Burzynski, σB , and the Huber-Mises-Hencky, σe, at di�erent
points

Equivalent stress [MPa]

Point S1 S2 S3 S4 S5

Burzynski 534 317 376 188 236

Huber-Mises-Hencky 600 317 425 208 247

which show that, when σe < 3σm, then the Burzynski stress is higher than the
Huber-Mises-Hencky stress:

σe < 3σm → σB > σe ,

σe > 3σm → σB < σe .
(12)

An example of such a place on considered vane, where the Burzynski equivalent
stress exceeded the Huber-Mises-Hencky stress, is shown in Fig. 7.

Figure 7. Equivalent stress: a) Huber-Mises-Hencky, b) Burzynski.
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5 Conclusions

Thermal-FSI analysis of power turbine guide vane of turbine engine was per-
formed. The vane is uncooled, but cooling of rotor disc and cooling of casing were
included. Applying cooling decreased locally temperature in the vane, which
in consequence caused higher temperature gradients in structure and �nally in-
duced high thermal stresses. Firstly, conjugate heat transfer analysis was carried
out. Then stress analysis was performed with boundary condition obtained via
CFD. The HMH material e�ort models was compared with the paraboloid case
of Burzynski de�nition. The discrepancies between material e�ort models were
rather huge. The biggest di�erence 66 MPa occurred for maximum level of stresses
which appeared in top part of the vane, where Burzynski stress was 534 MPa, while
HMH 600 MPa, so 66 MPa is around 11% relative error. Maximum relative error
12% occurred in airfoil and shroud connection place, from trailing edge side. Level
of stresses there were 376 MPa for Burzynski de�nition and 425 MPa for HMH
approach, so di�erence in that place was 49 MPa. For the most interesting places
Burzynski stresses were smaller than HMH stresses. However, evaluated relations
Eq. (12) show that, when σe < 3σm, then the Burzynski stress is higher than the
HMH stress. An example of such a place on the vane was shown, where Burzynski
stress was 347 MPa, while stress evaluated by HMH model was 336 MPa.

Obtained results showed the huge in�uence of the SD e�ect on the equivalent
stresses in a highly loaded structure. Maximally, 12% discrepancy between cri-
terions was obtained and maximum stresses di�ered by 11%, which is signi�cant
both from static and life time points of view.
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