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1. Introduction

Two general methods of solving the equations of the linear bending theory of
thin elastic shells are known — by using displacement vector v or by using stress
function vector v¥*. Both these methods are connected by the static-geometric analogy,
[1]—[41 |

The multivaluedness of v with the assumption of singlevalued strains, and the
multivaluedness of v* with the assumption of singlevaluedness of the expressions
called “strains of stress function” connected with strains by static-geometric analogy,
were considered by Chernykh [5], [6]. The review of the multivalued solutions was
published in [7].

In this Note the problem of multivaluedness of the stress function vector in
a general case is considered. The shell is assumed to have multivalued region and
to be loaded by surface forces, concentrated forces and couples, and non-selfbalanced
loads acting on internal closed boundary contours.

The full text of this paper including the detailed conclusions will be published
in [8].

2. Fundamental relations

Basic notations are those used by Green and Zerna [9], and by Chernykh [5],
[61.

According to the Kirchhoff-Love hypothesis the displacement vector has the
form [9]

V = L {v (091203 xa;},
where [6]
v=19"a,+23a;, Q = 0%, ay,
2.1 . . o
0% = e (v; j b0y, D= > v,
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Tensors of strain can be written as [6], [10]

Az = DX (‘UQM“F‘U;LIQ) - bgz 3,
2.2) |
Augl = ‘v3lgl - (b;t 1’u)i0 - 7 6;1;'3 b}: 7),1“5 .

As follows from the static-geometric analogy [1], [2] the gencral solution of the
equations of equilibrium may be put in the form [4], [6]

8
*
nud — nuﬂ_{_k‘eay edﬁ M,,ﬁ ,

2.3) s
@ __ 18 g —ay 88 *
m* =m ke e? a,
where
8 8

n*®, m*® — particular solution of the equation of equilibrium,
ags Mgy — expressions analogous to (22) called “strains of stress function”,
constructed on components ¥°% g3 of the stress function vector

2.4 v¥ =qy"a t+y3a;.

All expressions constructed on components ¢°, 3, analogous to the expressions
constructed on ¢°, o3, are marked with *, [4].

Let I" denote a curve on the middle surface of the shell, and let t == ¢* a, denote
the unit tangent vector at a point of I'. Along I' we have the rotation vector of
a normal element associated with I" [5], [6]

.5 Q=8 - Uqg Fa tﬁ-a3

and the total force F and the total couple B; of internal forces with respect to an
arbitrary space point j [5]—[7] (Fig. 1)

(2.6)

M
By =L2 [ {m+( — R)xq}ds’.
M,
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Let us consider the case when the curve I forms a closed contour I'. By using
(2.3) we can express the vectors of internal forces q; and m; in terms of stress functions
v%, 3 and, with the help of the static-geometric analogy, after integration we have

[5], [6]
1 8
[9;]F - 2 {(F1,— [Fl;},
2.7 ) , ,
V], = — iz {(IB»1r — By +([F1 — [Fl,) XL (r — R¥)}

where [W], denotes an increment of the quantity W on the closed contour I

3. Multivaluedness of stress functions

Let the shell have the m+1-connected region with internal closed boundary
contours I'; (i = 1, ..., m), (Fig. 2). Let us assume that the external non-selfbalanced
loads acting on each I; have been reduced to the total force F! and total couple
By, with respect to the space point i associated with I;. Let the shell be loaded by

1
surface forces P> and by concentrated forces P¥and couples MF acting on points k
(k=1,...,n) of the shell.

Fig. 2

Let us consider the closed contour I (Fig. 2) containing p < m of the internal
closed boundary contours I'; and g < n of points k& on which P¥ and MF¥ acts.
The complete solution of the shell equations searched for should satisfy the
conditions of total equilibrium of the inside part of the shell bounded by the contour I’

q p
Fl. =L [[pds'+ Y Pr+ N'F,
Sr k=1 i=1
q
G Byl =12 [[@ —R)xp dS'+ 3 {MF+L @+ —R) P+
. Sr k=1

D
+ ' {Bly+L (RI — R) xF¥}.
§=1
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The particular solution of the equations cf cquilibrium appearing in (2.3) can
be constructed in various manners. Only surface forccs%p are involved in this
particular solution directly. The construction of the particular solutions in the
multivalued region S, loaded by surface forces—l—p seems to be much easier

when the region S, is replaced by the singlevalued region S, + N Sr, loaded by
surface forces

1 .
| T pon the regien Sj,

LP ( _ _
fpi on the regions S, (i =1, .., p),

l : - . .
\\'herczp,; — arbitrary suiface forces for cach extended shell region S, taken

in a convenient form to get a simple particular solution.

The particular solution can also contain any of the Joads F/, B}, P¥, M¥. These
loads can be introduced in their full or partial value into the particular solution
threugh the boundary conditions.

Thus, the particular solution of the equations of equilibrium sheuld satisfy
the following conditions of total equilibrium of the inside part of the shell bounded
by the contour I’ ’

fp- e ] v Seee M
Sp+i SI’; i=1

-

8 . B 7 s ) s
G2 Balp=12 [ [ (0 —R)<pdS+ 3 (ML — R PH+
4
7% s s
+ {B;+L (R? — R7) xF*},
i=1
§ -5“ s g
where Fi, B(;), P¥, M¥ arc the vectors corresponding to the constructed particular

solution of equations of cquilibrium, which, in general, may differ from F¢, Bfi),
P¥, ME.

The substitution of (3.1) and (3.2) into (2.7) shows that the stress functions
are, in general, the multivalued ones in the region S,.

Multivalued part of the stress function vector can be separated from the full
solution and vectors ; and v can be expressed in the form [5], [6]

m+n

Q-0 Z Q@ (0“)+szt,
(33) mLn P
VE = VRO QIO (r — 1) 3 (v Qi (r — RO} @ (04 vF

fem]
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where

R,°, v¥0 — the part of ihe solution which is analogous to the “displacement of the
shell as a rigid body”,

» »

R, (0%, v* (0*) — singlevalued correctional part of the solution,

Q*i v*i — the so called “parameters of dislocation of stress functions” (according
to Chernykh [5]).

For each contour /7 containing only onc internal closed boundary contour
I;, by using (3.2), (3.1) and (2.7) we have

1 § -
LT A— i _Ft L dST
Qri= g W-F Lg,fpldsf’ |
(3.4) | \ o
vii= = By — By — L2 £ f(r’*R")XPQdS'}-
I'i

When the contour /7 contains only one point k of concentrated loads, in a
similar way we have

1 5
o= — e (P k
Qe+ = — - {PF - P¥,
(3.5) | .
¥k = - A kY
vk s {ME - ME}

Now, it is evident from (3.3) that the stress functions y°, 3 may bc regarded
as a singlevalued only if the particular solution is constructed in such a manner
that the parameters of dislocation calculated from (3.4) and (3.5) are zcro.
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B. HETPAIIKEBAY, O MHOI'O3HAYHOCTU ®YHKLIUNA HAMPSIKEHUI B JIU-
HEVHOWM TEOPHUU OBOJIOYEK

PaccMmorpena 00070YKa MHOTOCBA3HOM 0OMacTH HATrpyXeuHas ITOBEPXHOCTHOM HArpys3xoif,
COCPEOTOYEHHBIMM CUNAMM W MOMEHTAMM, A4 TAKKEe HEYDABHOBEHICHHOW KpacBOW HATrpy3KOi
Ha BHYTPEHHHX KDAEBBIX KOHTYPax. BbIBeIEHBI 3aBHCUMOCTH KOTOPBIE TOJDKHO BBLUIOJIHATH YACT-
HOE PENICHME YPABHEHHWII paBHOBECHS OOGOJIOWKHM Il TOTO YTOOL! (yHKIMM HAMpPSDKCHHN ObLTu
ONHO3HAYHLIMY BO BCEH MHOrOCBA3HOM 067acTH 0GOIOTKH.



