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1. Introduction

There are two general methods of constructing solutions of problems of the linear
theory of shells, which are obtained '

1) in displacements,

2) in stress functions.

These two methods are interrelated by the static-geometric analogy [2, 3, 12].

In the equations of the first method, the displacements are introduced by means of
the strains. Similarly, the stress functions in the equations of the second method are
introduced by means of combinations analogous to the strains and called “strains the
stress functions”.

The type of the possible multivaluedness of displacements of the middle surface of
a shell, assuming unique strains, as also the type of multivaluedness of the stress func-
tions assuming unique “strains of the stress functions” was studied by CERNYKH [4]
(cf., also [5]).

It was shown in [4] that the existence of multivaluedness of stress function vector,
after going round a closed contour I on the shell, is connected with the difference between
the total vectors of the force and the couple produced by the outer loads in the region
of the shell bounded by the contour I', and those produced by the section forces round
the contour /', calculated from a particular integral of the equations of equilibrium.
A survey of multivalued solutions in the linear theory of shells has been given in the
present author’s paper [7].

The present work contains a general discussion of the problem of multivaluedness
of the stress functions for shells with multiply connected region loaded by a distributed
loads as well as concentrated loads and a non-self-equilibrated load acting on closed inner
edges. Some conclusions will be drawn concerning the way, in which the particular
integral of the equations of equilibrium should be assumed in order that the stress
functions should be unique in the entire region of the shell.

2. Fundamental Relations

The basic geometrical notations have been taken from [6]. The position vector of
points of the shell is

Q.1) R = L {r(6%)+46°2,(6%)} .
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With the middle surface of the shell determined by the vector r(0%) there are associated
the following geometrical quantities: 0% r(0%), a,, a3, €5, aup, bos, ()., 17, ete. [6,1].

Taking into consideration the Kirchhoff-Love hypothesis [1], the displacement of
points of the shell is determined by the vector

V= L{v(0%)+i0°Q X a,},

where [5,6]
v = v*a,+v’ay; Q = D*a, - Qa,;

Q% = e (v; g +-bjv,); Q= %e"“-v,[ﬂ .

2.2

The equations of equilibrium are, [6],
2.3) n,—bm®|,4+p® =0, m*|+bn®+p'=0.
The compatibility equations are, [1,5],
(€ €/1,5) ,+B(e )], = 0,

2.4
ey — (€ )yt b€ M) =0,
where
1

Aoy = _2—(7)9}1+vl|9)_—bqlq)35
2.5 :

Mor = _7)3!91_(bi7]a)!9_‘2—6;gb/}1}valﬂ'

The static-geometric analogy {2, 3, 1],

(2.6) n? e evePu . mes —eveda, .

enables the representation of the general solution of Egs. (2.3) in the form [5]
naé — ;‘aﬁ_l_k.eayeﬁﬂlu;kﬂ ,

2.7 m* = r;z""—k.e”e""oc;ﬂ,
EAL  EXL
V4 V12(1—7) ’
where 1%, m* denote particular integrals of Egs. (2.3), and of;, u¥ are the “strains of
the stress functions”, expressions analogous to (2.5) but constructed on the components of
the stress function vector
(2.8) v =y, Ly’a; ]

Expressions constructed on 3% v° in a manner analogous to those constructed on o2,
2%, will be denoted by an asterisk (cf. [1]).

k:

3. Relations along the Curve I'

Along the curve /" on the middle surface of the shell, with which is connected the unit
vectors t (the tangent vector) and v (the vector of outer normal), we have the following
vector of rotation of a normal element connected with the curve I [5,4):

(3.1) g, = Q—a,ﬂt“tﬂ-a3
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and the vector of curvature variation of the curve /" during the deformation [5,4]
dﬂr
ds °

The section forces per unit length along 7 (Fig. 1) forms a vector of force and
a vector of moment [5].

(3.2) ® =

q, = vyt -m* )y, vt —o, - m vty -t

dl
(3.3) +[q va+ (m 4 vﬂ)]aa = §—x,

m, = Lm™y,v;-t = m,—kL-o}1%t? ¢,
where ¢, and T, are, respectively, the normal curvature and the geodesic torsion of the
curve " [5].]
The total vectors of the force F and the couple B;,, of the section forces along the
curve I" with respect to any point j in the space, are obtained from (3.3)

M M
(3.4) F=L [ qds', By=1I1* [ {m+{—R)xq}ds.
Mo M,

After integrating and making use of the static-geometric analogy (2.6) as well as the
relations (3.1) and (3.2), from the relation (3.4) we obtain the following expressions for
the vector of stress function v* and that of “rotation of the stress function” Q¥ at any
point M of the curve I" 5,4, 2, 12]:

QF = .Q*°—%[F F] ,
(3.5 *
v¥ = v¥° 1L Q¥ (r—r°) L2 {B— B(,)] +[F— F]xL(r—RJ)}

s 5
where §,°, v*° are the values of QF and v* at the point M,; F, B(;, are the total vec-
tors of the force and the couple (3.4) of the section forces obtained from the assumed
particular integral of the equilibrium equations (the first terms in the relations (3.3)).



40 W. Pietraszkiewicz

4. The Multivaluedness of the Stress Functions

Let us consider the case in which the curve I” considered in Sec. 3 constitutes a closed
contour /. Denoting the increment of any quantity W on the closed contour I by [W],
we find from (3.5), [4],

(9 = — o {Fl— [},

@.1) .

4l = — (Bl Bl + ([l Fl)X Le—R)}

Let us consider the shell with (+-1) times connected region with closed inner edges
I';(i=1, ..., m), (Fig. 2). Let us assume that the edge load, which is known for each
contour /7, has been reduced to the total vectors of the force F' and the couple BY;
with respect to the point

Fi1c. 2.

. . o 1
[ associated with the contour /7. Let the shell be loaded by a distributed load P

and, in addition, by concentrated loads with the force vectors P* and couple vectors
M* acting on the points k of the shell (k =1, ..., n). Let us consider a closed contour
I" (Fig. 2) containing in its interior p inner edges I; (i =1, ..., p<X m) and ¢ points of
application of concentrated loads k(k =1, ..., ¢ << n). The equilibrium conditions of
the fragment of the shell contained inside the contour I°, which must be satisfied by the
searched full solution, have the form

w1 ffras S S
@2) o k=1 i
Byl = L? ff(l“—Rj)Xp'dS'+ Z[M"—{—L(rk—Rj)XPk]
5, =1

-

P
+ ) [Bly LRI —RI)XFT].
i=1

The particular integral of the equations of equilibrium (2.3) can be assumed in various
manners. The particular integral involves directly the distributed load only. The construction
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of the particular integral of Egs. (2.3) in the multiply connected region S, loaded

by the surface load — p, can be facilitated by transforming the region Srinto a simply

connected region SP+ 2 Sr. of the shell loaded by the distributed load
i=1 !

1 .

fp for the region S,

1 . .

fpi for the regions Spi, i=1,.. m,

where %pi are fictitious distributed loads assumed for each prolonged region Sy, of

the shell, so that the particular integral of Eqs. (2.3) can easily be obtained.

Into the particular integral of Egs. (2.3) we can introduce in an indirect manner, by
means of the boundary conditions on the contours /7, any of the loads F* and Bi;, acting
on the contours /7 in their complete or partial value. The points k& of application of the
concentrated loads may also be treated as indefinitely small closed inner edges with
displacements and deformations continuous at the points & (cf. [8]). Any of the loads P*
and MF can, therefore, also be introduced indirectly in their complete or partial value in
the particular integral. Thus, the particular integral will satisfy the following equilibrium
conditions, (cf. (4.2))

JE

q ¢
Flr— L [[ ®ds'+ D Pt

Sp+ESr, k=1 i=

N
1
F,

—

q ) 5
43)  Bylr=1 [[ @—R)XFdS+ D M HLE—R)XPY
k=1

Sp+ZSp
I3 12

P
+ Bl + LRI R) X T,

i=1
where P" M" F ‘ B(,) denote the vectors of the section forces corresponding to the
assumed particular integral. These vectors may differ, in general, from the corresponding
vectors P, MF, F', B,

If the contour I” contains in its interior only one of the contours /7 (or points k) then
assuming that the point j (Fig. 1) coincides with the point i (or k ) the relations (4.2)
and (4.3) are considerably simplified.

Direct substitution of (4.2) and (4.3) into (4.1) shows that the stress functions are, in
general, multivalued ones in the region Sy of the shell. The multivalued part of the stress
function vector may be separated from the solution by representing Q¥ and v*, formally,
as follows (cf. [4,5])

m--n
. P
Qr = Qr+ Y aro ) +ar,
4.4) =

min

VE = v QI (r ) b ) (v QE X (R} D09 9%

i=1
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where v*, SPZ;" denote the single-valued correctional term of the solution; @,(0%) is a
multivalued scalar function of the contour /; which only on passing round the contour
I’; have a unit increment, but its derivatives in every direction are single-valued functions;
Q* y*i are the stress function dislocation parameters of the contour I'; (a term
introduced by CerNYKH [4]).

According to (4.1), the parameters Q*' and v*' can be expressed by the relation

. 1 s . 1 s
4.5) Qi — %L {[F]I‘g - [F]r;}, vE = — ?]:f{[B(i)]I‘;— [B(i)]l‘lf}-

For a contour /7 containing one of the inner closed edges 7;, we have from (4.2)
and (4.3)("):

Q* — 77(% [Fi~Fs'i~LSfI!p§dS'] ,
(4.6) o
S —— bty 12 [ [ (RO xplasT].

For a contour I} containing one of the concentrated load application points k, we have -
from (4.2) and (4.3)
1 s x |

@) QFF — L [PF_PK, yrk— ~—k17[M"~1\S’I"].

5. Conclusions

From the relations (4.4), (4.6) and (4.7) results the following conclusions:

1) For simply connected shells loaded by a distributed load and concentrated loads,
the vector of the stress function v* is, in general, a multivalued function in the region
of the shell. The vector v* is single-valued in the entire region of the shell in the following
particular cases only:

(") The result, analogous to (4.6),, obtained by Cernvykn ([5] VIIL, Sec. 4, Eq. (4.4)) is not exact. The

S, s .
fictitious distributed load p; on Sp is not considered there. The terms F¢* and Bzi) are also rejected. It
i

was observed that “Rejecting the quantity lsi which is not essential in the problem under consideration
we obtain...” ([5], p.*156). This is not correct, in general, and is justified only in those cases in which the
distributed load p = 0 and, in addition, if we assume that p; = 0 on each §Pi and the particular integral is
zero in the entire region of the shell, Fi — 1332,) =0@=1,..,m), Pk — MF =0 (k =1, ..., n). In addition,
in order to transform the~couple B about a point M of the curve I" into the couple B(’ j) about a fixed
point j (cf. Fig. 1), CERNYXH [5] makes use of the inaccurate relation Bf )= B’ +r><Fj ([51, V111, § 4, below
Eq. (4.3)) instead of the correct relation B{ H = B’ +(r—Rj) xF!. He did not explain there whether the
point j was assumed in addition to coincide with the origin 0, or not.
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1a) There are no concentrated loads, that is P* = M* = 0 (k = 1, ..., n). The particular
integral of Egs. (2.3) for a simply connected region is continuous and the dislocation
parameters vanish identically according to (4.7).

1b) The particular integral of Eqgs. (2.3), constructed for a multiply connected region
with infinitely small inner edges [, cutting out the points k (k =1, ..., n) has been
chosen in such a manner that for each pair of values P¥ and M* (k = 1, ..., n) the relations

G.1) prlpk M- ME
are satisfied.

2) For multiply connected shells the stress function vector v* is, in general, a multi-
valued function in the entire region of the shell. It is single-valued in the entire region
of the shell in the following particular cases only:

2a) We have P =M*=0(k =1, ...,n) and Fi =B}, =0 (i =1, ..., m). Thus the
shell is loaded by a distributed load and a self-equilibrated load over the contours 7.

The particular integral of Egs. (2.3) for a simply connected region Sy+ D Sp. of the
i=1 !

prolonged shell is continuous. From the conditions of general equilibrium (4.3) of each
region Sr, of the shell we obtain for the particular integral

Fi= —L [ [pids’, B, — —I? [ [ —Ryxplas".
iy Sr; Eo—
According to (4.6), the dislocation parameters Q* and v*! will, therefore, be zero.
2b) The particular integral of Egs. (2.3), constructed for a multiply connected region
with indefinitely small inner edges [, cutting out the points & (k = 1, ..., n) and inner
edges I'; (i =1, ..., m), has been chosen in such a manner that for each pair of non-zero
values of P* and MF* the relations (5.1) are satisfied, and for each pair of non-zero
values of F' and B{i), if we pass round each of the inner contours I7;, we have

(5.2) FrLff pldS' = F, Bl I [f @ —R)X pidS’ — Bl .
Sty Sr;
Then, in agreement with (4.6), the dislocation parameters Q*' and v*! are zero.

The particular integrals mentioned in the conclusions 1b) and 2b) theoretically
can always be constructed. In practice it may happen, however, that such a particular
integral cannot be constructed for certain contour I or point k. In such a case, if we
solve the problem in stress functions, the vector v* should be treated, after calculating
the parameters Q* and v* according to (4.5), as a multivalued function (4.4), with

respect to passing round these contours.

6. Final Remarks

The above considerations are of a qualitative character only because they indicate
the occurrence of the problem of multivaluedness of the stress functions. The problem
of how to build up multivalued stress functions has not yet been analysed sufficiently in
the general case.
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As follows from (4.4), the first stage of the solution is the construction of a multi-
valued funtion @; (6% having required properties. For shells of revolution with con-
centric edges we can, in view of the axial symmetry of the shell, use the function
@ = 0]2 7 [4,11], which was also made use of in the paper [8] for the investigation
of the type of singularity in shells under concentrated loads. For shallow shells it
was shown in the present author’s paper [9], that the type of multivaluedness of the vec-
tor v*, in the direction of the vector e; normal to the plane of projection (horizontal plane)
of the shell (cf. [6,13]), is the same as for a plane stress state where methods of con-
structing multivalued solutions are known (cf. [10]). However, the problem of constructing
the multivalued part of the vector v* is still unsolved, in the general case.
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Streszczenie

WIELOZNACZNOSC FUNKCIT NAPREZEN W LINIOWEJ TEORII POWLOK

Rozwazono zagadnienie wieloznacznosci wektora funkcji naprezenn w liniowej teorii powlok. Rozpa-
trzono powloke o obszarze wielospdjnym obciazona obciazeniem powierzchniowym, skupionymi sitami
i momentami oraz niesamozréwnowazonym obciazeniem na wewngtrznych brzegowych konturach zamknig-
tych. Sformulowano wnioski jak nalezy przyimowaé calke szczegblma rOwnah réwnowagi by funkcje na-
prezen byly jednoznaczne w calym wielospdjnym obszarze powloki.
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Pesmome
MHOTO3HAUHOCTL OVHKIIUU HATIPSDKEHUM B JIMHEMHOI TEOPUU OBOJIOUEK

PaccmaTpuBsaeTcsd 3amaua MHOIOSHAUHOCTY BEKTCpAa (DYHKIMK HANPsHKEHHMH B JUHEHHON Teopuu
oGoirouek. PaccmoTpena 060I0UKa MHOTOCBA3HON OOJIaCTH, HATPY)KEHHAA MOBEPXHOCTHOM HATPY3KOH,
COCPEOTOUECHHLIMH CHJIAMH ¥ MOMEHTaMM, a TaK)Ke HEYPaBHOBEUICHHOH HArPYSKOM Ha BHYTPEHHHX
KpaeBbIX KOHTYpax. DOopMyNHPYIOTCA YCIOBHA IPU KaKUX CJIEAYET MPHHMMATH UYaCTHOE pEIIeHHe
YPaBHEHUI DaBHOBECHS, WTOOb! (HYHKUNU HANPSDKEHU OBUIM OQHO3HAUHBIMH BO BCEH MHOTOCBSI3HOM
ob6macTH O0OJIOUKH.
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