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Lagrangian non-linear theory of shells

W. PIETRASZKIEWICZ (GDANSK)

THE VIRTUAL work principle is used to derive a two-dimensionally exact non-linear theory of
shells. All quantities and relations are defined in or referred to some reference shell middle
surface geometry. The theory is expressed in terms of symmetric stress resultant and stress couple
tensors and, when linearized, leads to the “best” linear theory of shells.

Uzywajac zasady prac wirtualnych zbudowano dwuwymiarowo §cista nieliniowa teorie powlok.
Wszystkie wielkosci i zalezno$ci zdefiniowano lub opisano w geometrii ustalonej konfiguracji
porownawczej powierzchni srodkowej powloki. Przedstawiona teoria zawiera tylko symetryczne
tensory sit i momentow i w przypadku linearyzacji sprowadza si¢ do tzw. “najlepszej” liniowej
teorii powlok.

Ha ocHoBe npuHnuna BupryanabHOH paboThl DOCTPOEHa JIBYMEpHO TOYHAsI HeJHMHeHHas TeOpHA
oBonoyek. Bee BenuuuHb! ¥ ypaBHEHMsT BBEOEHBI WM IIPEACTaBJIEHb! B TEPMUHAX T'€OMETPHE
CpeIMHHOH IOBEepXHOCTH ODOJIOYKH B HEKOTOPOM HAYalbHOM COCTOSIHHMH. IIpenmaraemas
Teopusl 000IOUEK BBIPAYKAETCHA Yepe3 CHMMETPHUYECKHEe TeH30pbl BHYTPEHHUX CHUJI U MOMEHTOB
Il B Ccyuae IOMHOH JMHeapH3alliy NPHBOOUT K ,,HaUTyylueil’’ JuHefHOH Teopuu obosoueK.

1. Introduction

IN THE NON-LINEAR theory of thin shells, it is desirable to distinguish at the begmnning
between the Eulerian (spatial) and the Lagrangian (material) formulation, as is done in
three-dimensional continuum mechanics. In the Eulerian approach, all quantities are
referred to the actual deformed shell configuration, while in the Lagrangian approach
they are referred to some reference, usually undeformed, shell configuration.

The Lagrangian non-linear theory of shells can be constructed directly by integration
of the appropriate three-dimensional continuum equations over the shell thickness in the
reference configuration. Either shell middle surface displacements and rotations {1, 2]
or displacements only [3, 4] can be used as independent variables. The stress resultant
and stress couple tensors so defined are unsymmetric and we still need to apply some
symmetrization procedure [3, 6, 7, 8] if we want to transform them into symmetric quan-
tities. .

The appropriate non-linear shell equations can also be found using the two-dimensional
virtual work principle [9, 10, 11]. In this equivallent approach, the stress resultant and
stress couple tensors are from the very beginning symmetric by definition.

In this report, the new Lagrangian non-linear thin shell equations are derived using
the two-dimensional virtual work principle, which is written entirely with respect to the
reference middle surface geometry. We assume here that the deformation of the shell space
can be represented entirely by three displacement components of the shell middle sur-
face [10]. The theory presented here is two-dimensionally exact for the shell middle surface
and is formulated without any restrictions on the surface strains, displacements or rotations.
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It is possible to derive many variants of the non-linear Lagrangian theory of shells,
which for small elastic strains would differ only by some small terms producing negligible
error in the elastic strain energy [9]. Within the linear theory there are reasonable arguments
[12] to choose the “best” variant of shell equations. Although some arguments in [12] do
not apply directly to the non-linear theory, in our opinion the transition between the
“best” linear and any non-linear shell theory should be smooth. The Lagrangian non-
linear theory of shells presented in this report is compatible with this requirement and
gives us the “best” linear theory in the limiting case.

2. Notations and basic relations

We will use here, as far as possible, the system of notations used in [10, 11, 13]. Let
7(6%) and ¥(6*) be the position vectors of the middle surface of a shell in the reference and
deformed configurations, respectively, where 0% « = 1, 2, are a pair of surface convected
coordinates [14]. With the reference middle surface & we associate the standard surface
base vectors a, = r,, the metric tensor a,; = a,* a5, the unit vector normal to the surface

1 .
D=5 &Pa, x ag and the curvature tensor b,z = a, 5 n. Here, comma ( ),, denotes partial

differentiation with respect to 6% and &% is the permutation tensor. Similar geometrical
quantities associated with the deformed middle surface will be distinguished by a dash —
for example, a,, au, B, Eaﬂ,?s“", etc. The surface covariant differentiation with respect
to the reference and deformed metric will be denoted by ()|, and ( ).,, respectively.

During shell deformation, the basic vectors a,, n can be expressed in terms of the
reference middle surface geometry and displacement vector u by the relations [10, L1]:

(2.1) a, = lha,+pn, N=na t+nm,
where

Uy = 0G+ue—bjw, Qo = wa+biu,,

a 12/ s, ppe
(2.2) n, = ]/‘a— € ﬂalx(pal'}b, h = 7 ]/Z € ﬁelnl-lal‘ﬂ,

u=T—r = y*a,+wn, a= |aaﬂ|’ a= Iaaﬂl'

The surface Lagrangian strain tensor y,s and the tensor of change of surface curvature
45 are defined by

1 —
(23) Yap = 7 (aaz,B - aaﬁ) 5 Hap = — (bazﬁ - baﬂ) s

where in terms of displacements u*, w these tensors can be shown to be

1
Vap = 5 (Fabipt QuPp—aap),
2.4)

Il

%ap = — [M(Layp— b3Pa) + 1 (Puip + bhia) — bapl -



ON THE LAGRANGIAN NON-LINEAR THEORY OF SHELLS 223

In what follows, instead of »,; we shall use the Lagrangian tensor of change of surface
curvature g, defined by

1 ,
(2~5) Qag = Hag + 7 (b:yxﬁ + b/;ydx) .

When linearized, this tensor gives us the measure for change of surface curvature
which is supposed to be the “best” for the linear theory [12].

Our definitions for #,; and g, differ by sign from those used in [10} and will correspond
to the usual sign convention for the stress couples used, for example, also in [14, 15].

3. Eulerian theory

In the Eulerian approach to the non-linear shell theory, all quantities are defined in
or referred to deformed middle surface geometry. Let the shell be in equilibrium under

the surface load p, per unit area of deformed middle surface &, and boundary force F and

couple K, per unit length of deformed middle surface boundary contour %. Then, for any
additional virtual displacement field du, referred to deformed configuration

(3.1) Su = Siia® + Swon,

the principle of the virtual work has the form [10]

(3.2) [ [ (02 8yag+m®80,0d4 = [ [ - oudA+ [ (F-su+K- oR)ds,
& & 3

where from (2.5)
1 - _
(3.3) 00ag = Ostag+ 5 (b50yus+ D504,

and all dy.g, 0%, and 68 are understood to be referred here to the deformed middle
surface geometry. They can easily be expressed as the linear functions of éu,, dw [10, 11].

The symmetric stress resultant and stress couple tensors n* and m®, defined here with
respect to deformed surface geometry as the coeflicients in the invariant internal virtual
work expression (3.2), will be called Eulerian. These Eulerian tensors can also be introduced
integrating the Cauchy stress tensor over the shell thickness in deformed configuration
and then using some symmetrization procedure similar to that used in the linear theory
[5, 6]. Although the two ways are shown to be equivallent [10], in the present variational
approach we start at once with symmetric % and m™.

Applying to (3.2) standard procedure of variational calculus, it is easy to obtain the
known [10] three equations of equilibrium and four natural boundary conditions, written
in terms with respect to deformed middle surface geometry.

4. Lagrangian theory

During the non-linear deformation, usually some reference (undeformed) shell con-
figuration is the only known in advance. It is desirable then to deal from the beginning
entirely with the quantities defined in and referred to the reference (undeformed) middle
surface geometry. Such shell theory we call here Lagrangian.
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Let the shell be in equilibrium under the surface load p, per unit area of the reference
middle surface &, and boundary force F and couple K, per unit length of the reference
middle surface boundary contour ¥. Then, for any additional virtual displacement field
du expressed here with respect to the reference configuration by

4.1) ou = du,a*+ Swn,

the principle of the virtual work can be postulated in the form entirely with respect to the
reference geometry

4.2) [ [ (N 85+ MPS0,0)dA = |

4

[p-dudd+ [ (F-ou+K- sQds,

€
where all dyq5, dp.5 and 682 are understood to be referred to the chosen reference middle
surface configuration. We shall show them to be linear functions of du and will express
them in terms of displacement vector u from the reference to deformed shell configura-
tion. _

The symmetric stress resultant and stress couple tensors N* and M®, defined here
with respect to the reference surface geometry as the coefficients in the invariant internal
virtual work expression (4.2), will be called Lagrangian.

To transform this variational problem (4.2), let us note first that in convected coordi-
nates the Christoffel symbols of the second kind for deformed and reference surface geome-
try are related by [10]

(4.3) Iy = T+ a%y s,

where

_ a
ani. — ? (axi._i_zemz elﬁyaﬁ)’

a 1., ., ,
(4.4) =3¢ e (g +2yap) (@i + 275

Viag = YVaaiptVigia = Vapia-
Then we can find that with respect to the reference surface geometry
N | 1 o
()yaﬁ = 72* 6(aa * aﬂ) = "2 (5[1’1 * aﬁ-l-a,, * 6[1,/3),
4.5)
6xaﬁ = - 6(5-1:;5’ : ﬁ) = [(6‘1,1);5—5’%}’1156“,74] : ﬁa

where (2.1) and (4.4) should still be applied. These relations are obviously the functions
of u and are linear in du.

Let v and t be the unit vectors, outward normal and tangent, respectively, to the reference

middle surface boundary contour %. Then, using (3.3), (4.5) and divergence theorem,
the left-hand side of (4.2) can be transformed to the form

@6) || (NP8ys+ M09, dA = [ (N*- Su—M*n- Suzp,ds— [ [ N, dudA,
14 € &
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where

N* = Q*a;+ 0",
¥1,
2
0 = MaﬁJﬂ +aavyw” Ml,u’
b% = @™ (byu— %)

and where (2.1) and (4.4) should still be applied.
The second part of the line integral in (4.6) can be transformed further and found to be

1 - _
0% = N+ - BEM™ —— bLM™,

(4.7)

48)  — [ M- dugpds = [ bEM™a,- dureds+ [ [(M*Pr,ty),0- ou
% % i3

— (M Py pp)(m - bu),)ds,

where by (), and ( ), we understand directional derivatives at the reference middle
surface boundary contour % in directions defined by v and t, respectively.

The virtual rotation vector 482, with respect to the reference geometry, can be shown
to be

/
(4.9) QL = é (a*x da,+nx o) = ; [a“ x du,+ l/ % £nx (bu, x aﬁ)],

where (2.1) and (4.4) should still be applied. The relation is also the function of u and is
linear in éu.
Using (4.9), the last line integral in (4.2) can be transformed to be

(4.10) [X-oQds = [biRa duds+ [ [(Rits) i du—(Rorp) @ du),)ds,
€ € %

where

(4.11) RP = l/g K - a,.

Finally, by means of (4.6), (4.8) and (4.10) we can show that the virtual work principle
(4.2) requires the following Lagrangian vector equation of equilibrium

(4.12) N, +p =10
to be satisfied within .% and the following Lagrangian natural boundary conditions
(4.13) N7+ M®0,)v,+ (M*Py,t) 8 = F+ R0, + (R‘_gtﬁ),,ﬁ,

M5 = Ry,
to be satisfied at free %.
The component form of these vector relations, with respect to the reference triad of
base vectors a,, n, can be found to be the equilibrium equations

(Qall-ﬂl. + Qanﬂ)[ax - bg(Qﬁ'% + Qan) +pﬁ =0 ’

(4.14)
(O s+ Q%) u+ bog(QV15,+ Q%) +p = 0,
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and the natural force boundary conditions
{(Qaﬂ—gﬁM“")valfﬁ+ [Q%, + (M®Pyyt5) Jn* Yy, = {F* bﬁR"l + (RPtg) . n*Yy;,
(4.15)  {(Q¥ —bEM™)y, R+ [Qa+ (M) W}, = {F —bﬂR"lﬁg+ (RPtg) M}t
Q% —BEM ™)y, 5+ [+ (MPryty) Jn = F—bER ps+ (RPty) pm,
where (4.7) and (4.4) still have to be applied.
To complete the theory, some two-dimensional constitutive equations should be given.
The appropriate constitutive equations for an elastic material follow from (4.2) to be:

1{ oV ov 1/ cVv av
af _ afi
(4.16) N 5 ( ) M 5 (anﬂ + 9051)

+ =],
a’}/aﬂ a’}//zga

where V = V(yqp, 04p) is @ two-dimensional strain energy function per unit area of
the reference shell middle surface.

Thus the equations of equilibrium (4.14), the natural boundary conditions {4.15) and
(4.13),, the strain-displacement relations (2.4) and (2.5), the constitutive equatious
(4.16) together with the relations (2.2), (4.4) and (4.7) form the set of equations for the
Lagrangian non-linear elastic shell theory to be solved.

5. Lagrangian and Eulerian quantities

The external Lagrangian and Eulerian forces and couples in (3.2) and (4.2) are supposed
to be known in component form:
p = p*a,+pn, p = p"a,+pn,
(5.1) F = F’a,+Fn, F = F*a,+Fn,
K= EaBKaaﬁ‘FKn, K = EaﬂK a
Let us recall here the geometrical relations [16] between the reference and deformed
configuration:

dA = l/% dA, ds =y 1+ 2y,t*tPds
(5.2)
Veds = ]/~vads fods = (ta+2yaﬁtﬁ)ds.

It follows from (3.2) and (4.2) that under transformations (5.2); we have the following
relations between the Lagrangian and Eulerian quantities:

N“ﬁ—]/—-nﬁ M* = /~< p=]/-ZP,

JF, R R
1 14 2y51%t0 V 142,170

(5.3)

The transformation rules for various components in (5.1) now follow easily from
(5.3), using the relations (2.1), (2.4), (4.4) and (4.7), [16].
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6. Discussion

The Lagrangian theory presented in this report may be characterized by the following
features: a) the stress resultant and stress couple tensors are symmetric and defined with
respect to the reference geometry, b) the equilibrium equations and the boundary con-
ditions are expressed entirely in terms of the reference geometry, ¢) when linearized, our
theory leads to the “best” linear shell equations [12].

It s interesting to compare our results with some close results obtained by other authors,
kecping in mind some differences in notations and sign conventions.

The Lagrangian equilibrium equations presented shortly in [7] (Eqs. 58’ —60") were
also expressed in terms of symmetric stress resultant and stress couple tensors, which
are different from those used in this report. When linearized, the equilibrium equations
of [7] do not lead to those of the “best” linear theory, while ours do.

The vector equilibrium equation (4.12) and boundary conditions (4.13) in our theory
are resolved along the reference triad of base vectors a,, n, while in [18] they have been
resolved along the deformed triad of base vectors a,, n, and in [16] along some intermediate
triad obtained from the reference triad by a finite rotation vector. This difference seems
to be quite formal when the component tensor notation in convected coordinates is used.
However, using direct tensor notation, it is easy to define [17] some second Piola-Kirchhoft
stress resultant and stress couple dyadics for the shell, in analogy with the second Piola-
Kirchhoft stress dyadic in continuum mechanics. The natural proper components of these
dyadics are only those defined in the reference basis a,, n, and from this point of view
only our theory can be called fully Lagrangian.

Using the special definition for the tensor of change of surface curvature, all the rela-
tions in [8] have been expressed as polynomials in displacements. Unfortunately, the
resulling equilibrium equations happen to be very complicated and have not been presented
explicitly in [8]. In our theory, there is a non-rational square root function in definitions
(2.2),, but the symmetry of our explicitly written equilibrium equations (4.14) is remarkable.

Both theories agree within the membrane approximation and they seem to be equivalent
also in the general case.

We have referred in this report to the shell middle surface rather than to the shell
itself. The results presented here are thus two-dimensionally exact for the surface. It means
that no restrictions have been imposed on the middle surface strains, displacements or
rotations. However, any shell theory introduces unavoidable error resulting from two-
dimensionality of the theory for an actually three-dimensional thin body. The theory
presented here is applicable only to those non-linear shell problems for which the deform-
ation of the shell space can really be well approximated (in some definite sense) by
deformation of the shell middle surface. The full discussion of the range of validity and
possible simplifications of the theory for various shell problems transcends the scope of
this report. We only note here that for elastic shells undergoing small extensional strains
the shell strain energy was shown [9] to be well approximated by the two-dimensional
strain energy due to the bending and stretching of the shell middle surface only. In this

case, the Lagrangian shell relations can be simplified according to the lines suggested in
[10, 18}. .
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