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Mit dem Ansatz

a(x) = a, - cos (mx/L) + chailzL - [ch(2ha) — cos (ma/L)] fiir |of < LJ2,

= ay-exp[f- (L[2 — |af] fir [« = L[2 (9)

mit

a, 1
fL = 2hL.th(hL) — 7. “ (ch(bL))
wird Gleichung (8) ndherungsweise geldst; die drei Parameter a,, @, und & werden iterativ so festgelegt, daf} die Inte-
gralgleichung an den Stellen x = 0, L/2 und L erfiillt ist. Fiir ebene Querschnitte (¢ — oo) fiihrt der Ansatz zur
exakten Losung. Mit dem derart bestimmten Biegeanteil T, - a(x) kann nun nach Gleichung (7) die Dehnungsvertei-
lung &, sowie die Extremwerte abhiingig von T, ¢, ¢ und L/B berechnet werden.

Fiir jeden Gurt laf3t sich der zuldssige Trumkraftbereich als Funktion von L/B angeben, in dem keine lokalen
Stauchungen einzelner Zugtriiger (unterer Rand) und keine Uberdehnung der Gurtunterkante (oberer Rand) aut-
treten. In Bild 2 sind diese Bereiche fiir einen Gewebegurt EP 800/4 und einen Stahlseilgurt St 1250 der Breite
B = 1,2 m aufgetragen. Dabei wurde &,u zu 16,7°, beim Gurt EP 800/4 sowie 2,5%/,, beim St 1250 gesetzt. Ohne
Querschnittsverwélbung schrumpft der zulissige Bereich fiir den Stahlseilgurt auf den gestrichelten Zipfel zusam-
men.
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W. PIETRASZRIEWICZ

A Simplest Consistent Version of the Geometrically Non-Linear Theory
of Elastic Shells Undergoing Large/Small Rotations

In the paper [1] a new formulation was given for the Lagrangian geometrically non-linear theory of thin elastic
shells. In case of conservative surface and boundary loadings the theory allowed for a proper variational formulation
within unrestricted rotations. Simplified versions of the theory were discussed in [2] by restricting the magnitude
of the rotations to be small, moderate, large or finite, according to a classification scheme proposed in [3, 4], in

terms of the small parameter 6 = max(k/d, k/L, Jh/R, {n). Here h is the shell thickness, d is the distance from the
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lateral shell boundary, L is the smallest wavelength of deformation patterns, I is the smallest principal radius of
curvature of the undeformed shell middle surface «# and 7 is the largest strain in the shell space.

In what follows a version of the non-linear theory of shells is constructed, in which the shell material elements
may undergo large rotations about tangents to -4 while the rotations about normals to /# are assumed to be small.
The version may be described {2—4] by the following estimates of the linearized strains fxs and linearized rotations
P> P+

O =00),  g.=000), =00, | M
Oup == — (Uapp -+ Upa) — boprv o W+ Wy, @ = :& e gy J

Here u,, w, ., bys and &* are components of the displacement vector u, the metric, curvature and permutation
tensors of #, respectively.

According to the first-approximation theory of thin isotropic and elastic shells, the strain energy function may
be approximated, to within a relative error O(6%), by the quadratic expression X' = - RH*¥(y,5y1, -+ h2[12x,57,).
Here H=f are elasticities and y,; and y,s are components of the surface strain tensor and the modified tensor of
change of curvature [1], respectively. Within this error of X' the components y,s can be given to within terms
O(n0%) and .4 to within terms O(50/4), where A = k/6 is used to estimate the order of covariant derivatives, ( ), ~
~ ()/2. Such consistently simplified version of the theory of shells undergoing large/small rotations was discussed in
detail in [2].

In engineering calculations the larger relative error O(f) of X2 may be regarded as satisfactory. Within the
theory of shells undergoing large/small rotations any numerical calculations are very complex anyway and numerical
procedures applied in the calculations introduce themselves substantial round-off errors. Within the larger relative
crror O(0) of X the surface strain measures may be taken in the symmetric approximate form

Yap = Oap + 5 @@ p + & 02015 -+ O(00) ,
Aup = -y (agp -+ 2pp) — 5 (Ohpaip + Ofpaa) 5 (Fan g 4+ pona) 4 Oy, ' @)
ng, = —(1 -+ 0)gs + ¢, n=1+6;.

Introducing (2) into the internal virtual work we obtain

IVW = [[ (N*Bby,p -+ MoBoyag) dA — — [[TF|- budA + [Tovy- duds + I,
M M 4
I = [ MP(Sny, — 028q; + pudn) vpds, TP = Ta, + Tin, 3
4

TH = N 5 (OINF + OIN™) — a'fpgp M7 — - (p*MP - gP M%) |,
T8 — QN - (1 + 0) M0e]l, +- 6,00 .

Here N*# and M*# are the Lagrangian symmetric stress and moment resultants, @;, n is the basis on 4, t = *a, and
v = y*a, are the unit tangent and the outward unit normal to the boundary curve £, respectively.

The form (3); of IVW is the counterpart of the exact relation (4.7) of [1], only here in 7 some boundary terms
appear in the splitted form. This is the result of the omission from (2), all the terms whose contribution to X is
negligibly small within the assumed relative error O(f). However, within the assumed approximation it is allowed
to keep some small terms in 7, which were already omitted in (2),, and write I in an equivalent form

I={(R, én, + Ry n, + R, én)ds, Ny = NGP*, ny = nul* } @
P /
R, = (v, + v;0%) MoPyy, Ry, = (8, 4 1,04 MoPrvg R, = @My, .

The structure of 7 in (4), becomes now the same as in the exact theory, see (4.7) of [1]. Therefore, n, and n
can now he expressed approximately in terms of # and n, as independent variables. The appropriate approximation
level of the boundary terms follows from the approximation error of 7% and 7%, which is generated by the error of
consistently approximated strain measures (2). Since y,; = O(n/k), then M*f = O(Eh*n), where K is the YoUNG’s
modulus. As a result, in (3) 7% is given to within terms O(Ek*30/1) and T# to within O(Eh®n0 V6/%).

Let us expand all non-rational boundary functions given in {1] into series in terms of the linearized quantities
(1), and the parameter n, and, using the estimates (1);, take into account only terms of the same order as those
appearing in T%. After involved expansion and estimation procedure suggested in [2], for the boundary parameters
defined in [1] we obtain the following consistently simplified expressions

no=—g, n=1+0,—+¢}+ b, (5)
dF dr dF _
iy (S S S8 M=R, —
P =Thy, (ds v+ P t4 i n), { = Ry, — (g, + 0,0) My,
F = (vatvv -+ (ptMl‘vt - [(1 -+ 30tt - %‘P%) Mtv -+ otvav]n s (6)
dF* dF¥ dF*
* _ v [ J— _
P* =N (ds v+ - T n) M H, — (g + 6,0) H, ,

F* = o Hw 4 g Ht — (1 20, — - ¢%) Hm.
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Here N is the resultant boundary force and H = H,» + H,t is the resultant boundary static moment. Note that
the parameter », appears in (6) in the reduced form —¢, and both R, and H = H - n do not appear at all in the
boundary terms (6) within the assumed error of approximation.

Now the consistently simplified equilibrium equations, the static boundary and corner conditions as well as
the geometric boundary and corner conditions for the simplest version of the theory of shells undergoing large/small
rotations can be presented in the general vector form

Tﬁlﬁ‘l‘p =0 in u%,
P = P*, M=M* on & and F,= f'_,* at each M, c¥,, (7)
u = u*, n, =nF¥ on £, and w, =uf ateach M,c&,,
where (2);, (3) and (6) should be used.
The structure of the shell relations is relatively simple. Both strain measures (2) are quadratic polynomials
in displacements. The equilibrinm equations (7); with (3) and two of the static boundary and corner conditions (7),
are linear both in N*f, M*# and in displacements. The remaining two static boundary conditions (7), and the third
static corner condition are lincar in N*#, M=f but quadratic in displacements. Also the fourth geometric boundary
condition (7); for n, is expressed as the quadratic function of displacements.
From the relations of the simplest large/small rotation shell theory given above it is easy to construct the free

Hu-WasHizu variational functional [1]. Then, following [5], a number of other free and constrained functionals
and associated variational principles may be generated.
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G. RIEDER

Zum Plattenparadoxon von Sapondzhyan und Babuska

Es handelt sich um die Weiterfiithrung einer Arbeit, die der Autor auf dem TUTAM-Symposium in Moskau 1972
vorgetragen hat und iiber die spéter kurz berichtet wurde [1]. Die als paradox empfundene Tatsache, dafl die Losung
des Randwertproblems der drehbar gelagerten Polygonplatte in der KircHnorrschen Theorie beim Grenziibergang
nicht zur Losung fiir die gekriimmte glatte Berandung fithrt, soll verstdndlicher gemacht werden. Zugleich soll
nachgewiesen werden, dafl die Kappung der Singularititen oder, wie bereits von BABUSKA bemerkt, die Anwendung
einer Plattentheorie RE1ssNERschen Typs das Paradox auflost.

Das Ergebnis bedeutet eine allgemeinere, strengere und vertiefte Fassung der Folgerungen von HaNuSka [2],
Raga1an und Rao [3], die auf die versteifende Wirkung der Kckensingularititen hinweisen. Die Hilfsmittel sind (1)
die Einteilung in eine dem Problem angepafites System von finiten Elementen mit gentigend formfiigigen (conform-
ing) Funktionen und (2) die Konstruktion zweier Folgen von Vergleichslosungen nach der Hyperkreismethode von
PrAGER und SYNGE einerseits mit dem iiblichen Verschiebungsansatz und andererseits mit einem MINDLIN-SCHAEFER-
schen Spannungsfunktionenansatz.

Die Arbeit ,,On the Plate Paradox‘ wird in der Festschrift zum achtzigsten Geburtstag von Akademiker
W. D. KupraDZE in Thilisi erscheinen.
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