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possible to predict the moment of numerical instability and to appropriately reduce 
in advance the time step size. This allows one to prolong considerably the time du-
ration of stable numerical simulations without any special procedures.  

By refining the FE mesh, or by using more complex elements, we increase the 
number of degrees of freedom (dof), which dramatically raises the highest eigen-
frequency of the discrete system. This, in turn, makes the system more sensitive to 
the time step size as well. 

2 Weak formulation of non-linear shell dynamics 

Motion of the irregular shell structure can in general be described by the dis-
placement vector field ( , ) ( , )t t= −u x y x x , where M∈x  and  are position 

vectors of the undeformed shell base surface and the base surface at time , re-
spectively, together with the independent proper orthogonal tensor field  

representing the mean rotary motion of the shell cross sections. The fields  

and  are assumed to be continuous during the motion, and on any station-

ary singular curve 
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 determining an irregularity (fold, intersection, branch-
ing, etc., see [5,6]), i.e. ) |Γ=y x y x , ( , ) ( , ) |t tΓ Γ Γ=Q x Q x .  

For the translational  and rotational  momentum surface vectors 

we take simple kinetic constitutive relations 
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 (see Libai and Simmonds [7]), where 3
0 0 0( , ) ( /t I hρ= =m x ω 12) ρ x  is the 

initial shell mass density,  the initial shell thickness, 0 ( )h x
( , ) ( , ) ( ,t t= =x � � )ty x uυ x  the linear velocity vector, and  the angular veloc-

ity vector in the spatial representation, with ad , ad .  
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We confine our considerations to hyper-elastic shells for which there exists a 
2D strain energy density W  of the shell strain vectors ( , ; )β βε κ x , ,β β β= −y Qxε  

and . Then the constitutive relations of the shell material are 

given by 
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−=κ Q Q
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T

β=∂ ∂n ε , /Wβ
β=∂ ∂m κ , where n x  and  are the in-

ternal stress and couple resultant vectors, respectively. 
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When expressed in the weak form, the initial-boundary value problem for the 
branched shell-like structure can be formulated as follows. Given the external re-
sultant force and couple vector fields  and c x  on ( , )tf x ( , )t \M Γ∈x ,  

and  along 

*( , )tn x
*( , )tm x fM∂ ,  and  along the singular curve (Γ Γf x , )t ( , )tΓ Γc x

MΓ ⊂ , and the initial values u , , ,  at t0 ( )x 0 (Q )x 0 ( )�u x 0
�Q ( )x 0= , find a 

curve  on the configuration space  

such that for any continuous kinematically admissible virtual vector field 
 the following principle of virtual work is satisfied: 
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In (1) it is implicitly assumed that the kinematic boundary conditions 

 and ( , ) *( , )t t=u x u x ( , ) *( , )t =Q x Q x

f

 are satisfied along the complementary 
part \dM M∂ =∂ M∂  of the shell boundary, and the virtual vector fields are 
kinematically admissible if ( ) = 0v x  and ( ) = 0w x  along dM∂ .  

3 Temporal and spatial discretisation in SO(3) 

The solution of (1) is achieved by an iterative procedure which reduces the 
problem to a sequence of solutions of linearised problems. Each linearised 
problem is formulated at discrete values of both temporal and spatial variables. 
The main difficulty of the solution procedure is associated with the structure of the 
configuration space involving the rotation group . (3)SO

The Newmark type algorithm extended to the rotation group was developed in 
[3,4,7,8]. It is based on ideas suggested among others by Simo and Vu-Quoc [10], 
and Cardona and Geradin [1]. In the algorithm the linearised equations of shell 
dynamics are written in the spatial representation relative to the last instantaneous 
configuration, while the angular velocity and acceleration vectors are 
approximated in time in the material representation.  

With the time-stepping algorithm, the solution of the non-linear problem (1) 
is constructed by the incremental-iterative procedure based on the Newton-
Kantorovich method applied in the configuration space . Let an 
i-th approximation  to the solution 
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n+u 1n+u  has been found. In order to calculate 

the correction , which would allow us to find the successive approximation 
 to an unknown solution 
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The second term in (2) denotes directional derivative of the functional , 

taken at the point  in the direction . This term yields the so-

called tangent operator of the non-linear problem, calculated at the approximation 
. The first term in (2) represents unbalanced forces at the approximation point 
. For spatial discretisation the finite element method is applied, [2].  
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