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Abstract

We formulate the exact, resultant equilibrium conditions for the non-linear theory
of branching and self-intersecting shells. The conditions are derived by performing
direct through-the-thickness integration in the global equilibrium conditions of con-
tinuum mechanics. At each regular internal and boundary point of the base surface
our exact, local equilibrium equations and dynamic boundary conditions are equiv-
alent, as expected, to the ones known in the literature. As the new equilibrium
relations we derive the exact, resultant dynamic continuity conditions along the
singular surface curve modelling the branching and self-intersection as well as the
dynamic conditions at singular points of the surface boundary. All the results do not
depend on the size of shell thicknesses, internal through-the-thickness shell struc-
ture, material properties, and are valid for an arbitrary deformation of the shell
material elements.

Key words: shell, branch, intersection, singular curve, continuity conditions, exact
reduction, non-linear theory

1 Introduction

Most two-dimensional (2D) models of regular shells known in the litera-
ture, such as the Kirchhoff-Love model or the Timoshenko-Reissner model,
are formulated using various kinematic constraints on the 3D deformation of
the shell material elements. In such shell models the 2D virtual work principle
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is usually applied to derive approximate equilibrium conditions formulated on
the shell base surface.

Reissner (1974, 1982) noted that the non-linear theory of regular shells can
be better formulated starting from the resultant 2D equilibrium equations,
which can be derived exactly by direct through-the-thickness integration of
the 3D equilibrium equations of continuum mechanics. The corresponding 2D
shell kinematics of the base surface can then be uniquely established as an
energetically exact dual structure from the virtual work identity. As a result,
the gross deformation of a shell cross section is characterised by a translation
vector and a rotation tensor that vary on the base surface. The two fields are
the only primary variables of the boundary value problem. Such a general,
dynamically and kinematically exact, six-scalar-field theory of regular shells,
formulated with regard to a non-material weighted surface of mass taken as
the shell base surface, was developed by Libai and Simmonds (1983, 1998)
and Simmonds (1984), and with regard to a material surface arbitrary located
within the shell-like body by Makowski and Stumpf (1990), Chréscielewski
et al. (1992), Pietraszkiewicz (2001a) and Pietraszkiewicz et al. (2005). For
this general shell model efficient finite element algorithms were developed and
many numerical examples of equilibrium, stability, and dynamics of regular
and complex shell structures were presented by Chréscielewski et al. (1992,
1997) and Chréscielewski et al. (2002, 2004).

Many real shell structures contain irregular shell geometry, material prop-
erties, loadings, deformations, and/or boundary conditions. The six-field non-
linear theory of irregular shell structures was initiated by Makowski and
Stumpf (1994) and developed by Chroéscielewski et al. (1997), Pietraszkie-
wicz (2001a), and Chréscielewski et al. (2004). In those works it was assumed
that the region of shell irregularity (e.g. branching, self-intersection, stiffening,
technological junction, etc.) is small as compared with other shell dimensions
and its size can be ignored in deriving the resultant 2D equilibrium condi-
tions. However, such an assumption brings an undefinable error into the re-
sultant dynamic continuity conditions formulated along the singular surface
curves modelling the irregularity regions. Therefore, such conditions cannot
be regarded as exact implications of 3D equilibrium conditions of continuum
mechanics.

In this paper we derive the exact, resultant equilibrium conditions for two
important classes of irregular shell structures: the branching shell and the
self-intersecting shell. The base surfaces of the irregular shells consist of three
and four, respectively, regular material surfaces arbitrary located in the shell
space which are joined along the common singular surface curve modelling the
junction. The 2D equilibrium conditions are formulated at the base surface by
performing direct through-the-thickness integration in the 3D global equilib-
rium conditions of continuum mechanics. Our through-the-thickness integra-
tion procedure is exact and takes into account real dimensions and geometry
of the regions of shell branching and self-intersection.

The three regular parts of the branching shell structure are first extended



into the junction region up to the singular curve. By this extension some ficti-
tious tractions become applied on four surface strips located at the junction.
There are also two tubes within the junction region where the through-the-
thickness integration is performed twice. In order to compensate the surplus
of forces and couples on the base surface following from the fictitious trac-
tions and the double integration, some statically equivalent system of forces
and couples has to be subtracted along the singular curve. As a result of ap-
propriate transformations, our local, resultant equilibrium conditions for the
branching shell structure become exact implications of the global equilibrium
conditions of continuum mechanics. The self-intersecting shell is treated in the
same way as the branching shell, only in the former case we have four regular
shell parts rigidly connected together at the common junction.

At each regular internal and boundary point of the base surface our ex-
act, local equilibrium equations (30) and dynamic boundary conditions (31)
are equivalent, as expected, to the ones given first by Libai and Simmonds
(1983). Other two local equilibrium relations — the exact, resultant dynamic
continuity conditions (32) along the singular curve and the exact, resultant
dynamic boundary conditions (33) at the singular boundary points — are new.
They complete the set of resultant equilibrium conditions necessary to appro-
priately formulate the boundary value problem of the general, six-field theory
of branching and self-intersecting shell structures.

Necessary formulae allowing one to express differential volume and surface
elements outside the base surface through the corresponding surface elements
of the base surface and linear elements of the singular surface curve are given
in Appendix. The relations take into account that the rectilinear transverse
co-ordinate measuring distance from the base surface may not, in general, be
normal to the surface.

2 Notation and preliminary relations

The system of notation used here follows that of Chréscielewski et al. (2004)
and Libai and Simmonds (1998).

A shell is a 3D solid body identified in a reference (undeformed) placement
with a region B of the physical space € having the 3D vector space E as its
translation space. The shell boundary 0B consists of three separable parts: the
upper Mt and lower M~ shell faces, and the lateral boundary surface 0B*
such that 0B = MT UM~ UdB*, MTNM- = 0.

The position vector x of any shell point x € B can be described by

X(x,§) = @(x) + £t (x) - (1)

Here z(x) = x(z,0) is the position vector of a point x of some reference base
surface M arbitrarily located in B, £ € [—h™ (z),h"(z)] is the distance along



Fig. 1. Geometry of 3D shell-like body in the reference and deformed placements.

£ from M with h = h~ + h* > 0 the initial shell thickness measured along &,
and t(z) is the unit vector of the rectilinear co-ordinate line £ not necessarily
normal to M. Such a skew transverse co-ordinate ¢ allows one to apply the
exact through-the-thickness integration also in case of folded shells or when
two shells do not intersect orthogonally, for example. The form (1) requires
that the lateral boundary surface 0B* be a rectilinear surface, see Fig. 1.

The position vector y = x(x) of the shell in the deformed placement
B = x(B) can formally be represented by

y(z,€) = ylx) +¢(2,§), ((z,0)=0, (2)

where y = () is the position vector of the deformed base surface M = y (M),
which is a material surface during the deformation process, and ¢ is a deviation
of y € B from the deformed base surface M, see Fig. 1.

Let P C B be an arbitrary part of the shell B with a boundary consisting of
three separable parts: OP = IIT UII~ UOP*, where I[I* C M* and OP* C OB*.
Then in the referential description the 3D global equilibrium conditions of P
expressing the vanishing of the total force vector F(P) and the total torque
vector T, (P) taken relative to an arbitrary point o € € of all forces acting on
P are

F(P):// fdv+// tnda+// t'da=0,

P 8P\8Bf 8Pﬂ8Bf

TO(P):/// yxfdv—i—// yxtnda+// yxt‘da=0.
P OP\OB; OPNOB;

In (3), 0By is that part of OB on which the traction vector field t*(x) is pre-
scribed, f(x) is the volume force vector field, and t,(x) is the contact force
vector field. In shell theory it is usually assumed that the traction t* is pre-
scribed on both shell faces M* and on a part OB} of the lateral boundary
surface 0B*, Fig. 1.

If (1) and (2) are introduced into (3) one can perform an exact through-the-

(3)



Fig. 2. The branching shell structure: a) the 3D shell, b) the corresponding 2D base
surface.

thickness integration with regard to the co-ordinate £. The global equilibrium
conditions (3) can then be expressed through the resultant fields defined en-
tirely on the reference base surface M. Such a resultant form of the conditions
is appropriate for the 2D theory of shells. In case of a regular shell, such an
exact reduction procedure with regard to a non-material weighted surface of
mass was first suggested by Libai and Simmonds (1983), and with regard to
a material base surface by Makowski and Stumpf (1990). In what follows we
perform such an exact reduction of the equilibrium conditions (3) with regard
to the material base surface in case of branching and self-intersecting shells.

3 Branching shell

Let the reference shell B consist of three regular parts B, k£ = 1,2, 3, rigidly
connected together along the common junction, see Fig. 2a). We assume that
two regular parts B; and B, form together a regular shell B; UBy which lower
face M, UM; is aregular surface, Fig. 2a). It is also assumed that the traction
t* can be prescribed, in general, on the upper Mt and lower M~ shell faces as
well as on the part 9B} of the lateral boundary surface 9B*. The reference base
surface M of B can always be chosen to be located arbitrarily within the shell
space and to consist of three regular surfaces M} connected together along
the common surface curve I' = OM; N OMy N OMs, as in Fig. 2b). This means
that each of By has to be treated as being extended into the junction region
so that I' should belong to the corresponding parts of each lateral boundary
surface 0B; along the junction.

Cutting off an arbitrary part P of B containing the junction, let us discuss
the exact reduction of its global equilibrium conditions (3) to the statically
equivalent conditions written on the part of the reference base surface II C M,
where the shell parts Py, are represented by their corresponding images II; and



Fig. 3. Part of the branching shell: surface strips with fictitious forces and tubes of
double integration.

I', see Fig. 2.

Extending each of the parts P, into the junction region it is implicitly
assumed that some fictitious tractions t* are applied also on the shaded surface
strips I}, II5,, 113, II5, at the junction region in Fig. 3. Then by through-
the-thickness integration, the volume forces f(x) as well as the tractions t,(x)
and t*(x) acting in each Py, are reduced to an equivalent system of forces and
couples applied on the base surface II C M. During the procedure there are
two tubes P14 and Poy where the integration is performed twice: once when
reducing the volume forces f(x) given in Py, P and the tractions t,, or t* acting
on JP4 and OPyy at x; and x. to their resultant forces and couples applied
on ITy, Iy, respectively, and the second time when reducing f(x) given in Pj
and t,, or t* acting on 0P14 and 0Py4 at x; and z,. to their equivalent forces
and couples applied on Il5. In order to compensate the surplus of forces and
couples following from the fictitious tractions and the double integration, we
have to subtract some forces and couples applied along I" which are statically
equivalent to those additionally introduced loads.

After performing integration with regard to &, the total force vector Fy(Py)
defined in (3); of all spatial forces acting in Py and on OP; is given by

F\(IT) :// £y da; + 1y ds + ' ds
114 8H1\8Mf 8H108Mf

— | firds, 4



where

+ht
fi= /—h* fipn & + o t]" —arti ™,
—1+h1+ +h (5)
niy,, = /_h— Of{tln dgl, ’I’LT = [ a Of{t; dgl,

1 1

with t;7 and t;~ denoting the tractions prescribed on II{ and II, respec-
tively, and &; the transverse co-ordinate of Pj.

The minus sign in front of a7t~ in (5); conventionally indicates that the
traction t]~ acts on the surface M; which outward orientation is opposite to
the one of M;", see (A.10).

The correcting force f subtracted in (4) takes into account the fictitious
traction t;* applied on II}; and included in definition (5); of f,. The area
element of IT}; is da] = af da;, according to (A.12);, where da; is the area
element of II;. However, when extending P; into the branching region the ex-
tended part of II; can always be chosen to coincide with the lateral boundary
surface OII3. Therefore, da; may also be interpreted here as the area element
daj of OPj along the curve I'. According to (A.14),, da} = afd¢sds and there-
fore

h+

[ trdar = [ fuds. fu= [ ataititag. (0
1d

In exactly the same way we can calculate the total force vector Fy(Ils)
of all spatial forces acting on Py. The result is expressed through the fields
defined on II; and OIl; in complete analogy to those given in (5) and (6):

Fy(Ily) = // fodag + / Ny, ds + n; ds
IIo oIl \8Mf 8H208Mf

— | fords, (7)

where

+h2+ +4*+ —4k—
f2:/h7 fo112d8o + oz ty" — gty
]
+h3 +hd
nay = [ astade. mi= [ astid, ®)

2 2

0
Jfor = /_h, O‘;O‘;t?d&% .

3

The total force vector F3(Il3) is calculated by direct integration in (3);



with regard to &3 leading to

Fy(IT3) = // 5 dag + Ty ds + nt ds
113 8H3\8Mf Oll3NOM ¢

~ [ Fards = (s —ma)) )

where

+hg
Js= /h_ fopsds + a3ty —agts,
i ) (10)
1 1
N3, = /h_ azts,dés, nz= /h_ aztzdés .

3 3

The correcting force fyp in (9) should again take into account fictitious
tractions t3* applied on I13; and included in definition (10); of f,. The area
elements of 113, are dai = aidas, according to (A.12);. When transforming
the elementary traction t;"daj the area element das may be changed into
daj = ajd&ds of P along I'. Similarly, when transforming —t3 da; the
area element das may be changed into daj = a3d&,ds of OP; along I'.

The first term in definition (10); of f5 also includes the volume force field
f3 applied within the tubes P14 and Pyy. These volume forces have already
been taken into account in definitions (5); of f; and (8); of f,, respectively.
In order to correct the result of the double integration, we have to subtract
an equivalent force resultant field by including it into definition of f,. acting
along I'. Since in Py,4, according to (A.3);, the elementary volume force is
fsdvs = fs3psd€sdas and das can be changed into da] = ajd&ids, we can
integrate fzdvs over the surface dPq4. Similarly, since in Pyy the elementary
volume force is again fzdvs = f3uszd€sdas but now das can be changed into
da; = ajdéads, we can integrate fsdvs over the surface OPog.

As a result of all those transformations we obtain

t*+d+—// t*das // fid // fid :/ ds |
[/H;rd 3 a3 H;d 3 a3—|— b, 3 U3+ - 3dV3 ngr S

+h

ot :
foo= [ afaitids - [ ajastidg, (11)

+h +hy +hy 0
+/0 </0 f3u3d§3> ajdé; +/0 (/ . f3,U3d§3> a5d&s .
3

When reducing the elementary tractions ts,da3 or t3daz acting on 9P3\ 0B}
or P3N JB7 to the resultant boundary forces n3, or nj acting on dll3 \ 9M;
or OII3NOM;, respectively, we note that the tractions acting on the boundaries
0P14 and 0Py at x; have already been taken into account in the expressions
(4) and (7). In order to correct the result of the double integration in (9), we
have to subtract in (9) some statically equivalent concentrated forces ms; or



nj; acting at the initial point x; of I' and defined by

N3 = ty,day, nj = // tidas . 12
3 //(aPlduaPzd)\aB} 3 3 3 (8P1dU8P2d)08B} 3 3 ( )

In exactly the same way we can define the statically equivalent concentrated
forces m3. or mj, acting at the end point z. of I'. The second minus sign in
front of n; in (9) conventionally indicates that the boundaries OP14 and 0Py
at x; have opposite orientations than the orientation of I'. Similar boundaries
at . have the same orientations as the one of I

Summing up the results for Fy, Fy, F3 we can write

F(H):// fda+/ n,ds+ [ ntds
I\ OTI\OM oMy

_/Fff‘ds_(ne_ni)- (13)

In (13) the resultant surface forces f, the surface stress resultants n,, the
resultant boundary forces n*, and the compensating curvilinear force resul-
tants f follow from all three parts of P, while the concentrated forces n;, n.
follow only from integration over OP14 and 0Py, taken into account in F3(II3).

The total torque vector T,(II) relative to o € € of all spatial forces acting
on P can again be calculated by direct integration in (3)s with regard to &.
The procedure is exactly the same as in (4)-(13), only when calculating the
surface couples one has to introduce the following exact representations (2)
for the 3D position vector in the deformed placement relative to the deformed
base surface y(M):

y=y+¢, y=y+¢", y =y+¢( . (14)

In the tubes P14 and Pyy the compensating couples should be reduced
relative to points of the deformed singular curve x(I"), and the position vectors
in the deformed placement should be taken in the following exact form:

y=yr+<¢, Yy =yr+<¢. vy =yr+¢r. (15)

After performing integration with regard to &;, the total torque vector
T, (I11) defined in (3)s of all spatial forces acting in P; and on dP; is given
by

T, (11,) :// (e1 +y, x f,)das + (M1 + 4y, X n1) ds
I AL \OM s

; “d —/ ds , 16
oy, (i Fw X md)ds = [ (et yox fi)ds, (16)



where now
R + o+ +
* —_ — *—
01:/h7 G X fipndé + a7 ¢ X 677 —ay ¢ Xt
-

+hi +hi
my, = [ ai¢ xtud, mi= [ ai¢ x g, ()

1 1
thy %t +
* *
cir = /0 oy azCir x t77dEs

In exactly the same way we can calculate the total torque vector T o (Il)
of all spatial forces acting in P, and on dP,, and the result is

To(ll) = [ (e2+y, x £,) das + (may + yy % may) ds
1Ty Al \OM ¢

[ (mytyyxng)ds— [ (ear+yp x for)ds,  (18)
8H208Mf N

where ¢o, mo,, mj, cor are defined in complete analogy to the fields (17).
Finally, the total torque vector To3(Il3) of all spatial forces acting in P3
and on 0P3 reads

Tog(Hg) :%3(63 + Ys X f3) da3 + AH3\aMf(m3y + Ys X ng,,) ds

[ (mityyxny)ds— [ (car+ypx fur)ds  (19)
OTI3NOM ¢ r
—{(mse + yre X n3e) — (M3 + yry X n3i)}
where all 2D and 1D fields are defined analogously to (17), and the compen-
sating couples are defined in analogy to (11), by

ht

+hf +h3
_ + x ot *+ — ket *—
Csr —/0 az Qs X t37déy _/0 Qg asGap X t37d&s

+hi +hy +h 0
+/0 </0 Cr X fsﬂ?,df?,) ajd& +/0 </ - Cr X f3,u3d§3> asdéy
-3

ms; = X ts,das , 20
) //()\ Cr X tyuda (20)

with similar apparent definitions for mj;, ms., and mj,.

Summing up the results for T (I1;), T2 (I12), and To3(I13) and performing
some transformations we obtain the total torque vector T, (II) of the branched
shell expressed only by the fields defined on an arbitrary part II of the base
surface

T = [ ety xs)

+ (m* + y x n*)ds —/ (er + yp X fr) ds (21)
oMy r

- {(me + Yre X ne) — (M + yp; ¥ T"Z)} .

da + (m, +y xn,)ds
OI\OM

10



Again, in (21) the resultant surface couples ¢, the resultant stress couples
m,,, the resultant boundary couples m*, and the compensating curvilinear
couple resultants cr follow from all three parts of P, while the concentrated
couples m;, m, follow only from integration over 0P14 and 0Py taken into
account in To3(II3).

The relations (13) and (21) are exact 2D static equivalents of F(P) and
T,(P) appearing in the 3D global equilibrium conditions (3) for an arbitrary
part P of the branching shell B treated as a 3D solid body.

4 Transformations

The global equilibrium conditions (3), with the total force and torque vec-
tors expressed through the surface fields by (13) and (21), should now be
appropriately transformed.

Let the surface point € M be a regular point of 9M. Then by the sur-
face Cauchy theorem there exist the surface stress resultant tensor N (z) €
E ® T, M and the surface resultant couple tensor M (z) € £ ® T,,M, both of
the 1st Piola-Kirchhoff type, such that

n,=Nv, m,=Mv, (22)

where T, M is the 2D vector space tangent to M at x € M, and v € T, M is
the unit vector externally normal to OM.

For any tensor field § € F ® T, M, where F' denotes a vector space, the
generalized divergence theorem at the piecewise smooth surface M, consisting
of n regular surface elements M, joined along the common junction represented
by the stationary singular curve I', has the form (see Chréscielewski et al.,
2004, formula 1.4.39)

/M\FDdea:/aM Svds—i—/F[Su] ds . (23)

Here Div is the surface divergence operator on M defined intrinsically by
Gurtin and Murdoch (1975), and the jump at each regular point of I' is defined
by

[Sv]=>""  Siv, (24)
where S, is the one-sided finite limit of S when the respective boundary dM,,
coinciding with I' is approached, and vy € T, M, is the unit vector externally

normal to OM,,.
In particular, if we apply (23) to some terms present in (13) and (21) we

11



obtain

Nuds = / DivNda — / [Nv]ds
a1l I\l r

Muds — /

DivMda — / [Mu]ds
I\l r

oIl
/(my « Nuds ://H\F{ax (NF" — FN") 4y x (DivN)} da

—/F[yXNV]dS,

(25)

where ax(.) means the axial vector of the skew tensor (.), F = Vy € EQT, M
is the shell deformation gradient with V the surface gradient operator on M,
and for the branching shell discussed here

[NV]:ZNka, [MU]:ZMka,
k=1 k=1 (26)

3
[nyV]:ZykxNkvk.
k=1

Note that the second terms of (13) and (21) are integrated along 011\ My,
while in the left-hand sides of (25) there are integrations over the full bound-
ary OII. In order to apply (25), one has to insert into (13) and (21) £ integrals
over OII N OM; with the same integrands as in the second terms of (13) and
(21), respectively. Then these additional integrals with + sign complete the
second terms of (13) and (21) into the integrals over the full OII, while the
integrals with — sign can be combined with the respective third integrals of
(13) and (21). This allows one to use the generalized divergence theorems (25)
to all terms integrated over JII in (13) and (21).

Finally, note that the last two terms of (13) and (21) are just some concen-
trated loads applied at the both ends of the singular curve I'. Thus, we can
equivalently represent them by the following curvilinear integrals over some
distributed loads along I

ne—ni:/Fn’ds,

(27
(M4 yre x 1) = (ma 4y x ) = [ (m+ypxn+ g xn)ds.

As a result of all transformations suggested above the global equilibrium
conditions (13) and (21) for the branching shell take the forms

F(IT) = //H\F (Div N +f)da+ [ (n" = Nv)ds

_/Hmr (n'+[Nv]+fr) ds=0, (28)

12



T, (II) ://H\F {DivM—i—ax(NFT —~FN")+ c¢+y x (DwN+f)}da

+ o, {(m*— Mv)+ y x (n* — Nv)}ds

_/r{m’+y’r><n+[MV]+ cr +yp X (n' 4 [Nv] + fr)}ds
—0. (29)

The relations (28) and (29) are again the exact static equivalents of the 3D
global equilibrium conditions (3). However, now F(II) and T, (II) are expressed
through the surface and curvilinear resultant fields referred to an arbitrary
part Il of the reference base surface M, which corresponds to an arbitrary
part P of the reference shell B treated as a 3D solid body.

5 Local dynamic conditions

Vanishing of the total force in (28) and the total torque in (29) requires
that the following local dynamic conditions be satisfied:
the equilibrium equations

DivN+f=0, DivM+ax(NF'—~FN")+c=0 (30)

at each regular point x € M \ T,
the dynamic boundary conditions

n*—Nv=0, m"'—Mv=0 (31)

at each regular point z € dMy, and
the dynamic continuity conditions

n'+[Nv]+fr=0, m'+yrxn+[Mv]+e =0 (32)

at each regular point z € I'.
Additionally, the dynamic boundary conditions

n;,—n; =0, m;—m;=0 at z, € 'NOM;,
-n.=0, m;—-m.,=0 at z.e€I'NIMy, (33)

have implicitly been used in (27) to account for the statically equivalent loads
n and m applied along I'.

The local relations (30) and (31) are equivalent, as one would expect,
to the exact, resultant equilibrium equations and dynamic boundary condi-
tions of the general non-linear theory of regular shells given, for example, in
Libai and Simmonds (1983, 1998), Simmonds (1984), Makowski and Stumpf

13



Fig. 4. The self-intersecting shell structure: a) the 3D shell, b) the corresponding
2D base surface.

(1990), Pietraszkiewicz (2001a), Chroéscielewski et al. (2004), and Eremeyev
and Pietraszkiewicz (2004).

The dynamic continuity conditions (32) and (33) are the new exact, resul-
tant relations that have to be satisfied along the singular curve I' modelling
the shell branching. They generalize two different forms of jump conditions
proposed by Makowski et al. (1999) and Pietraszkiewicz (2001b) for two al-
ternative formulations of the Kirchhoff-Love type non-linear theory of thin ir-
regular shells. The conditions (32) complete by the correcting terms n, m, f
and cr the dynamic continuity conditions discussed in Makowski and Stumpf
(1994), Chroscielewski et al. (1997) and Pietraszkiewicz (2001a), and make ex-
act somewhat similar relations along I' derived by Chréscielewski et al. (2004)
using an alternative approximate procedure.

The conditions (32) are the ordinary differential equations along I which
differ from the equilibrium equations of rods by the jump terms describing
interactions between regular shell parts along the junction.

6 Self-intersecting shell

Let the shell B consist of two regular shell elements intersecting each other,
see Fig. 4a). Alternatively, we can think of the self-intersecting shell as con-
sisting of four regular branches B, £ = 1,2,3,4, rigidly connected along
the common junction. The reference base surface M of B consists now of
four regular surfaces M rigidly connected along the common singular curve
I'= 8M1 N 0M2 N 8M3 N 8M4, as in Flg 4b)

Cutting off an arbitrary part P of B containing the junction, we can dis-
cuss again the exact reduction of the global equilibrium conditions (3) of P
in the way discussed in sections 3, 4, and 5, only now we have additionally

14



Fig. 5. Part of the self-intersecting shell: additional surface strips with fictitious
forces and regions of double integration.

to take into account the existence of the fourth branch P4, see Fig. 5. Thus,
additionally to the shaded surface strips I1};, I3, I, I3, in Fig. 3, there
appear other shaded surface strips I, IT,,, IT,,, II}; in Fig. 5 on which some
fictitious tractions are applied. There are now two enlarged tubes Pi; and
Pog with enlarged ends 0P14 and 0Py at x; and x., where the integration is
performed twice. Therefore, in order to compensate the surplus of forces and
couples following from the fictitious tractions and the double integration, we
have to subtract again some forces and couples along I' which are statically
equivalent to the additionally introduced loads.

The expressions of the total forces Fy(II;) and the total torques Ty (I1),
k = 1,2, 3, for the self-intersecting shell become here formally exactly the same
as those given in section 3 for the branching shell. However, some definitions
of the correcting forces and couples applied along I' have to be refined here as
a result of existence of the additional part P,.

Note that the area element of II;, is da] = a; day, where da; can now be
changed into da} = ajd&,ds. Therefore, the relations (6) for f,p and (17)s for
¢ir have to be refined now into

I, titdaf = [ day = [ fipds,

Hld Hld r
+h3 +hy

fo= [ atagtitde - [ araitide. (34
+hy +hF

Cir = / af o3¢ X t77dés — /0 ayogCip Xt déy

Similarly, the area element of I, is da; = a5 dag, where day can now be
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changed into daj = ajd¢sds. Therefore, the relation (8); for f,r and the one
for eyr should now be refined into

// t5 " dag _// ty day = /fQFdsv
H;d H;d r
0

0
fo= [ _afaititds - [ agaieyde, (35)

—hy —h;

3
O et + 0
* * — ok pe— *—
ex = [ afai¢h xtfds — [ azaiCa x 67dé.
-3

4

The total force F3(II3) and total torque T,3(Il3) vectors for the self-intersec-
ting shell as well as definitions of all the fields are exactly the same as for the
branching shell given in (9) and (19), where 0P14 and P94 in (11) and (20)
now mean the upper part of the enlarged tube boundaries belonging to 0Ps3.

Finally, applying analogous transformations as in the case of F3(Il3), for
the total force vector Fy(Il4) we obtain

F,(I1) :// faday —I—/ ng,ds + n,ds
114 8H4\8Mf 8H408Mf

— [[Fards = (na = ma) | (36)
where
+hi 4t — gk
fa= e S apad€s + agty™ —ag gty
Lot ; (37)
+h4 * * +h4 X g ok
_h4 _h4

Again, the correcting force f - in (36) should take into account the fictitious
tractions t;= applied on II; and included in definition (37); of f,. The area
elements of I3, are daj = ajday, where day = da} = ajd¢&ds for 1T, and
day = daj = a3d&ds for II,,. In order to account in f,- the volume force
field f; applied within the lower part of the tubes Pi; and Pgy4, let us note
that the elementary volume force is here fydvy = fyusd&4day, where day =
daj = ajd&ids when integrating over 0Py and day = dal = ajdésds when
integrating over 0Py4. As a result, we have

0 0
fio= [ ataitifaa - [ ajastidg

1 2

0 rf 0 0
+ /_hl_ </0+ f4,u4d£4> ajdés + /—hf; </_h_ f4,u4d§4> I (38)

4

Applying similar arguments as those leading to (12), the concentrated
forces my; or mj; acting at z; read

Ny = tyday, mj = // tadai, #
4 [/(aPldUBPQd)\BB} * 4 4 (3P1dU8P2d)ﬂaB} 4 ( )
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where now 0P14 U 0Pyy mean the lower parts of boundaries belonging to 0P4
at x;. The concentrated forces ny. or nj, at x. are defined similarly to (39).

Summing up the results of Fy, Fy, F3, F, for the self-intersecting shell we
obtain the same formal expression (13) as for the branching shell. However,
now in (13) the fields f, n,, n*, and f follow from all four parts of P, while
the concentrated forces n;, n. follow from combining the force vectors F3 and
F, alone.

It is now apparent that using similar approach as for Ty3(I13) for the total
torque vector Toy(I14) we obtain

Tou(TL,) :// (cs+ yy % o) das + (M + 4y, X Ta) ds
114 8H4\8Mf

: Dds— [ d 40
oy, (i w X w3 ds = [ (ear £ yox far)ds - (40)

—{(mye + yr. X nye) — (Myi + Y X nyi)}

where all 2D and 1D fields are defined analogously as in (17). Only for the
correcting couples we have analogues of (38) and (39) in the form

2

0 +hf 0 0
+/ _ (/ Cr X f4ﬂ4d§4> aydéy +/ _ (/ _Crx f4,u4d§4> apdés
I 0 —hy —hy

my; = Xt nda* . 41
. //(apmum\%? Cr X tunda] (41)

The concentrated couples mj;, my., and mj, are defined accordingly.

Summing up the result of Ty, Tya, Ty, Ty for the self-intersecting shell
we obtain the same formal expression (21) as for the branching shell. However,
now in (21) the fields ¢, m,, m*, and cr follow from all four parts of P, while
m;, m, are the result of combining the couples from T,3 and T,4.

The relations (13) and (21), with extended definitions of fields presented in
this section, are again the exact 2D static equivalents for the self-intersecting
shell of the global vectors F(P) and T,(P) appearing in the 3D equilibrium
conditions (3).

Further transformations of (13) and (21) in the case of the self-intersecting
shell are exactly the same as those given in section 4 for the branching shell,
only now in definitions of jumps (26) we have to sum up over k = 1,2,3,4.
As a result, the global equilibrium conditions for the self-intersecting shell
become formally identical to (28) and (29). Therefore, also the local dynamic
conditions are the same as (30)-(33), only the fields present in the dynamic
continuity conditions (32) and the dynamic boundary conditions (33) have
to be calculated according to formulae derived in this section for the self-
intersecting shell.

0 0
_ + x ot *+ — ke *—
Cyr = /h’ ayaiCup X ty7dé — /h* Qg aCyr Xty dés
-
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Fig. 6. Cross section of the general branching shell: a) the 3D shell, b) extended
strips with fictitious tractions and tubes of double integration.

7 Discussion

We have discussed standard geometries of the junction region of the branch-
ing shell (Fig. 2a, Fig. 3) and the self-intersecting shell (Fig. 4a, Fig. 5). In
more complex geometries of the junctions the reduction procedure should be
understood as slightly modified.

As an example, let us assume the cross-section of the junction region of a
quite general branching shell as is shown in Fig. 6a). In this general case we
can always introduce a base surface, for example starting II5 from the fold line
of the lower shell face (see Fig. 6b) and then joining II; and II; along some T

A detailed analysis of Fig. 6b) and Fig. 3 indicates that in both cases
we have similar extended surface strips 11}, IT5,, IT5,;, [T, with fictitious trac-
tions and tubes OPyq4, 0P»y of double integration. However, in Fig. 6b) the skew
thickness co-ordinate &3 measures distance from II3 along two straight lines
which are different above and below II3. The boundary surface dP3 within the
junction region consist now of two different rectilinear surfaces joined along
the common surface curve I'. Therefore, the formulae (10) should now be un-
derstood as being calculated segment-wise along the thickness co-ordinate &3,
which is now different above and below II;.

In Section 3 three regular parts of the branching shell structure have first
been extended into the junction region up to I' and then the surplus of ad-
ditional resultant forces and couples has been subtracted along I'. One might
apply another statically equivalent approach as well: cut off first the junction
region itself, then reduce forces applied in regular shell parts Py to their static
equivalents on Il;, and finally add along I' static equivalents of forces acting
in the junction region. However, definition of such a junction region itself is
not unique and different possible definitions would lead to different values of
equivalent forces and couples along I'. In such an approach the resultant forces
and couples of the regular shell parts would be defined only up to some dis-

18



tance from I' depending on the size of the defined junction region. As a result,
we feel that such an approach, as not uniquely defined, would be less conve-
nient in 2D modelling and analysis of branching and /or self-intersecting shells.
Our reduction procedure described in Section 3 does not require of defining
the junction region and, therefore, is independent of its definition.

8 Conclusions

We have derived the exact, resultant, global and local equilibrium condi-
tions for the non-linear theory of branching and self-intersecting shells. The
conditions have been written on the reference base surface consisting of three
(in case of branching) and four (in case of self-intersection) regular surfaces
joined together along the common singular curve modelling the junction. The
exact 2D equilibrium conditions have been formulated by performing direct
through-the-thickness integration in the 3D global equilibrium conditions of
continuum mechanics.

At regular surface and boundary points our local, resultant equilibrium
equations and dynamic boundary conditions are equivalent to the ones pub-
lished earlier. However, our resultant dynamic continuity conditions (32) along
the singular curve I" and dynamic boundary conditions (33) at singular bound-
ary points z;, x. are new.

In the derivation process we have used no simplifying assumptions of any
kind, apart of usual regularity requirements for the fields allowing all math-
ematical operations to be performed. Therefore, our results are valid for an
arbitrary shell thickness which can be uniquely defined along the transverse co-
ordinate £. They are applicable for an arbitrary internal through-the-thickness
shell structure including layers, reinforcements, a mixture of several constitu-
ents, voids, cracks and other structural defects, provided that the internal 3D
stress field is still integrable across the shell thickness. The results are also
valid for an arbitrary material behaviour as well as for unrestricted values of
translations, rotations, strains, and/or bendings of the shell material elements.

Applying a similar approach with appropriate modifications the exact, re-
sultant dynamic continuity conditions for other types of shell irregularity can
also be formulated. The structure of the conditions should be similar to the
one of (32), only for each type of shell irregularity the fields n, m, fr, cr
would be defined by somewhat different expressions.

The additional 2D resultant equilibrium conditions derived here allow one
to formulate the complete boundary value problem for the branching and self-
intersecting shells. One only needs to appropriately refine the procedure lead-
ing to the six-field non-linear theory of irregular shells presented in Chréscie-
lewski et al. (2004).
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A Relations for differential elements

In the paper we frequently need to express differential volume elements
as well as differential surface elements of the upper M* and lower M~ shell
faces and of the shell lateral boundary surface 0B* through corresponding
differential elements of M and OM.

Let any x € B be parameterized by the co-ordinates (€%, &) = (¢'), a = 1, 2,
1 =1,2,3, where ¢ is the rectilinear co-ordinate measuring distance along the
line defined by the unit vector ¢ not necessarily normal to M, and £ are
Gaussian co-ordinates of M (Fig. A.1). The covariant a,, and the contravariant
a’ base vectors as well as the corresponding components a,z and a®’ of the
surface metric tensor of M are given by (see Fig. A.1)

ox
aa:Pa—gaEPm,a . Qe = Q- g, a=det(ay3),
1
a’ - a,=0", a=a" a’, n:§eo‘ﬁm,axm,5 , (A.1)
1
e = Vaeas, € =a"a" ey, = —=e,

Va

where P is the projection operator of M (see Gurtin and Murdoch, 1975), n
is the unit normal vector orienting M, &7 is the 2D Kronecker symbol such
that 0] = 62 = 1, 07 = §3 = 0, while e*’ = e, are the surface permutation
symbols such that e;; = ey =0, €19 = —e91 = 1.

At any spatial point x € B we have the following 3D relations analogous
to those of (A.1):

=X, 9i=8;8;, 9= det(gij) )
— 1 kg x g
2 ¥ k (AQ)

g-g=0, ¢g=¢g-¢g, ¢
_ L i

7

where g; and g’ are the spatial covariant and contravariant base vectors, while
gi; and g are covariant and contravariant components of the metric tensor
of &, respectively. In (A.2), €¥* = ¢;;; are the 3D permutation symbols such
that €123 — €312 — €931 — —€132 — —€913 — —€321 — 1 y ot'herwise Cijk — 0,
while for the 3D Kronecker symbols §] = 05 = 63 = 1 and & = 0 for i # j.

The differential volume element dv of B and the differential surface element
da of M are defined by

dv = /g d¢'de*dé = pdé da,
da = vadé'de?, p= \/g.

e7* €ijk = (8 X gj) 8k =9 €iji

(A.3)
The spatial base vectors g; and g’ are expressed through the vectors x,,
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Fig. A.1. Shell geometry.
and t defined on M by the relations (Fig. A.1)

8y = Lo +§t>a y 83 = t )

12" — «
g =5 g xg = et xg,,
1., 1.
g =5 xg =5 u VgL X8 (A.4)

uzéeo‘ﬁ(gaxgg)-gg

1
= n~t+§€aﬂ($7a thﬂ)'t+§§2€aﬁ(t7a><t7ﬁ)'t’

It follows from (1) that the position vector of the upper shell face M+ and
the base vectors on M™ are (Fig. A.1)

x (") =2 () + T (€N, ay=P'x],, (A5)
Xj(_x: gl_ + hj_a t ) g;t - ga|§=h+ =T,n +h+t>a ) .

where gt are the spatial base vectors at x* of the surface parallel to M at
the distance £ = h™ measured along ¢.

The differential surface element dat of M™ can be defined through the
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vector identity
da®™ = ntda™ = x| x x;},d¢tde?. (A.6)
Introducing (A.5)y into (A.6) we perform the following transformations:
da* = (gf +hf t) x (g + I t) dg'dg?
= Jotg*tdetde? + (bt t x gf — hiyt x gf ) dg'dg?
- \/%g?"'“da + I, et x ghda
_ (g — Aty ) rtda (A7)
It is easy to see from (A.6) and (A.7) that
‘da+‘ = ‘n+da+‘ = +Vnt ntde* = da*

= (g — bt g™) - (6 — W8 it da
= \/933 — Qh—,’_a ga3+ + h/—:_a h—:_ﬁ gaﬁ+l’l’+da : (A8>

The position vector of the lower shell face M~ and its base vectors are (Fig.

A1)

)= ) ), 4= P, "
Xya = 8Ba _hvatv o — ga|5:h— =,y —h t’a ,

where g are the spatial base vectors at x~ for £ = —h™.
The differential surface element da™ of M~ can again be defined through
the vector identity

da” = —n"da” = —x;; x x,,d¢'d¢? (A.10)

where the minus sign in front of n~ follows conventionally from the require-
ment that da™ should point out in the outward direction to the lower shell
face M.

Introducing (A.9), into (A.10) and performing transformations analogous
to (A.7) and (A.8) we obtain

da™| = da
— \/933— + Qh’—a ga3— + hv_a hjﬁ gaﬁ—lu_da . (All)

It follows from (A.8) and (A.11) that

da® = a®da,

o = i\ [g# F ok, o 4 Ik, iE gotE

(A.12)
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Fig. A.2. Geometry of the lateral boundary surface.

The shell lateral boundary surface B* is rectilinear one formed by straight
lines along the vector ¢ at each point € OM (Fig. A.2). The differential
surface element da* of OB* can again be defined through the vector identity
da® = n*da” = x7, X xJ; dsd{

=g, 7% X tdsd¢ = EagﬁgBTadef (A.13)
— gspdsde,

so that

da* = a*déds, o = u\/g*Pvavs . (A.14)

In most shell problems we can take the transverse co-ordinate ¢ to be
orthogonal to M and, therefore, ¢ = m. Then, according to Pietraszkiewicz
(1979),

8. = T , 8 =(u )Mz, , g=g=n,
ph =00 — €0y, p=det(u)) =1-26H + &K,
B e B 1
palpw =08, A e =0y, (W= . {67+ (b —2m87)}
Gas =ty 1y O, g% = ()5 (") aM (A.15)
I3 =9 =0, g=g¢2=1,

where ) and (,u_l)f are called shifters, and

baﬂ =N, T, , bA = aAﬁbaﬂ ) b= det (baﬁ> ’
1 ) (A.16)

23



In (A.16), bys and b} are covariant and mixed components of the curvature
tensor, H is the mean curvature, and K is the Gaussian curvature of the
reference base surface M.

In the normal co-ordinate system (£%,&) the geometric expansion factors

a*, o* appearing in (A.12) and (A.14) can be simplified into

ot = ui\/l + hi, hjfﬁ gBE =/ g*Puapg (A.17)

where now p and g*® are given by (A.15).
If additionally the shell is of constant thickness and M is so chosen that
h™ and h~ do not depend on £, then hf, = 0, and a® = p*.

Acknowledgements

This research was supported by the Polish State Committee for Scientific
Research under grant KBN No. 5 TO7A 008 25.

References

Chréscielewski, J., Makowski, J., Pietraszkiewicz, W., 2002. Non-linear dy-
namics of flexible shell structures. Computer Assisted Mechanics and Engi-
neering Science 9, 341-357.

Chréscielewski, J., Makowski, J., Pietraszkiewicz, W., 2004. Statics and Dy-
namics of Multifold Shells: Nonlinear Theory and Finite Element Method
(in Polish). Wydawnictwo IPPT PAN, Warszawa.

Chréscielewski, J., Makowski, J., Stumpf, H., 1992. Genuinely resultant shell
finite elements accounting for geometric and material non-linearity. Inter-
national Journal for Numerical Methods in Engineering 35, 63-94.

Chréscielewski, J., Makowski, J., Stumpf, H., 1997. Finite element analysis of
smooth, folded and multi-shell structures. Computer Methods in Applied
Mechanics and Engineering 141, 1-46.

Eremeyev, V.A., Pietraszkiewicz, W., 2004. The non-linear theory of elastic
shells with phase transitions. Journal of Elasticity 74, 67-86.

Gurtin, M.E., Murdoch, A.L., 1975. A continuum theory of elastic material
surfaces. Archives for Rational Mechanics and Analysis 57, 291-323.

Libai, A., Simmonds, J.G., 1983. Nonlinear elastic shell theory. In: Hutchinson,
JW., Wu, TY. (Eds.), Advances in Applied Mechanics, vol. 23. Academic
Press, New York, pp. 271-371.

Libai, A., Simmonds, J.G., 1998. The Nonlinear Theory of Elastic Shells, sec-
ond ed. University Press, Cambridge.

Makowski, J., Pietraszkiewicz, W., Stumpf, H., 1999. Jump conditions in the
non-linear theory of thin irregular shell. Journal of Elasticity 54, 1-26.

24



Makowski, J., Stumpf, H., 1990. Buckling equations for elastic shells with rota-
tional degrees of freedom undergoing finite strain deformation. International
Journal of Solids and Structures 26, 353-368.

Makowski, J., Stumpf, H., 1994. Mechanics of Irregular Shell Structures. Insti-
tut fir Mechanik, Ruhr-Universitat, Mitteilung Nr. 95, Bochum, pp.1-206.

Pietraszkiewicz, W., 1979. Finite Rotations and Lagrangean Description in
the Non-Linear Theory of Shells. Polish Sci. Publ., Warszawa-Poznan.

Pietraszkiewicz, W., 200la. Nonlinear theories of shells (in Polish). In:
Wozniak, C. (Ed.), Mechanics of Elastic Plates and Shells (in Polish). PWN;
Warszawa, pp. 424-497.

Pietraszkiewicz, W., 2001b. On using rotations as primary variables in the
non-linear theory of thin irregular shells. In: Durban, D. et al. (Eds.), Ad-
vances in the Mechanics of Plates and Shells. Kluwer, Amsterdam, pp. 245
258.

Pietraszkiewicz, W., Chréscielewski, J., Makowski, J., 2005. On dynamically
and kinematically exact theory of shells. In: Pietraszkiewicz, W., Szymczak,
Cz. (Eds.), Shell Structures: Theory and Applications. Taylor & Francis,
London et al. (in print)

Reissner, E., 1974. Linear and nonlinear theory of shells. In: Fung, Y.C., Sech-
ler, E.E. (Eds.), Thin Shell Structures. Prentice-Hall, Englewood Cliffs, pp.
29-44.

Reissner, E., 1982. A note on two—dimensional finite deformation theories of
shells. International Journal of Non-Linear Mechanics 17 (3), 217-221.

Simmonds, J.G., 1984. The nonlinear thermodynamical theory of shells: De-
scent from 3-dimensions without thickness expansion. In Axelrad, E., Em-
merling, F. (Eds.), Flexible Shells. Springer—Verlag, Berlin, pp. 1-11.

25



Supplementary Material



Supplementary Material



* Highlighted Revision

Exact resultant equilibrium conditions
in the non-linear theory
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Abstract

We formulate the exact, resultant equilibrium conditions for the non-linear theory
of branchili§ and self-intersecting shells. The conditions are derived by performing
direct through-the-thickness integration in the global equilibrium conditions of con-
tinuum mechanics. At each regular internal and boundary point of the base surface
our exact, local equilibrium equations and dynamic boundary conditions are equiv-
alent, as expected, to the ones known in the literature. As the new equilibrium
relations we derive the exact, resultant dynamic continuity conditions along the
singular surface curve modelling the branching and self-intersection as well as the
dynamic conditions at singular points of the surface boundary. All the results do not
depend on the size of shell thicknesses, internal through-the-thickness shell struc-
ture, material properties, and are valid for an arbitrary deformation of the shell
material elements.

Key words: shell, branch, intersection, singular curve, continuity conditions, exact
reduction, non-linear theory

1 Introduction

Most two-dimensional (2D) models of regular shells known in the litera-
ture, such as the Kirchhoff-Love H0@@l or the Timoshenko-Reissner fHGdel,
are formulated using various kinematic constrainf8 on El@ 3D deformation of

the shell material elements. In such shell models FHE2DNiFtHAINVOrK Priniciple
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Reissner (1974, 1982) noted that the non-linear theory of regular shells can
be better formulated starting from the resultant 2D equilibrium equations,
which can be derived exactly by direct through-the-thickness integration of
the 3D equilibrium equations of continuum mechanics. The corresponding 2D
shell kinematics of the base surface can then be uniquely established as an
energetically exact dual structure from the virtual work identity. As a result,

the gross deformation of @ shell cross section [Sicharacterisediby a translation
vector and @ rotation tensor FHAGNaTyon therbaseisuiiace. [IMEetvorfieldsiare

the only primary variables of the boundary value problem. Such a general, dy-
namically and kinematically exact, six-S@alaigficld theory of regular shells,
formulated with regard to a non-material weighted surface of mass taken as
the shell base surface, was developed by Libai and Simmonds (1983, 1998)
and Simmonds (1984), and with regard to a material surface arbitrary located
within the shell-like body by Makowski and Stumpf (1990), Chréscielewski
et al. (1992), Pietraszkiewicz (2001a) and Pietraszkiewicz et al. (2005). For
this general shell model efficient finite element algorithms were developed and
many numerical examples of equilibrium, stability, and dynamics of regular
and complex shell structures were [présented by Chroscielewski et al. (1992,
1997) and Chréscielewski et al. (2002, 2004).

Many real shell structures contain (Efegulal shell geometry, material prop-
erties, loadings, deformations, and /or boundary conditions. The six-field non-
linear theory of irregular shell structures was initiated by Makowski and
Stumpf (1994) and developed by Chroéscielewski et al. (1997), Pietraszkie-
wicz (2001a), and Chréscielewski et al. (2004). In those works it was assumed
that the region of shell irregularity (e.g. branching, self-intersection, stiffening,
technological junction, etc.) is small as compared with other shell dimensions
and its size can be ignored in deriving the resultant 2D equilibrium condi-
tions. However, such an assumption brings an undefinable error into the re-
sultant dynamic continuity conditions formulated along the singular surface
curves modelling the irregularity regions. [BHEFeIOFeRStch conditions cannot
be regarded as exact implications of 3D equilibrium conditions of continuum
mechanics.

In this paper we derive the exact, resultant equilibrium conditions for two
important GIA8SE8 of irregular shell structures: the branchfifi shell and the
self-intersecting shell. The base surfaces of the irregular shells consist of three
RNANOUTFESPEEtively) regular material surfaces arbitrary located in the shell
space which are [j0ified along the common singular surface curve modelling
the junction. The 2D equilibrium conditions are formulated at the base sur-
face by performing direct through-the-thickness integration in the 3D global
equilibrium conditions of continuum mechanics. Our through-the-thickness
integration procedure is exact and takes into account real dimensions and ge-
ometry of the regions of shell branching and self-intersection.

The three regular parts of the branching shell structure are first extended



into the junction region up to the singular curve. By this extension some ficti-
tious BEAEEBHE become applied on four surface strips located at the junction.
There are also two tubes within the junction F8gi0#l where the through-the-
thickness integration is performed twice. In order to compensate the surplus of
forces and couples @m the base surface following from the fictitious FFacHGHS
and the double integration, some statically equivalent system of forces and cou-
ples HASHEIBE subtracted along the singular curve. As a result of appropriate
transformations, our local, resultant equilibrium conditions for the branching
shell structure become exact implications of the global equilibrium conditions
of continuum mechanics. The self-intersecting shell is treated in the same way
as the branchfifi§ shell, only in the former case we have four regular shell parts
rigidly connected together at the common junction.

At each regular internal and boundary point of the base surface our ex-
act, local equilibrium equations (30) and dynamic boundary conditions (31)
are equivalent, as expected, to the ones given first by Libai and Simmonds
(1983). Other two local equilibrium relations — the exact, resultant dynamic
continuity conditions (32) along the singular curve and the exact, resultant
dynamic boundary conditions (33) at the singular boundary points — are new.
They complete the set of resultant equilibrium conditions necessary to appro-
priately formulate the boundary value problem of the general, six-field theory
of branchifi and self-intersecting shell structures.

Necessary formulae allowing one to express differential volume and surface
elements outside the base surface through the corresponding surface elements
of the base surface and linear elements of the singular surface curve are given
in Appendix. The relations take into account that the rectilinear transverse
co-ordinate measuring distance from the base surface may not, in general, be
normal to the surface.

2 Notation and preliminary relations

The system of notation used here follows that of Chréscielewski et al. (2004)
and Libai and Simmonds (1998).

A shell is a 3D solid body identified in a reference (undeformed) placement
with a region B of the physical space € having the 3D vector space E as its
translation space. The shell boundary 0B consists of three separable parts: the
upper Mt and lower M~ shell faces, and the lateral boundary surface 0B*
such that 0B = MT UM~ UdB*, MTNM- = 0.

The position vector x of any shell point x € B can be described by

x(x,§) = @(x) + £t (x) . (1)

Here z(x) = x(z,0) is the position vector of a point = of some reference base

surface M arbitrarily located in B, _ is the distance along



X1

Fig. 1. Geometry of 3D shell-like body in the reference and deformed placements.

£ from M with h = h~ + h* > 0 the initial shell thickness measured along &,
and t(x) is the unit vector of the rectilinear co-ordinate line £ not necessarily
normal to M. Such a skew transverse co-ordinate £ allows one to apply the
exact through-the-thickness integration also in case of folded shells or when
two shells @OMIOE intersect GEHOEONAN, for example. The form (1) requires
that the lateral boundary surface 0B* be @ rectilinear surface, see Fig. 1.

The position vector y = x(x) of the shell in the deformed placement
B = x(B) can formally be represented by

Y(xag) = y(l‘)—FC(l’,f), C(l’,O) =0, (2)

where y = () is the position vector of the deformed base surface M = y (M),
which is a material surface during the deformation process, and ¢ is a deviation
of y € B from the deformed base surface M, see Fig. 1.

Let P C B be an arbitrary part of the shell B with @ boundary consisting of
three separable parts: OP = IIT UII~ UOP*, ilietenl eV SandioPcioBH.
Then in the referential description the 3D global equilibrium conditions of P
BXPIGSSIEHE vanishing of the total force vector F(P) and the total torque
vector T, (P) taken relative to an arbitrary point o € € of all forces acting on
P ame

F(P):/// fdv+// tnda+// t*da =0,
P 8P\8Bf 8Pﬁ8Bf

TO(P):// yxfdv+// yxtnda+// yxt'da=0.
P OP\OB; OPNOB;

In (3), 9By is that part of 9B on which the EF8@@HBH vector field t*(x) is pre-
scribed, f(x) is the volume force vector field, and t,(x) is the contact force
vector field.

If (1) and (2) are introduced into (3) one can perform an exact through-the-

(3)




Fig. 2. The branchfiii§ shell structure: a) the 3D shell, b) the corresponding 2D base
surface.

thickness integration with regard to the co-ordinate £. The global equilibrium
conditions (3) can then be expressed through the resultant fields defined en-
tirely on the reference base surface M. Such a resultant form of the conditions
is appropriate for the 2D theory of shells. In case of a regular shell, such an
exact reduction procedure with regard to a non-material weighted surface of
mass was first suggested by Libai and Simmonds (1983), and with regard to
a material base surface by Makowski and Stumpf (1990). In what follows we
perform such an exact reduction of the equilibrium conditions (3) with regard
to the material base surface in case of branchiii§ and self-intersecting shells.

3 Branchifig shell

Let the reference shell B consist of three regular parts B, k£ = 1,2, 3, rigidly
connected together along the common junction, see Fig. 2a). NNelaSSTMethat

e M UM i gl sunface, Bige 2a), 11 i BIS3 s tht e BEAgHion

t* can be prescribed, in general, on the upper M ™ and lower M~ shell faces as
well as on the part 9B} of the lateral boundary surface 9B". The reference base
surface M of B can always be chosen to be [0Catediarbitrarily] within the shell
space @@ to consist of three regular surfaces M, connected together along
the common surface curve I' = OM; N IMy N OMs, as in Fig. 2b). This means
that each of By has to be treated as being extended into the junction region
so that I' should belong to the corresponding parts of each lateral boundary
surface 0B; along the junction.

Cutting off an arbitrary part P of B containing the junction, let us discuss
the exact reduction of its global equilibrium conditions (3) to the statically
equivalent conditions written on the part of the reference base surface II C M,
where the shell parts Py, are represented by their corresponding images 11, and



Fig. 3. Part of the branchfiii§ shell: surface strips with fictitious forces and tubes of
double integration.

I', see Fig. 2.

Extending each of the parts Py into the junction region it is implicitly as-
sumed that some fictitious TEAEHONS t* are applied also on the SHAASE surface
strips I}, II5,, 113, II5, at the junction region in Fig. 3. Then by through-
the-thickness integrationg the volume forces f(x) as well as the (FECHONS t,,(x)
and t*(x) acting in each Py, are reduced to an equivalent system of forces and
couples applied on the base surface II C M. During the procedure there are
two tubes P1; and Poy where the integration is performed twice: once when
reducing the volume forces f(x) given in Py, Py and the TFEGHONS t,, or t* act-
ing on JP14 and 0P44 at x; and z, to their resultant forces and couples applied
on ITy, Ty, respectively, and the second time when reducing f(x) given in Pj
and t,, or t* acting on 0P14 and 0Ps4 at x; and z,. to their equivalent forces
and couples applied on Il3. In order to compensate the surplus of forces and
couples following from the fictitious FEEHONS and the double integration, we
have to subtract some forces and couples applied along I' which are statically
equivalent to those additionally introduced loads.

After performing integration with regard to &, the total force vector F(Py)
defined in (3); of all spatial forces acting in Py and on OP; is given by

F\(IT) :// £y da; + 1y ds + n’ ds
114 8H1\8Mf 8H108Mf

~ | firds, ()



where

+ht
fi= /_h_ fipn A& + o t]T — ot
Jlrhl+ +hi (5)
ny,, = /h* Of{tln dfl s ‘TIIT = /_h* Of{t; dfl s

1 1

with t;7 and t;~ denoting the EFEHONSE prescribed on I and II;, respec-
tively, and & the transverse co-ordinate of Pj.

The minus sign in front of a;t]™ in (5); conventionally indicates that the
BFEEEOH t; acts on the surface M; which outward orientation is opposite to
the one of M;", see (A.10).

The correcting force f, subtracted in (4) takes into account the fictitious
BEEEEBH t;" applied on I}, and included in definition (5); of f,. The area
element of IT}; is da] = i da;, according to (A.12);, where da; is the area
element of II;. However, when extending P; into the branching region the ex-
tended part of II; can always be chosen to coincide with the lateral boundary
surface OII;. Therefore, da; may also be interpreted here as the area ele-
ment da} of OP along the curve I'. According to (A.14);, daj = ajd€s;ds and

therefore
+hi
|, tirdat = [ fupds, fio= [ atastitas. (6)
1}, r 0

In exactly the same way we can calculate the total force vector Fo(Ils)
of all spatial forces acting on Py. The result is expressed through the fields
defined on II; and OIl, in complete analogy to those given in (5) and (6):

Fy(I,) = // £, das + Toy ds + n; ds
I1o Olly \8Mf 8H208Mf

—/Ff2rd3> (7)

where

+hi ot — %

sz/h_ fopadée +agty" —agty
g

+hT

N9y, = /h‘ agto,dl, ny = /h‘ aytydés (8)

2 2

0
for= [, afaitids.

3

The total force vector F3(Il3) is calculated by direct integration in (3);



with regard to &3 leading to

Fy(IT3) = // £5 das + Mgy ds + nt ds
113 8H3\8Mf Oll3NOM ¢

— [ Fards = (mae — ) ©)

where

+hg
fs= /h_ f3003d8s + g 65" —agty
e + (10)
+hi +hi
ny, = [ " aitadss. ng= [ ajtid.

3 3

The correcting force fyp in (9) should again take into account fictitious
BREEHBHS t;= applied on I3, and included in definition (10); of f,. The area
elements of I15; are day = ajdas, according to (A.12);. When [iSnSfomming
the elementary traction t;"daj the area element das may be changed into
da} = ajd&ids of OP; along T'. Similarly, when (EalSforming —t; da; the
area element das may be changed into daj = ajd&,ds of JP; along I'.

The first term in definition (10); of f5 also includes the volume force field
f3 applied within the tubes P1; and Pyy. These volume forces have already
been taken into account in definitions (5); of f; and (8); of f,, respectively.
In order to correct the result of the double integration, we have to subtract
an equivalent force resultant field by including it into definition of f,. acting
along I'. Since in P4, according to (A.3);, the elementary volume force is
fsdvs = fs3psdésdas and das can be changed into da] = «ajd&ids, we can
integrate fzdvs over the surface dPq4. Similarly, since in Pyy the elementary
volume force is again fzdvs = f3uszd&sdas but now das can be changed into
da; = ajdéads, we can integrate fsdvs over the surface OPo,.

As a result of all those transformations we obtain

t*+d+—// t*das // fid // fid :/ ds |
[/H;d 3 Qs H;d 3 Qs -+ - 3 U3+ bas 3dV3 ngl—\ S
+

+h¥ 4+ kx4 +h2 — ok gok—
Jar :/0 ag oty dé _/0 ag sty dés (11)

+hi +hi +hy 0
n / / fopiadés | aidé, + / / fypupdes ) aldes .
0 0 0 —h3

When reducing the elementary B8ORS ts,da; or tida; acting on OP3\0B}
or JP5NIB} to the FESHIEERE boundary forces ns, or nj acting on dll3\dM; or
OII3 N OM;, respectively, we note that the HF8@HONS acting on the boundaries
0P14 and 0Py at z; have already been taken into account in the expressions
(4) and (7). In order to correct the result of the double integration in (9), we
have to subtract in (9) some statically equivalent concentrated forces mg; or



nj; acting at the initial point x; of I' and defined by

N3 = ty,day, nj = // tidas . 12
3 //(aPlduaPzd)\aB} 3 3 3 (8P1dU8P2d)08B} 3 3 ( )

In exactly the same way we can define the statically equivalent concentrated
forces ms. or mj, acting at the end point z, of I'. The second minus sign in
front of m; in (9) conventionally indicates that the boundaries OP14 and 0Py
at x; have opposite orientations than the orientation of I'. Similar boundaries
at . have the same orientations as the one of I'.

Summing up the results for F, Fy, F3 we can write

F(H):// fda+/ n,ds+ [ ntds
m\r OT\OM oM

_/Fff‘ds_(ne_ni)- (13)

In (13) the resultant surface forces f, the surface stress resultants n,, the
resultant boundary forces n*, and the compensating curvilinear force resul-
tants f follow from all three parts of P, while the concentrated forces n;, n.
follow only from integration over 0P, and 0Py, taken into account in F3(I13).

The total torque vector T, (II) relative to o € € of all spatial forces acting
on P can again be calculated by direct integration in (3)s with regard to &.
The procedure is exactly the same as in (4)-(13), only when calculating the
surface couples one has to introduce the following exact representations (2)
for the 3D position vector in the deformed placement relative to the deformed
base surface y(M):

y=y+¢, y =y+¢", y =y+( . (14)

In the tubes P14 and Py; the compensating couples should be reduced
relative to points of the deformed singular curve x(I"), and the position vectors
in the deformed placement should be taken in the following exact form:

y=yr+<C, y =yr+<¢f. vy =yr+¢r. (15)

After performing integration with regard to &;, the total torque vector
T, (I1;) defined in (3)s of all spatial forces acting in P; and on dP; is given
by

T, (11, :// (e1+y, x f,)das + (M1 + 4y, X n1) ds
I AL \OM

; “)d —/ ds , 16
oy, (i w X md)ds = [ (et yox fi)ds, (16)



where now
th + -t +
* —_ — *—
01:/h7 Gy X fipndé + a7 ¢ X 677 —ay ¢y Xt
-

+hi +hi
my, = [ ai¢ xtud, mi= [ ai¢ x g, ()

1 1
thy ket +
* *
cir = /0 oy azCip X t77dEs

In exactly the same way we can calculate the total torque vector T o (Il5)
of all spatial forces acting in P, and on dP,, and the result is

To(ll) = || (e2ty, x £,) das + (Mo + y % may) ds
1Ty Al \OM ¢

[ (mytyyxng)ds— [ (car+ypx for)ds,  (18)
8H208Mf I

where ¢o, my,, mj, cor are defined in complete analogy to the fields (17).
Finally, the total torque vector To3(Il3) of all spatial forces acting in P3
and on 0P3 reads

Tog(Hg) :%3(63 + Ys X f3) da3 + AH3\aMf(m3y + Ys X ng,,) ds

[ (mityyxng)ds— [ (cartypx fur)ds  (19)
OTI3NOM ¢ r
—{(mse + yre X n3e) — (M3 + yry X n3i)}
where all 2D and 1D fields are defined analogously to (17), and the compen-
sating couples are defined in analogy to (11), by

ht

+hf +h3
_ + x ot *+ — ket *—
Csr —/0 az Qs X t37déy _/0 Qg asCap X t3d&s

+hi +hy +h 0
+/0 </0 Cr X fsﬂ?,df?,) ajd& +/0 </ . Cr X f3,u3d§3> asdéy
-3

ms; = X t3,das . 20
: //()\ Cr % tyuda (20)

with similar apparent definitions for mj,, ms., and mj,.

Summing up the results for Ty (I1;), T2 (I12), and Ty3(I13) and performing
some transformations we obtain the total torque vector T, (II) of the branched
shell expressed only by the fields defined on an arbitrary part II of the base
surface

T = [ (etyxs)

+ (m* + y x n*)ds —/ (er + yp X fr) ds (21)
oMy r

- {(me + Yre X ne) — (M + yp; ¥ T"Z)} .

da + (m, +y xn,)ds
OI\OM

10



Again, in (21) the resultant surface couples ¢, the resultant stress couples
m,,, the resultant boundary couples m*, and the compensating curvilinear
couple resultants er follow from all three parts of P, while the concentrated
couples m;, m, follow only from integration over 0P4 and 0Py taken into
account in To3(II3).

The relations (13) and (21) are exact 2D static equivalents of F(P) and
T,(P) appearing in the 3D global equilibrium conditions (3) for an arbitrary
part P of the branchiii§] shell B treated as a 3D solid body.

4 Transformations

The global equilibrium conditions (3), with the total force and torque vec-
tors expressed through the surface fields by (13) and (21), should now be
appropriately transformed.

Let the surface point € M be a regular point of 9M. Then by the sur-
face Cauchy theorem there exist the surface stress resultant tensor N (x) €
E ® T, M and the surface resultant couple tensor M (z) € £ ® T,,M, both of
the 1st Piola-Kirchhoff type, such that

n,=Nv, m,=Mv, (22)

where T, M is the 2D vector space tangent to M at x € M, and v € T, M is
the unit vector externally normal to OM.

For any tensor field § € F' ® T, M, where F' denotes a vector space, the
generalized divergence theorem at the piecewise smooth surface M, consisting
of n regular surface elements M, [joilled along the common junction repre-
sented by the stationary singular curve I', has the form (see Chréscielewski et
al., 2004, formula 1.4.39)

/M\FDZUSda:/aM Sl/ds—l—/F[SV] ds. (23)

Here Div is the surface divergence operator on M [defiliediintrinsicaly by
_, and the jump at each regular point of I' is de-

fined by

[Sv] =3 S, (24)

where S, is the one-sided finite limit of S when the respective boundary dM,,
coinciding with I' is approached, and vy € T, M, is the unit vector externally
normal to OM,,.

In particular, if we apply (23) to some terms present in (13) and (21) we

11



obtain

oIl

Nuds = / DivNda — / [Nv]ds
I\l r

Muds — /

DivMda — / [Mu]ds
I\l r

oIl

[y x Nvds= //H\F {az (NF" — FN") + y x (DivN)} da

—/F[yXNV]dS,

(25)

where ax(.) means the axial vector of the skew tensor (.), F = Vy € EQT, M

is the shell deformation gradient with V the surface gradient operator on M,
and for the branchfifil shell discussed here

[NV]:ZNka> [MI/]:ZMkI/k,
k=1 k=1 (26)

3
[y x Nv] => y, x Ny .
k=1

INGE@ that the second terms of (13) and (21) are integrated along OIT\ OM,
while in the left-hand sides of (25) there are integrations over the full bound-
ary OIL. In order to apply (25), one has to insert into (13) and (21) £ integrals
over OII N OM; with the same integrands as in the second terms of (13) and
(21), respectively. Then these additional integrals with + sign complete the
second terms of (13) and (21) into the integrals over the full OII, while the
integrals with — sign can be combined with the respective third integrals of
(13) and (21). This allows one to use the generalized divergence theorems (25)
to all terms integrated over JII in (13) and (21).

Finally, note that the last two terms of (13) and (21) are just some concen-
trated loads applied at the both ends of the singular curve I'. Thus, we can
equivalently represent them by the following curvilinear integrals over some
distributed loads along I':

ne—ni:/n’ds,
. (27)
(me+yrexne)—(mi+ymxn,-):/F(m’ij’Fxn#—nyn’)ds.

As a result of all transformations suggested above the global equilibrium
conditions (13) and (21) for the branchfiii§ shell take the forms

F(IT) = //H\F (Div N +f)da+ [ (n = Nv)ds

_/Hmr (n'+[Nv]+fr) ds=0, (28)

12



T,(I1) ://H\F {DivM—i—ax(NFT —~FN")+ c¢+y x (DwN+f)}da

+ o, {(m*— Mv)+ y x (n* — Nv)}ds

_/r{m’+y’r><n+[MV]+ cr +yp X (n' 4 [Nv] + fr)}ds
~0. (29)

The relations (28) and (29) are again the exact static equivalents of the 3D
global equilibrium conditions (3). However, now F(II) and T, (II) are expressed
through the surface and curvilinear resultant fields referred to an arbitrary
part Il of the reference base surface M, which corresponds to an arbitrary
part P of the reference shell B treated as a 3D solid body.

5 Local dynamic conditions

Vanishing of the total force in (28) and the total torque in (29) requires
that the following local dynamic conditions be satisfied:
the equilibrium equations

DivN+f=0, DivM+az(NF'—~FN")+c=0 (30)

at each regular point x € M \ T,
the dynamic boundary conditions

n*—Nv=0, m"'—Mv=0 (31)

at each regular point z € dMy, and
the dynamic continuity conditions

n'+[Nv]+fr=0, m'+yrxn+[Mv]+e =0 (32)

at each regular point z € I'.
Additionally, the dynamic boundary conditions

n;,—n; =0, m;—m;=0 at z, € 'NOM,
-n.=0, m;—-m.,=0 at z.e€I'NIMy, (33)

have implicitly been used in (27) to account for the statically equivalent loads
n and m applied along I'.

The local relations (30) and (31) are equivalent, as one would expect,
to the exact, resultant equilibrium equations and dynamic boundary condi-
tions of the general non-linear theory of regular shells given, for example, in
Libai and Simmonds (1983, 1998), Simmonds (1984), Makowski and Stumpf

13



Fig. 4. The self-intersecting shell structure: a) the 3D shell, b) the corresponding
2D base surface.

(1990), Pietraszkiewicz (2001a), Chroéscielewski et al. (2004), and Eremeyev
and Pietraszkiewicz (2004).

The dynamic continuity conditions (32) and (33) are the new exact, resul-
tant relations that have to be satisfied along the singular curve I' modelling
the shell branching. They generalize two different forms of jump conditions
proposed by Makowski et al. (1999) and Pietraszkiewicz (2001b) for two al-
ternative formulations of the Kirchhoff-Love type non-linear theory of thin ir-
regular shells. The conditions (32) complete by the correcting terms n, m, f
and cr the dynamic continuity conditions discussed in Makowski and Stumpf
(1994), Chroscielewski et al. (1997) and Pietraszkiewicz (2001a), and make ex-
act somewhat similar relations along I' derived by Chréscielewski et al. (2004)
using an alternative approximate procedure.

The conditions (32) are the ordinary differential equations along I which
differ from the equilibrium equations of rods by the jump terms describing
interactions between regular shell parts along the junction.

6 Self-intersecting shell

Let the shell B consist of two regular shell elements intersecting each other,
see Fig. 4a). Alternatively, we can think of the self-intersecting shell as con-
sisting of four regular branches B, £ = 1,2,3,4, rigidly connected along
the common junction. The reference base surface M of B consists now of
four regular surfaces M rigidly connected along the common singular curve
I'= 8M1 N 8M2 N 8M3 N 8M4, as in Flg 4b)

Cutting off an arbitrary part P of B containing the junction, we can dis-
cuss again the exact reduction of the global equilibrium conditions (3) of P
in the way discussed in sections 3, 4, and 5, only now we have additionally to

14



Fig. 5. Part of the B8fintersecting shell: additional surface strips with fictitious
forces and regions of double integration.

take into account the existence of the fourth branch Py, see Fig. 5. Thus, addi-
tionally to the _ in Fig. 3, there appear
other in Fig. 5 on which some ficti-
tious TFAGHIOGNS are applied. There are f@WMWoOl enlarged tubes Pi; and Pgy
Al enlarged ends OP4 and OPyy at x; and z., where the integration is per-
formed twice. Therefore, in order to compensate the surplus of forces and
couples following from the fictitious RGNS and the double integration, we
have to subtract again some forces and couples along [' which are statically
equivalent to the additionally introduced loads.

The expressions Bf the total forces Fy(II;) and the total torques Ty (I1;),
k = 1,2,3, for the self-intersecting shell become here [OFHMANY exactly the
same as those given in section 3 for the branchiii§] shell. However, some defi-
nitions of the correcting forces and couples applied along I' have to be refined
here as a result of existence of the additional part P,.

INGE@ that the area element of 117, is da] = o7 day, where da; can now be
changed into da} = ajd&,ds. Therefore, the relations (6) for f, and (17)s for
¢ir have to be refined now into

//H _tdap - //H Ctiday = /F Furds
1d +h:-3‘r 1d +h2—
fie= [ ataititda - [ araitide, (34

+
+hy

+hd
_ + %t *+ — K *—
cir = /0 aj azCip x t77dés —/0 ay o€ x t77déy .

Similarly, the area element of I, is da; = a5 dag, where day can now be

15



changed into daj = ajd¢sds. Therefore, the relation (8); for f,r and the one
for e,r should now be refined into

// t5 " dag _// ty day = /fQFdsv
H;d H;d r
0

0
o= [ _afaititds - [ agaieyde, (35)

—hy —h;

3
O et + 0
* * — ok pe— *—
ex = [ afai¢h xtfdg — [ azaiCa x 67
-3

4

The total force F3(II3) and total torque T,3(Il3) vectors for the self-intersec-
ting shell as well as definitions of all the fields are exactly the same as for the
branchiii§ shell given in (9) and (19), where 0Py, and 0Py in (11) and (20)
now mean the upper part of the enlarged tube boundaries belonging to dPs3.

Finally, applying analogous transformations as in the case of F3(Il3), for
the total force vector Fy(Il) we obtain

Fy(IL,) = // Faday + / nads + nids
114 8H4\8Mf 8H408Mf

— [[Fards = (na = ma) | (36)
where
+hi + 4t — k=
fa= . S apad&s +agty™ —ag gty
Lot + (37)
+h4 * * +h4 kg ok
_h4 _h4

Again, the correcting force f - in (36) should take into account the fictitious
BRAGHOHS ;= applied on 117, and included in definition (37); of f,. The area
elements of 113, are daj = ajday, where day = da} = ajd¢&ds for 1T}, and
day = daj = a3d&eds for II,,. In order to account in f, the volume force
field f; applied within the lower part of the tubes Pi; and Py4, let us note
that the elementary volume force is here fydvy = fyusd&yday, where day =
da} = ajd&ids when integrating over 0Py and day = da} = ajdésds when
integrating over 0Py,. As a result, we have

0 0
fio= [ ataitifaa - [ ajastidg

1 2

0 5 0 0
+ /_hl_ </0+ f4,u4df4> ajdé; + /—hf; </_h_ f4,u4d§4> asdéy . (38)

4

Applying similar arguments as those leading to (12), the concentrated
forces my; or mj; acting at z; read

Ny = tyday, mj = // tadai, +
4 //(aplduapzd)\aB} * 4 4 (0P 1qUOP24)NOB% e ( )
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where now 0P14 U 0Pyy mean the lower parts of boundaries belonging to 0P,
at x;. The concentrated forces ny. or nj, at x. are defined similarly to (39).

Summing up the results of Fy, Fy, F3, F, for the self-intersecting shell we
obtain the same [OFM@I expression (13) as for the branchifi shell. However,
now in (13) the fields f, n,, n*, and f follow from all four parts of P, while
the concentrated forces n;, n. follow from combining the force vectors F3 and
F, alone.

It is now apparent that using similar approach as for Ty3(I13) for the total
torque vector Toy(I14) we obtain

Ty (T14) :// (cs+yy x fy)day + (my, + Yy, X ny,)ds
114 8H4\8Mf

: Dds— [ d 40
oy, (i wa X wi)ds = [ (ear tyox far)ds - (40)

—{(Mmye + yr. X nye) — (Myi + Yy X nyi)}

where all 2D and 1D fields are defined analogously as in (17). Only for the
correcting couples we have analogues of (38) and (39) in the form

2

0 +hf 0 0
+/ _ (/ Cr X f4ﬂ4d§4> aydéy +/ _ (/ _Cr X f4,u4d§4> apdés
I 0 —hy —hy

my;, = Xt nda* . 41
. //(apmuapw)\%; Cr % tund (41)

The concentrated couples mj;, my., and mj, are defined accordingly.

Summing up the result of Ty, Tyo, Ty, Ty for the self-intersecting shell
we obtain the same M@l expression (21) as for the branchiii§ shell. However,
now in (21) the fields ¢, m,, m*, and cr follow from all four parts of P, while
m;, m, are the result of combining the couples from T,3 and T,4.

The relations (13) and (21), with extended definitions of fields presented in
this section, are again the exact 2D static equivalents for the self-intersecting
shell of the global vectors F(P) and T,(P) appearing in the 3D equilibrium
conditions (3).

Further transformations of (13) and (21) in the case of the self-intersecting
shell are exactly the same as those given in section 4 for the branchiiig shell,
only now in definitions of jumps (26) we have to sum mp over k& = 1,2, 3,4.
As a result, the global equilibrium conditions for the self-intersecting shell
become [OFMANY] identical to (28) and (29). Therefore, also the local dynamic
conditions are the same as (30)-(33), only the fields present in the dynamic
continuity conditions (32) and the dynamic boundary conditions (33) have
to be calculated according to formulae derived in this section for the self-
intersecting shell.

0 0
_ + %t *+ — ke *—
Cyr = /h’ ayaiCup X ty7dé — /h* Qg apCp Xty dés

-
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Fig. 6. Cross section of the general branching shell: a) the 3D shell, b) extended
strips with fictitious tractions and tubes of double integration.

7 Discussion

We have discussed standard geometries of the junction region of the branch-
ing shell (Fig. 2a, Fig. 3) and the self-intersecting shell (Fig. 4a, Fig. 5). In
more complex geometries of the junctions the reduction procedure should be
understood as slightly modified.

As an example, let us assume the cross-section of the junction region of a
quite general branching shell as is shown in Fig. 6a). In this general case we
can always introduce a base surface, for example starting II5 from the fold line
of the lower shell face (see Fig. 6b) and then joining II; and II; along some T

A detailed analysis of Fig. 6b) and Fig. 3 indicates that in both cases we
have similar extended surface strips I}, IT;,, IT5;, I3, with fictitious tractions
and tubes dP4, 0P,y of double integration. However, in Fig. 6b) the skew
thickness co-ordinate &3 measures distance from I3 along two straight lines
which are different above and below II3. The boundary surface dP; within the
junction region consist now of two different rectilinear surfaces joined along
the common surface curve I'. Therefore, the formulae (10) should now be un-
derstood as being calculated segment-wise along the thickness co-ordinate &3,
which is now different above and below II;.

In Section 3 three regular parts of the branching shell structure have first
been extended into the junction region up to I' and then the surplus of ad-
ditional resultant forces and couples has been subtracted along I'. One might
apply another statically equivalent approach as well: cut off first the junction
region itself, then reduce forces applied in regular shell parts Py to their static
equivalents on Il;, and finally add along I' static equivalents of forces acting
in the junction region. However, definition of such a junction region itself is
not unique and different possible definitions would lead to different values of
equivalent forces and couples along I'. In such an approach the resultant forces
and couples of the regular shell parts would be defined only up to some dis-
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8 Conclusions

We have derived the exact, resultant, global and local equilibrium condi-
tions for the non-linear theory of branchiii§l and self-intersecting shells. The
conditions have been written @m the reference base surface consisting of three
(in case of branching) @@ four (in case of self-intersection) regular surfaces
joined together along the common singular curve modelling the junction. The
exact 2D equilibrium conditions have been formulated by performing direct
through-the-thickness integration in the 3D global equilibrium conditions of
continuum mechanics.

At regular surface and boundary points our local, resultant equilibrium
equations and dynamic boundary conditions are equivalent to the ones pub-
lished earlier. However, our resultant dynamic continuity conditions (32) along
the singular curve I' and dynamic boundary conditions (33) at singular bound-
ary points z;, r. are new.

In the derivation process we have used no simplifying assumptions of any
kind, apart of usual regularity requirements for the fields allowing all math-
ematical operations to be performed. Therefore, our results are valid for an
arbitrary shell thickness which can be uniquely defined along the transverse co-
ordinate &. They are applicable for an arbitrary internal through-the-thickness
shell structure including layers, reinforcements, a mixture of several constitu-
ents, voids, cracks and other structural defects, provided that the internal 3D
stress field is still integrable across the shell thickness. The results are EIS8
valid for an arbitrary material behaviour as well as for unrestricted values of
translations, rotations, strains, and/or bendings of the shell material elements.

Applying a similar approach with appropriate modifications the exact, re-
sultant dynamic continuity conditions for other types of shell irregularity can
also be formulated. The structure of the conditions should be similar to the
one of (32), only §8# each type of BH@Il irregularity the fields n, m, fr, er
would be defined by somewhat different expressions.

The additional 2D resultant equilibrium conditions derived here allow one
to formulate the complete boundary value problem for the branchiii and self-
intersecting shells. One only needs to appropriately refine the procedure lead-
ing to the six-field non-linear theory of irregular shells presented in Chréscie-
lewski et al. (2004).
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A Relations for differential elements

In the paper we frequently need to express differential volume elements
as well as differential surface elements of the upper M* and lower M~ shell
faces and of the shell lateral boundary surface 0B* through corresponding
differential elements of M and OM.

Let any x € B be parameterized by the co-ordinates (€%, &) = (¢'), a = 1, 2,
1 =1,2,3, where ¢ is the rectilinear co-ordinate measuring distance along the
line defined by the unit vector ¢ not necessarily normal to M, and £ are
Gaussian co-ordinates of M (Fig. A.1). The covariant a,, and the contravariant
a’ base vectors as well as the corresponding components a,5 and a®’ of the
surface metric tensor of M are given by (see Fig. A.1)

ox
aa:Pa—gaEPm,a . Qe = Q- g, a=det(ass),
1
a’ - a,=0", a=a" a”, n:§eo‘ﬁm,axm,5 , (A.1)
1
e = Vaeas, € =a"a" ey, = —=e,

Va

where P is the projection operator of M (see Gurtin and Murdoch, 1975), n
is the unit normal vector orienting M, 7 is the 2D Kronecker symbol such
that 0] = 62 = 1, 07 = §} = 0, while e®’ = ¢, are the surface permutation
symbols such that e;; = ey =0, €19 = —e97 = 1.

At any spatial point x € B we have the following 3D relations analogous
to those of (A.1):

=X, 9i=8;"8;, 9= det(gij) )
— 1 kg x g
2 ¥ k (AQ)

g -g=0, ¢g=¢g-¢g, ¢
_ L i

7

where g; and g’ are the spatial covariant and contravariant base vectors, while
gi; and g are covariant and contravariant components of the metric tensor
of &, respectively. In (A.2), e¥* = ¢;;; are the 3D permutation symbols such
that €123 — €312 — €931 — —€132 — —€913 — —€321 — 1 y ot'herwise Cijk — 0,
while for the 3D Kronecker symbols §] = 05 = 65 = 1 and & = 0 for i # j.

The differential volume element dv of B and the differential surface element
da of M are defined by

dv = /g d¢'de*dé = pdé da,
da = Vadé'de?, pu= \/g.

e* €ijk = (8 X gj) 8k = VY €iji

(A.3)
The spatial base vectors g; and g’ are expressed through the vectors x,,
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Fig. A.1. Shell geometry.
and t defined on M by the relations (Fig. A.1)

gy = Ta +§t>a , 83 = t )

1 i -1 «
g =5 g xg = et xg,,
1. I
g =5 g < =gn g, x g, (A.4)

uzéeo‘ﬁ(gaxgﬁ)-gg

1
= n~t+§€aﬁ($7a thﬁ)'t+§£2€aﬁ(t7a><t7ﬁ)'t’

It follows from (1) that the position vector of the upper shell face M+ and
the base vectors on M™ are (Fig. A.1)

x"(¢") = x(€) + R (ENE, ay=P'x],, (A5)
Xj(_x: gl_ + hj—a t ) g;t - ga|§=h+ =T,n +h+t>a ) .

where g are the spatial base vectors at x* of the surface parallel to M at
the distance & = h™ measured along ¢.

The differential surface element dat of M™ can be defined through the
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vector identity
da®™ = ntda™ = x| x x;},d¢tde?. (A.6)
Introducing (A.5)s into (A.6) we perform the following transformations:
da* = (gf +hf t) x (g + I t) dg'dg?
= Jotg*tdetde? + (bt t x gf — hiyt x gf ) dg'dg?
- \/%g?"'“da + I, €t x ghda
_ (g — Aty @) prtda (A7)
It is easy to see from (A.6) and (A.7) that
‘da+‘ = ‘n+da+‘ = +Vnt ntdet = da*

= (g — bt g™) - (6 — W87t da
= \/933 - Qh—,’_a ga3+ + h/—:_a h—:_ﬁ gaﬁ+l’l’+da : (A8>

The position vector of the lower shell face M~ and its base vectors are (Fig.

A1)

) =) ), 4= P, "
Xya = 8Ba _hvatv gy — ga|5:h— = T,y —h t’a ,

where g are the spatial base vectors at x~ for £ = —h™.
The differential surface element da™ of M~ can again be defined through
the vector identity

da” = —n"da” = —x;; x x,,d¢'d¢? (A.10)

where the minus sign in front of n~ follows conventionally from the require-
ment that da™ should point out in the outward direction to the lower shell
face M.

Introducing (A.9), into (A.10) and performing transformations analogous
to (A.7) and (A.8) we obtain

da~| = da
_ \/933— + Qh’—a ga3— + hv_a hjﬁ gaﬁ—lu_da . (All)

It follows from (A.8) and (A.11) that

da® = a®da,

o = i\ [g#E T 2k, g 4 IE, BiE gotE

(A.12)
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Fig. A.2. Geometry of the lateral boundary surface.

The shell lateral boundary surface B* is rectilinear one formed by straight
lines along the vector ¢ at each point € OM (Fig. A.2). The differential
surface element da* of OB* can again be defined through the vector identity

da® = n*da” = x7, X xJ; dsd{
=g, 7% X tdsdé = €358 TdsdE (A.13)
= g’vpdsde

so that

da* = a*déds, o = u\/9*Pvavp . (A.14)

In most shell problems we can take the transverse co-ordinate & to be
orthogonal to M and, therefore, ¢ = n. Then, according to Pietraszkiewicz
(1979),

8o = a0, g =z, , g=g"=n,
ph =00 — €0y, p=det(u)) =1-26H + &K,

_ e - 1
palp =08, A e =0y, (W= E{5f+£(bf—2ﬂ5f)} :

Jas =ty iy @, g% = ()5 (") aM (A.15)
Joz3 =9 =0, gp=g¢"=1,

where ) and (,u_l)f are called shifters, and

baﬁ = N, Typg3, bé\z = aAﬁbaﬁ ) b= det (baﬁ> )
1 ) (A.16)
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In (A.16), bys and b} are covariant and mixed components of the curvature
tensor, H is the mean curvature, and K is the Gaussian curvature of the
reference base surface M.

In the normal co-ordinate system (£%,&) the geometric expansion factors

a*, o* appearing in (A.12) and (A.14) can be simplified into

ot = ui\/l + hi, hjfﬁ ghE = /9P, (A.17)

where now p and g*? are given by (A.15).
If additionally the shell is of constant thickness and M is so chosen that
h™ and h~ do not depend on £, then hf, = 0, and a® = p*.
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