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Dedicated to the memory of Professor Pavel Zhilin

The non-linear theory of elastic shells undergoing phase transitions was proposed by two first authors in J. Elast. 79
(2004), 67-86. In the present paper the theory is extended by taking into account also the elastic strain energy density of
the curvilinear phase interface as well as the resultant forces and couples acting along the interface surface curve itself.
All shell relations are found from the variational principle of stationary total potential energy. In particular, we derive the
extended dynamic continuity conditions at coherent and/or incoherent surface curves modelling the phase interface. The
continuity conditions allow one to establish the final position of the interface surface curve after the phase transition. The
results are illustrated by an example of a phase transition in an infinite plate with a central hole.
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1 Introduction

The non-linear mechanical theory of elastic shellswith an account of occurence of the phase transition (PT) in the material
was developed by Eremeyev and Pietraszkiewicz [1]. The formulation was based on the dynamically and kinematically
exact shell model [2, 3, 4] with displacements composed of work-averaged translations and rotations of the shell cross
sections. Such a general shell model had a structure of the classical Cosserat surface [5] to which Professor Pavel Zhilin
contributedin [6, 7, 8]. In particular, in[1] we derived new dynamic continuity conditions at the curvilinear phase interface.

Within 3D theories of phase transformation phenomena the phase interface is usually modelled by a sharp smoothly
evolving surface separating different material phases in the thermodynamic equlibrium state. The surface interface itself
may be endowed with various additional fields modelling different types of PTs, see for example Grinfeld [9] and Pod-
strigach and Povstenko [10], where many references are given. In particular Povstenko [11] reviewed various models of
the surface interfaces and three-phase line interface junctions in 3D continuum and proposed to treat them as 2D and 1D
continua of the Cosserat type, respectively. Within 2D theories of thin films and biomembranes undergoing PTs simple 1D
models of the interface surface curve were discussed by Wang [12], Atai and Steigmann [13], Boulbitch [14], Bhattacharya
and James [15], Roytburd and Slutsker [16], and Rubin et al [17]. However, neither of those 1D modelsis complete enough
to be applied with the non-linear theory of shellswith PTs developed in [1].

The aim of this paper is to extend the results of [1] by taking into account also the elastic strain energy density of
the phase interface itself as well as additional resultant forces and couples acting along the interface surface curve and
at its intersections with the shell boundary contour. The curvilinear density allows one to model within shell theory also
generalized capillary type phenomenawidely discussed in continuum mechanics with PT, [9, 10]. The additional forcesand
couples along the curvilinear interface may appear as aresult of exact reduction to 1D problem of the 3D PT phenomenon
in athin tube about the interface curve, asit is given for branching and self-intersecting shellsin [18, 19].

After reviewing kinematic relations in Section 2, the equilibrium problem of PTs in elastic shells is formulated in
Section 3 in the weak form as the stationary problem for the functional of total potential energy (7). Stationarity conditions
of the functional following from (11) give the local equilibrium equations and dynamic boundary conditions known from
[1, 2, 3, 4]. Along the curvilinear interface we obtain the new, local, dynamic continuity conditions (14), (15) which extend
those proposed in [1]. The latter conditions allow one to establish position of the interface curve in the thermodynamic
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4 W. Pietraszkiewicz, V. Eremeyev, and V. Konopihska: Elastic shells undergoing phase transitions

equilibrium state of PT in shells. Coherent curvilinear interfaces and interfaces incoherent in rotations are discussed in
more detail in Subsections 4.1 and 4.2, respectively, where specific results appropriate to those two cases are given. The
extended theory of PTsin shellsisillustrated by a simple example of an infinite plate with a central hole discussed in [1],
but now endowed with an additional capillary tension along the interface circle.

2 Kinematic relations

Within the dynamically and kinematically exact theory of regular shells[2, 3, 4], ashell is athree-dimensional (3D) solid
body identified in a reference (undeformed) placement « with a region B of the physical space £ having the 3D vector
space E as its trandation space. Geometry of B is described in the normal coordinates (0%,¢), o = 1,2, where{ = 0
definestheregular base surfface M C B, and € € [—h~, h*] isthedistance from M, with h = h™ + ™ the shell thickness.
If x € E isthe position vector of z € M, then the surface covariant and contravariant base vectors a,, and a® are defined
by

15)

1
aa:%Eant7 aﬁaa:6§7 nzéeaﬂaaxaﬁ’ (1)

where 7 is the unit normal orienting M/ and e*” are contravariant components of the surface permutation tensor e.
In the deformed placement ~ the shell can be represented by the position vector y = x(x) € E of the material base
surface N = x (M) with attached three directors d,, d such that

y=x+u, d,=0Qa,, d=Qn, 2

where x is the deformation function, whileu € F is the trandation vector of M and Q € SO(3) the proper orthogonal
(rotation) tensor, Q7 = Q !, detQ = +1, describing the work-averaged gross deformation of the shell cross section.
The shell strain and bending tensors E and K in the spatial representation can be defined by [1, 2, 3]

E=¢c,®a%, K=g,®a%,
Eq :yaa*da = U,n +(17Q>aa :Eaﬁdﬂ‘i’Eada (3)
Ko = az (Qa Q") = % {dﬁ X (Qa Q") ds +dx (QaQ") d} =dx K.pd® + K,d.

In atwo-phase elastic shell different material phases may appear in different complementary subregions N4 and Ng of
N separated by the curvilinear phase interface D € N, Fig.1. For a continuous deformation x we can introduce on M a
singular image curve C' = (D) separating the corresponding image regions M4 = x " (N4) and Mp = x~*(Np).
The position vectors of C' and D arerelated by xc(s) = x ! (Y (s)), where s isthe arc length parameter along C.

The equilibrium boundary value problem (BVP) for shells with PTs was formulated in [1] in the weak form as the sta-
tionary problem for the functional of total potential energy. In the functional of [1] we did not take into account physical
properties of the curvilinear interface itself such as, for example, the line tension of capillarity type and its possible gen-
eralizations. Also force and couple resultants acting along C' and at its intersections with 0 M were not accounted for in
[1]. To extend the functional of [1] by additional effects associated with C' let us remind some kinematical relations of the
surface curve C' treated here as an axis of avirtual rod.

Within the dynamically and kinematically exact theory of regular rods developed in [3, 20] the initial (undeformed)
placement « of the 3D rod-like body is represented by the position vector xo € E of the axis C and three orthonormal
vectors T, T attached to any point z¢ € C, with 7 = dX¢/ds = X{.. In the deformed placement ~y the rod is represented
by the position vector y € E of the material rod axis D = x(C') and three attached orthonormal directors h,,, h which
satisfy the relations

Yo = x(X¢) =Xc+Ue, hy=Rr,, h=Rr, 4

where u¢ is the trandation vector and R the rotation tensor describing the work-averaged gross deformation of the rod
Cross section.

The local deformation of the phase interface C' can be described by the natural strain e and bending « vectors in the
spatial representation defined by [3, 20]

e=uz+(1-R)7, k=az(RR"). (5)

The 1D fields uc(s), R(s) adong C' can be different, in general, from finite limits u*(s), Q= (s) of the 2D fields u,
Q when the respective boundaries 9M 4 or M coinciding with C' are approached. As aresult, each type of the phase
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Fig. 1 Two-phase shell kinematics.

transition should be characterised by additional relations between uc, R and u*, Q*. In this paper we discuss only such
types of PT which do not lead to fragmentation of the shell. Thisis possible in two types of PT.

The phase interface C' is called coherent if both fieldsy and Q are continuous at C

y = +:yC> [[y]]:O, [[)/]]:0’

6
Q_:Q+:Rv [[Q]]:()v [[Q/H:()? ©
where[...] =[...]T —[...] isthejumpat C. Therefore, the coherent curve C can be singular withregardto F = Grad,y
and GradsQ but not with regard to y and Q themselves, where Grad is the surface gradient operator defined intrinsically
in[21, 22].
The phase interface is called incoherent in rotations if y is continuous at C' but continuity of Q at C' isviolated. In this
case the conditions indicated in the first row of (6) are till satisfied, but those indicated in the second row of (6) can be
violated. Therefore, the interface C' incoherent in rotations can be singular with regard to F, Grad;Q, and Q.

3 Weak formulation of equilibrium BVP

The equilibrium BVP for shells with occurrence of the PT can now be formulated in the following weak form extending
the one proposed in [1, 23]:

Giventheexternal, resultant surfaceforce and couplefieldsf (%), c(6) on M, curvilinear forceand couplefieldsf ~(s),
cc(s) dong C, concentrated forces and couples n}, m; and n’, m¢ acting at initial and end points z;, x. of intersection of
C with 9M, aswell as boundary force and couple fieldsn*(s), m*(s) prescribed along 0M s, respectively, find asolution
(u,Q,X¢) on the configuration space S (M; E x SO(3) x E) satisfying the kinematic boundary conditions u = u*,
Q = Q" dong dM,; = OM \ OM such that for any kinematically admissible virtual vector fields su, w = az (6QQ"),
o6X¢ thefollowing variational principle of the total potential energy is satisfied:

ol =0, I:/ WAda+/ WBda—l—/WCds—A. (7)
Ma Mp C

Here W, = W4 (E,K) and Wi = Wi(E, K) arethe 2D elastic strain energy densities associated with the subregions M 4
and Mg, respectively, W = We (e, k) isthe 1D elastic strain energy density associated with the phase interface curve C,
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6 W. Pietraszkiewicz, V. Eremeyev, and V. Konopihska: Elastic shells undergoing phase transitions

and A isthe potential of external |oads such that
5A:// (f-du+c-w) da+/(fc-5uc+cc~wc)ds
M\C C

+/ (n*-du+m*"-w)ds+n;-du. +m; - W, —n; - du; —mM; - w; . (8)
OMy

In (8), 6uc and we = SRR” are the virtual translation and rotation of the interface C', and corresponding virtual displace-
ments at the initial and end points of C' are denoted by éu;, w; and du., w,, respectively.

The principle (7); with (7)2 and (8) states that among al possible valuesof u, Qin M\ C, uc, Raong C, and positions
of the phase interface X the actual solution renders the functional (7). stationary.

Calculating 61 with I defined by (7). consists of two parts. In the first part we have to repeat al transformations given
in detail in [1] for I without the integral over C' in (7)2 as well as without the integral over C' and out of integral termsin
(8). Due to the limited volume of this paper we do not repeat here those transformations and refer the reader to the final
result givenin [1], f. (26).

Variation of the additional integral in (7). performed with the help of (5) and the theorem for differentiation of curvilinear
integrals [10] (f. (1.158), (2.223)) with a movable surface curve leads to

5/ We dSZ/ (SchS-l-/ kgVchS
c c c
:/ (n~6ce+m-6cn)ds+/ kyVWeds
c c
:/ {n-(éu’c—wcxy’c)+m-V\/C}ds+/kgVWCds
c c

=(n-duc +m-wp)

z —/ {n"-duc + (M +y, xn)-we}ds —|—/ k,VWeds, 9)
c c

i

where §¢ is the corotational variation, k, = ~ZL visthe geodesic curvature of C, v isthe external unit normal to M,

S
V = éX¢ - v, and we have used therelations for 0°e and 6°« givenin [3]. The stress resultant n and stress couple m vectors
in the spatial representation are given by the constitutive equations

We 9o
Og ’ T 9k

Introducing (9) and (8) into (7); and using the results of transformations given in [1], f. (26) we obtain
51:—// {(n*]_ +f)-ou+ (m*_+Y.axn*+c) w}da
M\C

+/ {(n, —n*)-0u+ (m, —m*)-w}ds
aM;

(10)

+/6Md(ny-§u+m,,-w)ds
—/ (VIW] = k,VWe + [N, -6u] +[m, -w]
C

+ (0" +fo)-duc+ (M +ys xn+ce)-welds 1)

+ (Ne—nk)-duc+ (M. —mi)-w, — (n; —nf)-ou; — (M —m})-w; =0, (12)

(3
where

oW aw
n" =

ey, T Oky

n,=Nv=n%,, m,=Mv=m%,, (13)

vy =V -a,,andN, M arethe stress resultant and stress couple tensors of the Kirchhoff type, respectively.

Vanishing of the first two rows of (11) leads to known local equilibrium equations and dynamic boundary conditions of
the general theory of regular shells, see [1]. The third and sixth rows of (11) vanish identically if the kinematic boundary
conditions along 0 M, are satisfied, for then du = w = du, = w, = du; = w; = 0along IM .
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4 Extended dynamic continuity conditions

From (11) it aso followsthat at the curvilinear phase interface the following local, extended, dynamic continuity conditions
have to be satisfied:

VIW]=kVWe+[n,-ou]+[m,-w]+(n" +fo)-duc+ (M +y, xn+co)-we =0 aongC, (14)

n=n;, m=m; az;=CNoM;, 15
Nne=n;, m=m; ax.=CNIMy. (15)

Thefidds V, sut, wt, suc, we in (14) are still not independent at C, in general. Performing more detailed analysis
of (14) for different types of PTswe can introduce additional information about the behavior of the virtual fields and their
interrelation.

Assuming that y(z) and Q(z) are smooth fields in the interiors of M4 and M we can define one-sided limits y=, F*,
Q*, (Grad,Q)* when x — x¢. Thefunctionsy*(s) and Q™ (s) are continuously differentiable along C.

4.1 Coherent interface

For the coherent interface al the relations (6) are assumed to be satisfied. Then applying the Maxwell theorem [24] we
obtain the local kinematic compatibility conditions [1]

[u]+V][Fr]=0, [w]+V[Krv]=0 dongC, (16)

Fv=y.,v%, Kv=grr*, (17)

which allow onetorelate [ fu ] and [w] with V.
Let us represent the jumps of productsin (14) by the identities

[Nv-du]=(Nv)-[6u]+[Nv]-u)y, [Mr-w]=(Mv) [w]+[Mr]-(w). (18)
Introducing (16) and (18) into (14) we aobtain

V{[W]—-kWe—(Nv)-[Fr]—(Mv) - [Krv]}+[Nv]- (0u)+[Mr] - (w)

19
+ (N +fg)-duc+ (M +yexn+ce) -we=0. (19)

At the coherent interface C from (6) it follows that (du) = duc and (w) = w. Therefore
VAIW ] =kWo — (Nv) - [Frv ] — (Mv) - [Kv ]} 20)

+ (" +[Nv]+fo)-duc+ (M +yoxn+[Mr]+ce) -we=0.

For now independent virtual fields V, due, and we the relation (20) requires that the following local continuity condi-
tions be satisfed along C::

[W]-Nv)-[Fv] - (Mv)-[Ke] = kWe,

n+[Nv]+fo=0, m+y.xn+[Mrv]+cc=0. (2)

The continuity conditions (15) and (21) are more complex than those derived in [1], f. (37); 2 and (39), because now
they bring additional information about the elastic strain energy associated with the phase interface itself as well as the
resultant forces and couples acting along C and at the initial =; and end z. points of C. The conditions (15) and (21), 3 are
formally the same as the ones of the exact, resultant, dynamic continuity conditions of the branching and intersecting shells
[19] derived by direct through-the-thickness integration of equilibrium conditions of continuum mechanics. This suggests
that the conditions (15) and (21) can also be formulated exactly by direct through-the-thickness integration of appropriate
3D equilibrium conditions of the shell-like body undergoing PT in athin tube of matter about the singular surface curve C.

4.2 Interfaceincoherent in rotations

For the interface incoherent in rotations only the relations of the first row of (6) are assumed to be satisfied. In this case
the interface C' can be singular with regard to Q, F, and Grad;Q. From the Maxwell theorem [24] follows only the first
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8 W. Pietraszkiewicz, V. Eremeyev, and V. Konopihska: Elastic shells undergoing phase transitions

compatibility condition (6);, while the second one (6)2 can now be violated, in general. Here (0u) = Juc as well, but
(W) # Wc, in general. Then the continuity condition (14) can be transformed into

V{IW] -kWec—(Nv)-[Fr]}+[Mr-w]

22

+ (N +[Nv]+fo)-duc+ (M +y-xn+ce) We=0. (22)

With now independent virtual fields V, w*, suc, we therelation (22) is equivalent to the following set of local dynamic
continuity conditions along the interface C' incoherent in rotations:

[W]—(Nv)-[Fv]=k,We, METv=0,

23
n+[Nv]+fo=0, m+y-xn+cc=0. (23
The second conditions in the first row of (23) indicate that here there appears the kind of ahinge aong C' at which the
resultant surface couples should vanish. The conditions (23) express just the balance of forces and couples at the interface
C incoherent in rotations.

The dynamic continuity conditions (21); and (23); are the relations which allow one to establish position of the singular
curve C on M in the thermodynamic equilibrium state of phase transition.

4.3 Capillary energy of the phaseinterface

Let us consider a specia case of curvilinear energy of the phase interface by analogy to the one used in the theory of
capillary surfaces [25, 26]. In this case the functional of curvilinear energy can be assumed to be given by the integral
along D

o ds, ds= -yds, and Wg =0 “Yo=o0vV1+2h-e+e-¢g, 24
/D N c= oV Y=o (24)

where ¢ isthe constant line tension, while s isthe length parameter along D. Other possible types of constitutive equations
of one-dimensional continuaare givenin[10]. The concept of linetensioniswidely used not only in the theory of capillarity
but also in the theory of dislocations where the line tension describes the energy of a tube surrounded the dislocation, see
[27]. For the constitutive equation (24) we can simplify the continuity conditions along the phase interface (21) and (23).
Indeed, if we use (10) then from the equation (24) we obtain

n= 70 yC7 m=0. (25)

VYo Yo

Thus, by using (25) we obtain that n x y;, = 0. If we further assume that c = 0 the third equation of (21) reducesto
[ Mv ]| = 0 whilethe fourth one of (23) is satisfied identically.

Note that \/ﬁyc is the unit vector tangent to the curve D. Then using the Frenet formulas we obtain that
c Yo
!
(\/%yc = ku, where k is the principal curvature of the curve D and p is the principal unit normal to D.
c Yo

Then with the additional assumption that f ~ = 0 the second equation of (21) or the third one of (23) reduces to
kEp+ [Nv] =0. (26)

The equation (26) isa 1D anaog of the well-known Laplace equation in the theory of capillarity [25, 26].

5 Example

Let us solve a simple axisymmetric plane problem of PT in an infinite plate with a central hole of radius a taking into
account the curvilinear energy given by (24), Figure 2. This example was considered in [1] inthe case o = 0. It isassumed
that in the undeformed state the whole plate consists of one material phase marked by “ B”. Then to the hole boundary the
radial trandation u* = —u* e, with a constant magnitude «* is prescribed. As aresult, in the deformed equilibrium state
of phase transition there may appear in aregion a < r < b anew material phase marked by “A”. Our goa isto find the
radius b of the interface circle C.
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Fig. 2 Two-phase plate with ahole.

In the polar coordinate system #' = r, 82 = ¢ the axisymmetric plane deformation and corresponding strain and
bending measures are given by

y=y(r)e, u=u(re =(y(r)-rje, Q=1 yo=DBe, Xc=ble,
€. = cos iy +sinpiz, €, = —sinpi; + cos pis,
du ,
Er = %e,. =U €, E,=UB, K,=kK,=0,
E-FEexe +FEe 06, E —u, E,—-
,

(27)

where e, and e,, are the unit base vectors, E, and E,, are physical components of strain, while B or b and y(r) or u(r) are
unknowns of the BVP,

To avoid awkward computations of [1] we assume that the elastic strain energy densities W, and W can be assumed
in the simple form

2
Wi = G (B34 B2) 4 Aan = 0% (w4 ) + A, @

where A 4 p isaconstant. Usually we determine the strain energy density with accuracy to a constant, but here we may
take into account that the reference values of the densities of the two phases at zero strains may be different, in general. If
we assumethat Ag = 0, then A 4 describes an energetic barrier for the formation of the new phase” A”. Further we take
Ay = C{*A # 0 where A isadimensionless parameter. The one-constant constitutive equation (28) means that the strain
energy densities of two material phases differ only by values of elastic constants Cf"B while other elastic constants in the
congtitutive equation of isotropic shell discussed in [1] are equal zero.

For the deformation (27) and the constitutive equations (25) and (28) we have

Nap=N'Pe.®e+N}Pe,®e,, Msp=0 n=oe, m=0 We=o0o

b’ (29)
NAB = 20MPy, NP =20 P 2
r

Solving the equilibrium equations we obtain [1]
A,B

unp(r) = utPr + —ulr , (30)

where u;"? and u{"” areintegration constants.
Using kinematic boundary conditions and kinematic continuity conditions

*

uag(a) =u*, wua(b) =up(), and wup(r)—0 for r — oo, (31)
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10 W. Pietraszkiewicz, V. Eremeyev, and V. Konopihska: Elastic shells undergoing phase transitions

|
—

o |8,

Fig. 3 Phase diagram for two-phase plate.

A
weobtain that uf = 0, uf = ui' +b2ug, and uf' = - 2—12. Theintegration constant u4* can be found from the reduced
third eguation (23):

[Nv] = [N'(6) - NP ()] e = T,

while the a priory unknown radius b of the phase interface circle C' from the first of equations (21) or (23):

oft [0+ AP -cp g 0) + B2 | a0 [NAW) + NE0] Ba) - 0] = 55 (32

b2 b2
_ _ e . Ge+2Voc2——-A+52+Ac2 ck
The two-phase solution exists only if «* > g, whereuy = a 2 = 1) ,C= 07{‘ >0, and
o= CLA' The solution indicates that within 0 < v* < ug thereis only one material phase “ B” in the plate. When the
1a

assumed boundary trandation reaches the critical value u* = w the second more * soft” material phase* A” is created with
asmaller modulus of elasticity than that of the phase“ B”. Finally, when v* > uj the plate consists of two regions with two
different material phases separated by the circular interface C of radius b. The value of b depends upon the ratio ¢ between
the material constants C# and C{}, aswell asupon & and A (see Figure 3).

Note that in this problem the line tension affects position of the phase interface C' if the value of & is big enough. If
¢ < 1theninthelimit & — 0 we obtain theresultsgivenin[1] . In the theory of phase transitions of 3D elastic bodies[9]
the surface tension essentially affects the new phase nucleation if the curvature of nucleation surface is big enough. In the
example considered here the nucleation curve of the new phase is a ring which curvature is not so big to affect the phase
transition for small values of the line tension.

After determining the integration constants the total energy I isafunction of parametersz = b/a and 4 = v*/a and is
given by therelation

1 I( 7) 1
— I(z,q) =
2ma2C{ cr?4 a2 —c+1

{2122 (3;2 +ex?+c— 1) + 2uox
% [2A (c+1)2* +45 (c+1)2° — (1A c +52) 22 (33)

+46 (1—c)z+2Ac—2A+5%]}.
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I A

1]

*s g%
ur >ug

* *
u* < wug

>
0 b
Fig. 4 Dependence of thetotal energy on the interface radius b for different values of «*.

IS

0 U*‘azo (O P

Fig. 5 Tota energies for two-phase solution I, and for one-phase solution I;.

By differentiation it may be shown that the equation (32) is equivalent to the equation ? = 0. Itiseasy to show that when
u* > uf there exists only one solution for the phase interface circle of radius b. Depen%ence of the total energy (33) on b
isgiven in Figure 4, where only one minimum existsif v* > u.

The solution corresponding to the two-phase equilibrium state is energetically preferable. Let us calculate the value of
the functional I on the two-phase solution as well as on the corresponding one-phase solution for different values of &.
Then the total potential energy I corresponding to the two-phase equilibrium state is aways lower than I; corresponding
to the one-phase state, see Figure 5.

6 Conclusions

The non-linear quasi-static boundary-value problem of PTs in shells proposed in [1] has been extended by taking into ac-
count the elastic strain energy density of the interface aswell asthe resultant forces and couples acting along the curvilinear
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12 W. Pietraszkiewicz, V. Eremeyev, and V. Konopihska: Elastic shells undergoing phase transitions

interface itself. From the variational principle of total potential energy we have derived the extended dynamic continuity
conditions to be satisfied at the interface. The conditions alow one to establish position of the interface curve in the
thermodynamic equilibrium state of PT.

We have applied the general dynamically and kinematically exact shell model. Therefore, al simplified versions of shell
theory with PT can be derived by an appropriate specialization of our results.

The variational principle (7) and the dynamic continuity conditions (21) and (23) may be useful in determining the
equilibrium position of a movable singular curve in the shell describing other types of singular phenomena. For example,
by analogy to the theory of dislocations in 3D bodies [27] the approach developed here may be useful in determining the
equilibrium of thin films with dislocations and/or thin-walled structures with singular curvilinear defects of any nature.
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