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Abstract

The resultant two-dimensional (2D) balance laws of mass, linear and angular
momentum, and energy as well as the entropy inequality for shells are derived by direct
through-the-thickness integration of corresponding 3D laws of continuum
thermomechanics. It is indicated that the resultant shell stress power cannot be expressed
exactly through the 2D shell stress and strain measures alone. Hence, an additional stress
power called an interstitial working is added to the resultant 2D balance of energy. The
new, refined, resultant balance of energy and entropy inequality derived here are
regarded to be exact implications of corresponding global 3D laws of rational
thermodynamics. The kinematic structure of our shell theory is that of the Cosserat
surface, while our refined resultant laws of thermomechanics contain three additional
surface fields somewhat similar to those present in 3D extended thermodynamics. We
briefly analyse the restrictions imposed by our refined resultant entropy inequality on the
forms of 2D constitutive equations of viscous shells with heat conduction and of
thermoelastic shells. It is shown, in particular, that in such shells the refined resultant
entropy inequality allows one to account for some longer-range spatial interactions. We
also present several novel forms of 2D kinetic constitutive equations compatible with the

resultant shell equations.

Keywords Shell thermomechanics, Resultant formulation, Cosserat surface,

thermomechanics, Constitutive equations, Viscous shells, Thermoelastic shells, Kinetic

constitutive equations

1. Introduction

Non-linear, thermomechanic, two-dimensional (2D) models of shells are usually developed using

two main approaches: 1) the so-called direct formulation, and 2) the derived or deductive formulation

from three-dimensional (3D) continuum mechanics. But the basic 2D relations of

thermomechanics and physical interpretation of their ingredients vary substantially throughout the

literature. The direct approach, performed along the lines of mechanical model of the surface proposed

by Cosserat (1909), was used for example by Naghdi (1972); Zhilin (1976); Murdoch (1976); Rubin

(1999); Eremeyev and Zubov (2008). In the deductive approach one usually expands all 3D fields into

series of thickness coordinate and then assumes some kinematic, dynamic and/or thermal constraints
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to make the 2D complex shell relations more accessible for applications, see for example Green and
Naghdi (1970, 1979); Kritzig (1971); Naghdi (1972); Kleiber and Wozniak (1991). In both
approaches the errors of such 2D thermomechanic shell relations are practically indefinable.

The resultant shell thermomechanics proposed concisely by Simmonds (1984) deserves special
attention, because :

1. The resultant balance laws of mass, linear and angular momentum, and energy as well as the
entropy inequality were formulated on the shell base surface by exact through-the-thickness
integration of appropriate 3D laws of continuum thermomechanics.

2. The shell kinematics was constructed uniquely through the virtual work identity. This resulted
in the translation vector and the rotation tensor fields as the only independent kinematic
variables describing the gross motion of the shell cross section.

3. The only approximations were made in the resultant balance of energy when expressed
through the 2D fields alone. The errors were then transferred onto the resultant entropy
inequality and the 2D constitutive equations, which are experimental laws anyway.

The mechanical part of such resultant shell theory, originally proposed by Reissner (1974), gained
considerable attention in the literature, and many results obtained in the field are now partly
summarised for example in the books by Libai and Simmonds (1998); Chroscielewski et al. (2004);
Eremeyev and Zubov (2008). But the resultant approach to shell thermomechanics of Simmonds
(1984) seems still to be insufficiently publicised and used in thermomechanic shell analyses. Among a
few papers in this field let us mention the report by Makowski and Pietraszkiewicz (2002) on possible
generalizations of the resultant approach and papers by Eremeyev and Pietraszkiewicz (2009, 2010) on
thermomechanics of phase transitions in shells.

In this paper the local, exact, resultant balance laws of mass, linear and angular momentum, and
energy as well as the entropy inequality for shells are derived by direct through-the-thickness
integration of corresponding 3D laws of continuum thermodynamics. Our resultant laws are
formulated in the referential description on the shell base surface which is taken to be the material
surface during shell motion, not a non-material mass-weighted surface as in Simmonds (1984).

In section 3 it is shown that approximations of the resultant balance of energy follow from
impossibility to represent exactly the resultant mechanical power, stress power, and kinetic energy
using the surface fields alone. In particular, Pietraszkiewicz et al. (2005) proved explicitly that, when
reduced to the base surface, the shell stress power S consists of two parts: a) the effective stress
power S, performed by the resultant 2D shell stress measures /N, M on appropriate time rates of the

work-conjugate 2D shell strain measures E,K , and 2) an additional stress power not expressible

through the surface fields. In order to restore the full amount of stress power of the shell, an additional

mechanical power W such that S=S,+W , called an interstitial working after Dunn and Serrin

(1985), is introduced on the 2D level. With the corresponding interstitial flux vector field w our new,
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refined, resultant balance of energy (48) becomes an exact implication of the global 3D balance of
energy. It refines the effective energy balance, which is inaccurate when expressed through the surface
fields alone and then analogous to that formulated by Simmonds (1984).

The exact, resultant 2D entropy inequality (57) is derived in section 4 by integrating through the
thickness the 3D Clausius-Duhem inequality proposed by Truesdell and Toupin (1960). Then our
refined 2D balance of energy (48) is used to transform the inequality (57) into another form more
convenient for discussing the 2D constitutive equations. The transformed resultant entropy inequality
(60) is also new in the literature and refines the analogous one proposed by Simmonds (1984). It can
be regarded as an exact implication of the global 3D Clausius-Duhem inequality as well.

Although on 3D level we begin with the classical Cauchy continuum and the Clausius-Duhem
inequality of rational thermomechanics, our refined resultant relations of shell thermomechanics do
not remind the classical ones. The kinematic structure of the resultant shell theory is that of the
Cosserat (1909) surface, which was noted already by Reissner (1974). Our two novel, refined resultant
laws of shell thermomechanics contain three additional surface fields. The structure of these 2D laws
of shell thermomechanics reminds somewhat that of corresponding 3D laws of extended
thermodynamics, see for example Miiller and Ruggeri (1998).

In section 5 the procedure of Coleman and Noll (1963) is used to analyse restrictions imposed by
our refined entropy inequality (60) on the 2D forms of constitutive equations. As examples, we briefly
discuss viscous shells with heat conduction and thermoelastic shells defined here by the extended
constitutive equations, in which also the possibility of longer-range spatial interactions is accounted
for. It is shown, in particular, that our resultant entropy inequality does allow the constitutive
equations to depend also on the first surface gradients of the shell strain measures and on the second
surface gradient of the referential surface temperature. Finally, several novel forms of the 2D kinetic

constitutive equations obtained with the help of heuristic arguments are provided.

2. Basic principles of resultant thermomechanics for shells

Within 3D continuum thermodynamics we assume that all material bodies possess mass, sustain
forces and torques, convert energy, and basic laws of thermodynamics are valid for any part P of the
body B .

To describe the mechanical behaviour of P at any time ¢ €T we assume the following primitive
quantities to be meaningful: the mass M(P,¢), the mass production C(P,?), the linear momentum
vector L(P,t), the total force vector F(P,¢), the angular momentum vector A (P,¢), and the total
torque vector T_(P,t). The latter two quantities are defined in an inertial frame (o,e;) relative to a
point o of the three-dimensional (3D) physical space £ with V" as its translation 3D vector space, and

where e, €V, i=1,2,3, are orthonormal vectors. The primitive quantities are assumed to satisfy three



-4 -

balance laws of continuum mechanics: balances of mass, of linear momentum and of angular
momentum, see for example Truesdell and Toupin (1960); Truesdell and Noll (1965). When written in

the most general, global integral-impulse form these laws are:
Mie=["Cdr, Lie=["Far, A, =] Tur. (1)

Two latter laws in (1) are given in the inertial frame (o,e,), and [¢,,t,]€T .

When the theory is designed to account for thermal effects, we assume additional primitive
quantities to be meaningful: the total energy U(P,?), the heating Q(P,¢) , the entropy H(P,¢), and the
entropy flux J(P,t). It is generally accepted that these quantities have to satisfy no more than two

laws of continuum thermodynamics. However, while the form of energy balance is universally
accepted, there is no general agreement which specific form should take The 2™ Law. Let us refer to
reviews by Muschik et al. (2001); Muschik (2008) and to recent books by Miiller (2007); Badur
(2009), where many references to historic papers and books on various formulations of continuum
thermodynamics are given.

Within the rational thermodynamics developed by Truesdell and Toupin (1960); Truesdell and
Noll (1965); Truesdell (1975, 1984), which we shall use here, the two laws of thermodynamics are the
balance of energy (also called The 1* Law) and the entropy inequality (also called The 2™ Law):

t, t
Ujp= L] (P+Q)dt, H[>> Ll Jdt )

where P(P,t) means the mechanical power, and J(P,?) is taken in the Clausius-Duhem form, see

Section 4 below.

In continuum mechanics each placement x(P,t) of P e B at time ¢ becomes a part P(¢) of the
region B(#)=y(B,t) of £. By yeP(t) we denote the actual place of material particle and by
y =y—o its position vector in the inertial frame (o,e;). Then P — B is the region of £ occupied by
P in the reference placement «(7P) associated here with #=0, while x € B is the reference place of
material particle and X =X — 0 its position vector in the same inertial frame (o,e;) .

In the shell-like body the boundary surface 0B of the reference region B consists of three parts:
the upper M and the lower M~ shell faces, and the lateral boundary surface OB* such that
OB=M"UM UB*, M" "M~ = . Relative to the origin o€ of the inertial frame (o,¢;) the
position vectors x and y are usually described by

X(x,8) =x(x)+Sn(x), y(x,&,0)=y(x,0)+2(x,8,1). 3)

Here x(x)=x(x,0) is the position vector of corresponding point of some reference base surface

M c &, n(x) is the unit normal vector orienting M , & e[~h (x),h"(x)] is distance along n from
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M to x with A=h"+h" the initial shell thickness, y(x,?) is the position vector of the base surface
M(t),and z(x,&,t), z(x,0,¢) =0, is a deviation of y € B(t) from the base surface M (¢).

Each placement P(¢) of the shell-like body can be represented through a part 71(¢) of the shell
base surface M (t) & taken here to be the material surface, i.e. consisting of the same material
particles during the shell motion. By y € I1(¢) we denote a point of //(¢) and by y = y —o0 its position
vector in the inertial frame (o,e;). Then /7 — M represents a part of M , while x € I is the point of
IT and x =x—o0 its position vector in the same inertial frame (o,e;) .

Under appropriate smoothness requirements the mechanical primitive quantities can be expressed
as the following volume and surface integrals of their densities, written here with respect to the

reference placement:
M= IﬂP prdv, C= .”IPCR dv, L= .[.UPPRYdV Ao = .m;y Xpydv, 4)

=l [t T = [ vepbave ], yetd o

Here pg(x,t) >0 and c,(x,f) are the referential mass and mass production (densities) per unit volume
of B, b(x,¢) is the body force (density) per unit mass of B, y(x,t) is the 3D velocity field, and
t. (x,?) is the contact force (density) per unit area of 0P with the unit normal vector n(x,f) orienting

OP.

Let us define the following resultant 2D surface fields:

p=["pmdé, c=[cuuds, =] pyudé, k=[yxpynde, (©6)
n=["tpds, m,=["zxtpds, ['=[" (7)
pf =] pbudé+tia +ta, pe=|[ zxpbudé+z'xtia’ +z xta, ®)

where the geometric parameters p, o are given by Konopifska and Pietraszkiewicz (2007),
Appendix (A.15) — (A.17).

In (6) - (8), p(x,t) >0 and c(x,¢) are the referential surface mass and mass production (densities),
I(x,t) and k(x,t) are the surface linear momentum and angular momentum vectors per unit area of
M , while f(x,t) and c(x,t) are the surface force and couple vectors per unit mass of M,
respectively. Additionally, n,(x,f) and m (x,t) are the surface contact stress and couple-stress
vectors describing internal mechanical interactions between the shell parts at the internal boundary

oI \oM .

With the help of (6) - (8) the mechanical primitive quantities can also be expressed through their

2D representatives,
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M:_Unpda, Czﬂncda, )

L=([ tda, F=[[ pfda +ijf n, ds+J.6maan*ds, (10)

A, =_[H(k+y><l)da , T, :.[H(P0+y><f)da+_[am6M/ (m,+yxn,)ds "

* *
+IﬁHﬁ6M, (m*+yxn*)ds,

where n* m* are just the external resultant boundary force and couple vectors assigned along a part
OM , < 0M which are energetically equivalent to distribution of external tractions t* applied on
OB*.

Alternatively, the primitive mechanical quantities can also be represented directly on any Il < M
through the resultant surface and curvilinear fields indicated in (9) - (11).

The primitive quantities associated with The 1% and 2™ Laws can be expressed with respect to the

reference placement by the following integrals:

U=[[f,pnav. P=[ff,pave ] poda. H=]f] pndv. (12

Q=[] perdv—{] p.da, I={[[ pkdv-[[ j.da. (13)
Here u(x,t), n(x,t), 1(x,¢), and k(x,?) are the 3D (referential) total energy, entropy, heat supply, and
entropy supply (densities), all per unit mass of B, p(x,#) is the 3D mechanical power per unit volume
of B, while p,(x,?), q,(X,?), and j, (x,?) are the 3D contact power, heat, and entropy fluxes through

the boundary OP, respectively.

We can again define the resultant surface fields,

Pu=J_ prupds, p=j_pud§, pvz_l-_pnpdg, pn:_[_ peNudé, (14)
pr=[ perudé-qjo’ —qia”, g,=] qudé, (15)

+ P . t.
pk =" pekpdé —jrat —jia, j,=[ judé. (16)

In (14) - (16), u(x,t), n(x,t), r(x,t), and k(x,t) are the resultant total energy, entropy, heat supply,
and entropy supply (densities), all per unit mass of M , p(x,t) is the resultant mechanical power per
unit area of M , while p, (x,t), g,(x,t),and j, (x,t) are the resultant contact mechanical power, heat,

and entropy fluxes through the internal boundary 017, respectively.
With the help of (14) - (16) the quantities (12) and (13) can also be expressed through their 2D

representatives,

U:I-[HPUda’ szjnpda+jan\aM, pvds—J.mm}pr*ds, H=”ﬂp77da, (a7)

Q:jjnprda_jan\athVds_ anmath*dS’ (18)
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J:I.[npkda_.[an\aM,,jV ds - anﬁath*dS 5 (19)

where p* is the external, resultant boundary power flux assigned along oM ,, while ¢* and j* are

the external, resultant boundary heat and entropy fluxes given along a part OM, c OM which are
thermally equivalent to distributions of 3D heat q* and entropy j* fluxes assigned on 0B} — 0B*.

Alternatively, the primitive quantities (12) - (13) can also be represented directly on any Il c M
through the surface and curvilinear fields as indicated in (17) - (19).
By the Cauchy postulate extended to the 2D thermal fields, the contact surface quantities n,, m

q,,and j, can be represented through the respective surface stress resultant N(x,¢)eV ® .M and
stress couple M(x,t)eV ®T .M tensors of the 1st Piola-Kirchhoff type, as well as the respective
referential heat g(x,7) € T.M and entropy j(x,t)eT.M flux vectors according to

n,=Nv, m,=Mv, p,=p-v, q,=¢q-v, j,=jv. (20)

In these relations v e T M is the unit vector externally normal to 0I7, and 7.M is the 2D vector

space tangentto M at xe M .
In what follows we assume, as is usual in solid mechanics, that mass is not produced during the
process, C=0. Hence, the balance of mass (1), is identically satisfied.

If time derivatives of the set functions L(P,?), A (P,t),U(P,t),P(P,t), and H(P,t) exist for all

t €T we can write
L|jf=J'tl2Ldt, A0|;f=jt’2A0dt, U|§f=jfUdz, P|;2=jt’2F'>dz, H|;2:.[:2Hdt. Q1)

Then using the 2D representations (9) - (19), we obtain

%ﬁn’d‘l = [, ida, %Hn(k +yxhyda=[[ (k+yxi+yxi)da, 22)
Nl puda= [, pida, <ff pda=[[ pda, <[] pnda={[,piida, 23)
and the four remaining laws of mechanics and thermodynamics for the shell-like body become
-UH (pf - l) da+ Ian\aM/ n, ds + -[BH\(?M/. n*ds=0, (24)
[[, tpé=Gh+ i<t + yx(pf ~irida
+ J‘GH\E)M/» (m,+yxn,)ds+ J‘BﬂméMf (m*+yxn*)ds=0, (25)
”H(,Ob'! - p)da _-[Gﬂ\ﬁM p,ds— s P * s
f b 26)

—anrda + .L)H\BMh g ds+ .L)Hm@Mh q*ds =0,

Ijnpﬁda_jfnpkda+fan\aM,,jV dS+I@nmath*dSZ0' (27)
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In what follows we assume that M be a regular geometric surface, so that we exclude any kinks,
branchings and self-intersections (for irregular shells see Chroscielewski et al. 1997, 2004; Makowski
and Pietraszkiewicz 2002; Konopinska and Pietraszkiewicz 2007). We also assume that all surface
fields discussed here are smooth in /7 (for thermomechanic processes with jumps at singular surface
curves see Makowski and Pietraszkiewicz 2002; Eremeyev and Pietraszkiewicz 2009, 2010).

Let us apply to (24) - (27) with (20) the surface divergence theorems
Iana~vds =IIHDivada, LHSvds =IIHDidea, (28)

Ia”a xSvds = .”n {axDivS +ax[S(Grad a)" —(Grad a)S" |}da, (29)
valid for any a(x,t)eT.M and S(x,t)eV ®T .M, where the surface gradient and divergence
operators with respect to x e M are defined as in Gurtin and Murdoch (1975), and (axT) €V means

the axial vector of the skew tensor TeV ®V , T’ =—T, so that T= (axT)x1, where 1€V ®V is the

identity tensor. Then, after some transformations we obtain the following four local laws of resultant

shell thermomechanics in the referential (Lagrangian) description valid in any /7 € M :

DivN+pf=1, DivM+ax(NF' —=FN")+ pc=k+ yxI, (30)
pu—(p+Divp)—(pr-Divg)=0, (D)
pn—(pk—Div j)20, (32)

where F =Grad yeV ®T .M is the surface deformation gradient.
The corresponding dynamic and thermal boundary conditions are
n*—Nv=0, m*-Mv=0, p*-p-v=0 alongoM,, (33)
qg*—q-v=0, j*—j-v>0 alongoM,, (34)
and the complementary to (33) kinematic boundary conditions are
y*=y=0, 0*-0=0 alongoM,=0M\oM,. (35)

The relations (30) - (35) are formally exact implications of the global laws of continuum
thermodynamics (1), (2), with (21) and 2D representations (9) - (11), (17) - (19), for the shell-like

body represented during motion by the material base surface M (¢), which in the reference placement

is M.

3. Modified 2D energy balance

Let us analyse in more detail the balance of energy (2); and its local 2D form (31).
In 3D continuum mechanics the local form of balance of linear momentum in the referential
description reads

DivP +pb =p,¥, (36)
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where Div means the spatial divergence operator with respect to x € B, P(x,f) is the 1% Piola-
Kirchhoff stress tensor, and b(x,¢) is the body force vector per unit mass of B. Upon multiplying (36)
by the 3D velocity field y(x,t), integrating over an arbitrary P — B and using the 3D divergence

theorem, we obtain
[[.,®n)-yda-+][[ peb-yav-|[[ P-Gradydv:i”‘ Logy, (37)
ap P P dt*7’r 2

where AB=tr(A"B) for any A,BeV @V , and Grad is the spatial gradient operator with respect to

x € B. The right-hand side of (37) is K , where K(P,t) is the kinetic energy, while the left-hand side
means P—S, where S(P,¢) is the stress power.

Let us now use the same approach to the resultant local balance laws (30): multiply (30), by a
surface translational velocity v(x,¢) and (30), by a surface angular velocity (x,?) of M(¢), integrate

them over an arbitrary I7 — M , use the surface divergence theorems (28) and (29), and finally add

together the two so transformed equations, which leads to
_[an{(Nv)-u + (Mv)- @} ds +jjn(f ‘v +c-®)da
-| jﬂ{N-Gmdu —ax(NF" = FN")-@ + M+Grad }da (38)
=[| -0 +(K+yxI)-olda,

where A+D =tr(A' D) forany A,.DeV®T.M .
The physical meaning of corresponding terms in (37) and (38) should be the same, only now those
in (38) are expressed through the resultant surface fields alone. The first row of (38) is the mechanical

power performed by n,,m, along 0l and by f,c in Il on the respective v,®, the second row
means the stress power performed in /7 by N,M on time rates of appropriately defined 2D shell

strain measures, while the last row should mean the material time derivative of the shell kinetic
energy.

However, neither of those three rows of (38) can be regarded as exact representation on // and
along OI1 of the corresponding 3D expressions of (37). In the 2D mechanical power of (38) some part
of the 3D mechanical power of (37) following from stresses P acting on surfaces in B parallel to M
as well as from self-equilibrated distributions across the shell cross section of stresses P, body forces
b and boundary tractions t* is not accounted for. In fact, Pietraszkiewicz et al. (2005) proved
explicitly that the 3D stress power indicated in (37) can be expressed through the 2D stress power

given in (38) plus an additional stress power not expressible through N, M and not present in (38).

Libai and Simmonds (1983, 1998), by introducing a non-material mass-weighted base surface M (¢)

during the shell motion, were able to represent the last row of (38) in a bulk form similar to that of

kinetic energy of rigid-body motion. But even then some part of 3D kinetic energy of (37) associated
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with self-equilibrated inertia forces outside A (f) not reducible to I and k is lost in the

corresponding 2D representation in (38). As a result, we can write the 2D balance of mechanical

energy (38) symbolically as P,—S, =K, where indices e mean that these quantities are effective

quantities calculated using only the surface fields defined on the material base surface. In particular, if
S and S, are given through their 2D representatives then

Szﬂnada, Sezﬁnaeda, o,<0. (39)

In continuum mechanics, see for example Bowen (2004), the total energy U(P,f) is often

decomposed into the kinetic energy K(P,#) and the internal energy E(P,?),

U=K+E, E:mPpdeV:”Hpgda, pgzj.ijspdﬁ. (40)

On the other hand, the mechanical power P(P,¢) can be related to K, see Chadwick (1999), by

P =K +S. Then the balance of energy (2), can be stated in the alternative simpler form

4

E=S+Q, or E|’2=Itt2(S+Q)dt. (41)

From (41) follows the simpler form of local, exact, resultant balance of energy
pé—o—(pr—Divg)=0. (42)
The internal energy E(P,¢) includes the elastic energy and all other forms of energy that do not

contribute to the global kinetic energy K, such as latent strain energy around dislocations, phase-
transition energy, energy of random thermal motion of atoms, etc.

Thanks to Libai and Simmonds (1983, 1998); Makowski and Pietraszkiewicz (2002);

Chroéscielewski et al. (2004); Pietraszkiewicz et al. (2005) the integrand of S, can also be given in the

following coordinate-free form, see Eremeyev and Pietraszkiewicz (2006):

o,=N-E°+M-K°, (43)
E=JF-QI, K=CF-QB, (44)

o d T o d T
E°=0—(Q"E)=Gradv-QF , K"=0_(0'K)=Gradw. (45)

In definitions (44) of the natural surface stretch E(x,f) and bending K(x,t) tensors, I €V ®T M

and J eV ®T M(t) are the inclusion operators at xe M and yeM(t), see Gurtin and Murdoch
(1975), while BeV ®T M and C eV ®T M(t) are the structure tensors of the shell in the reference

and actual placement, respectively, and Fe7T M(t)®T M 1is the tangential surface deformation

gradient such that dy = Fdx, F = JF . The co-rotational time derivative (.)° is defined in (45) through

the rotation tensor Q=d,; ®t,, 0" =07, detQ=+1, where d,(x,t) and t,(x), i=1,2,3, are the
orthonormal base vectors (directors) in the actual and reference placement, respectively. Moreover,

now
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u=y—-x, v=y=u, w=ax(00"), R=wx1, (46)
where u(x,t) is the surface translation vector and Q(x,¢) is the surface rotation tensor. The fields u
(or y)and @ are independent kinematic variables of the shell motion.

Let us introduce an additional stress power W(P,#) of the shell-like body, called here the
interstitial working after Dunn and Serrin (1985), such that S=S, + W . The quantity W takes into
account that part of the 3D stress power which is lost in defining S, in (43) only through the surface
fields. For any /7 — M the interstitial working may be represented locally as

W= Jan w, ds =IjﬂDivwda , 47
where w,(x,t) is the surface contact interstitial working (density) and w(x,f)eT .M is the
corresponding surface interstitial working flux vector such that w,=w-v, so that now
o =0, +Divw . Then the local, resultant balance of energy (42) is modified into

pe—(NE°+M+K° + Divw)—(pr—Divg)=0. (48)
The resultant equation (48) can now be regarded as an exact implication of the global 3D balance

of energy (41).
The quantity P

a’

also called the interstitial working, was first introduced into shell theory by
Makowski and Pietraszkiewicz (2002) to correct the effective mechanical power P, of (38) into
P=P,+P, to be used in the balance of energy (2),. The P, necessarily consisted of three terms

defined in 7, along 0I110M ,, and along 0I1 M oM , . This considerably complicated refined forms of

The 1* and 2™ Laws for shells.
4. Modified 2D entropy inequality

The local resultant entropy inequality in the form (32) is entirely decoupled from other local
resultant balance laws (30) and (48).
In continuum thermodynamics coupling of The 2™ Law (2), with other balance laws (1),3 and

with (2); is achieved by introducing the absolute 3D temperature field 0(x,¢) >0, through which the
fields k(x,f) and j (x,/) in (13), are related to those r(x,/) and q,(x,) in (13), . In rational
thermomechanics these relations are taken as k=1/0 and j, =q-n/6. The 3D entropy inequality in

the form

.oty = [[f,pegav = [f, 25 da 49)

is usually called the Clausius-Duhem inequality, see Truesdell and Toupin (1960); Truesdell (1984).
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It is recognised in the literature that the inequality (49) is appropriate for a wide class of
homogeneous materials, but is still insufficient in modelling for example multicomponent continua or
continua with non-mechanical (e.g. electromagnetic) fields, see Wilmanski (2008). For other forms of

relations between k,j,,r,q, and 0 leading to other than (49) forms of The 2" Law see for example

Miiller (1967); Gurtin and Williams (1967); Green and Laws (1972); Miiller and Ruggeri (1998).

Since O appears in denominator of (49), during the 3D-to-2D reduction procedure it is not

. . + .
convenient to use either the resultant surface temperature f_ Oud& or the thickness-averaged surface

temperature J‘jeu d&/h . But some kind of mean referential temperature has to be defined on M and

taken outside the through-the-thickness integration in (49), otherwise a reasonable 2D representation
of J through the surface and boundary heat fields cannot be achieved.

Three different 2D temperature fields appear naturally in shell thermodynamics: a reference
temperature associated with the base surface, and temperatures of the upper and lower shell faces.
Postulating some reasonable relations between the three surface temperatures one can reduce the
number of independent 2D temperature fields to two or to one, whichever is appropriate. In particular,
Murdoch (1976) proposed to use only one common temperature field associated with M , an this
approach has recently been used by Eremeyev and Pietraszkiewicz (2009). Temperatures of the upper
and lower shell faces as independent fields were used by Zhilin (1976); Eremeyev and Zubov (2008),
while Naghdi (1972); Green and Naghdi (1979) used the thickness-averaged temperature and its
derivative in the transverse normal direction evaluated on M as independent fields. Any such
proposal leads to a slightly different structure of the thermodynamic initial-boundary value problem
for shells. In particular, for two independent 2D temperature fields one needs two independent 2D
energy balance equations. Since the shell thermodynamic theories mentioned above are not the
resultant ones, they introduce an indefinable error into the 2D energy balance and entropy inequality.
Recently Eremeyev and Pietraszkiewicz (2010) developed the resultant, thermomechanic, quasistatic
model of phase transitions in shells, where the referential mean temperature and its deviation
suggested by Murdoch (1976a) were used.

In this paper we define the surface mean referential temperature €(x,?) by

1oaf1 1 1111 1111
LU L L N — |, —=so| ], (50)
0 2l0, 0.) 0, 0 210 06,) 6. 0 20 o,

where 6, and 6_ are values of temperature on the upper and lower shell faces M* and M,
respectively. The use of so defined € itself does not introduce any approximation. Then the through-
the-thickness integration in (49) with (50) allows one to represent the Clausius-Duhem inequality in

the resultant form
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Ijn{pﬁ—p(§+sj+%Divq—%q-g+Divs}da

. (51)
+J q—+s*—(q—v+svj ds=0,
arnam, | @ * 0
where
g=Grad9eT M, pr=.|‘+pRrud§—(q+-n*a++q_-n’0f), (52)
+(1 1 (1 1
=| | === |pudé+—| ——— no"-q_-na’), 53
ps f[e eiju £ 2[9_ e+](q+ q na) (53)
g, =q-v=[ an*uds, sv=s-v=j*[1—1jq-n*ud§, (54)
- -\06 4

kg% — * % k d L 3 — * 1 1 % k d

¢=q*v=[araruds, s*=s*v=[| oo T larntuds, (55)

and the geometric parameters p, o, n",n* are given by Konopinska and Pietraszkiewicz (2007),
Appendix (A.15) — (A.17).

With definitions (52) - (55), the relations between the resultant fields appearing in (31), (32) and
(34) become

r . q .
k=—+s, ==+s, ="—+5%, 56
P I=5 J (56)

The extra surface fields s, s, s* in (56) take into account the extra surface heat and entropy supplies
following from non-uniform distribution across the shell thickness of the temperature field 6, which
now enters (51) only through its values 0, and 6_on the upper and lower shell faces. Presence of the
extra fields in (51) assures that the resultant form of Clausius—Duhem inequality (51) still remains an

exact implication of the 3D principle (49) .

With usual continuity assumptions the local form of (51) is

pﬁ—%(pr—Divq)—ps+Divs—%q-gZ0 mllcM, (57)
q—*+s*—(1+sj-v >0 along oM (58)
0 0 B "

The inequality (57) may be transformed into another form more convenient for discussing 2D

constitutive equations. Let us solve the exact, resultant balance of energy (48) for »—Divg and use

the result in (57), which gives
PO —pé+(NE°+M-K° +Divw)—pt9s—%q-g+t9Divs >0 inllcM. (59)

Then we introduce the surface free energy (density) w/(x,f) by w =&—6n , so that 0 —é=—y —0n,
and (59) takes the final form
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—py — pbn+ NeE° + M+K° +Divw—p€s—%q-g+6’Divs >0 inllcM. (60)

The local, resultant 2D entropy inequality (60) can now be regarded as an exact implication of the

global Clausius—Duhem inequality (49) as well.
5. Restrictions on the form of constitutive equations

The starting points of our shell thermomechanics have been the classical 3D Cauchy continuum
and the 3D Clausius—Duhem inequality. But our resultant thermomechanic shell relations are far from
being the classical ones:

1. The kinematic structure of the resultant shell theory is that of the Cosserat (1909) surface, with

y(x,t) and Q(x,t) as independent kinematic field variables of the shell motion.

2. The thermodynamic structure of our refined, resultant laws (48) and (60) does not remind that
of 3D rational thermomechanics developed in Truesdell (1975, 1984). In particular, our 2D

laws of thermomechanics contain the extra surface scalar field s(x,7) and divergences of the
additional surface vector fields w(x,?) and s(x,7) which are not present in corresponding 3D

laws.
Our exact, local, resultant balance laws (30), (48) and the inequality (60) are expressed through 16
fields, which together form the shell thermomechanic process over the domain M xT . Different

groups of fields play different roles in the process. The fields y, @, 6 constitute the basic thermo-

kinematic independent field variables of the initial-boundary value problem of shell thermomechanics.
That only seven scalar fields can be taken as independent field variables here follows from the fact
that there are only seven scalar resultant field equations (30) and (48) to determine them. The fields

N,M,q,¢,n,w,s,s have to be specified by appropriate material constitutive equations and the fields
I, k by appropriate kinetic constitutive equations. When all the fields above are settled, the fields
f,c,r are supposed to be adjusted so as to satisfy the 2D balance equations (30) and (48). Every such

process is called an admissible thermomechanic process; it is completely determined by the evolution
of deformation and temperature of the shell base surface.

In the resultant shell thermomechanics specific forms of the constitutive equations can be
established by two main approaches. The direct approach consists in developing, for a restricted class
of shell-like bodies, a general structure of 2D constitutive equations satisfying some reasonable
physical and mathematical requirements. Then one has to devise a suitable sets of experiments from
which the appropriate material constants or functions entering the constitutive equations can be
established. In the derived or deductive approach one has to devise suitable mathematical methods

allowing one to deduce the 2D constitutive equations for shells as an exact, asymptotic of otherwise
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rational consequence of a given set of corresponding 3D constitutive equations of the parent theory. In
the present paper the constitutive equations are developed by the direct approach.

General requirements that the material constitutive equations of our resultant shell
thermomechanics must obey are analogous to those of 3D rational thermomechanics formulated by
Truesdell and Toupin (1960), section 293. These are briefly: 1) consistency, 2) coordinate invariance,
3) well posedness, 4) material frame-indifference, 5) material symmetry, and 6) equipresence.
Additional quite general requirements were proposed in Truesdell and Noll (1965): 7) determinism, &)
local action, and 9) fading memory. But in the literature one can find many other specific requirements
which define particular classes of material behaviour, such as for example hyper- and hypoelasticity,
viscosity, incompressibility, inextensibility in some direction, slow motions, small deformations, etc.
Either of these requirements can be used to define particular classes of shell constitutive behaviour as
well.

Let us introduce the referential shell stress measures N(x,#) and M(x,#) with corresponding
referential shell strain measures E(x,7) and K(x,#) defined by
N=Q'N, M=0'M, E=Q"E=Q"JF-1, K=0'K=0'CF-B, (61)

so that the local 2D inequality (60) becomes

—pl/}—pén+N-E+M-K+Divw—p@s—%q-ng@Divs >0 inllcM. (62)

If y,0,0 are taken as the independent field variables, then from the requirement of determinism
the 2D thermomechanic response described by the fields 2 =(N,M,q,&,n,w,s,s,l,k) at the shell

particle, whose position in the reference placement is x € M , can mathematically be defined by the

response functionals
S0 =35, ¥ (20,0 (20,0 (2.1):2.B(2) ] (63)

where history ¢'(x,7)=@(x,t—17) up to the present time ¢ of any field ¢(x,?) in (63) is defined for all
7 €[0,+0), and where z e M is any other place than x on M . The explicit dependence of the right-
hand side of (63) on z and on the referential structure tensor B(z) indicates that thermomechanic

properties at x € M may depend also on properties of other shell particles in // < M thus allowing
for material inhomogeneous and non-uniform behaviour, in general.

In the special case of (63), which we wish to investigate in more detail as an example, we allow
the fields X to depend on y', Q', and & only locally through the first time derivatives at 7 =0 and

locally through the first surface gradients at x. Then the corresponding constitutive assumption would

be
S(x)=3,[EK.E.K.0.8: x.B(x)]. (64)
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Any function in ﬁ'K is called the response or constitutive function and is assumed to be differentiable

with respect to the indicated fields as many times as required. The index x in ZAK indicates that the

form of each response function depends on the choice of the reference placement.

5.1. Viscous shells with heat conduction

The shell-like body described by the 2D response functions (64) is usually called a viscous shell
with heat conduction. But in our 2D entropy inequality (62) there is the non-standard vector field
w(x,t) which within 3D continuum mechanics allows for modelling the material behaviour also with
mechanical longer-range spatial interactions at x € M , see Dunn and Serrin (1985); Dunn (1986).
Additionally, the presence of @Divs in (62) suggests that also the thermal longer-range spatial
interactions at x © M may be accounted for in the resultant shell thermomechanics. Hence, the more
appropriate non-classical constitutive assumption for the viscous shell with heat conduction
compatible with (62) is

Z(x,)=2[A x,B(x)], A=(EK,GradE,GradK,E K,0,8,G), (65)

where G=Gradg=G" e TM ®T.M .
The thermomechanic process, in which the fields E,K,# are constant in space and time, is usually
called the equilibrium process. The equilibrium response functions of the shell stress measures

NZ MF* are defined by

N* =NE[A:x, B(x)], MF =ML [A:x B(x)], (66)
A, =(E,K,0,0,0,0,6,0,0).

Then the dynamic, dissipative parts of the response functions of the shell stress measures are such that
N?=N2[4;x,B(x)], M”=MZ2[A;x,B(x)], 7
N=N°+N", M=M*+M".

According to Coleman and Noll (1963), in 3D rational thermodynamics the Clausius—Duhem
inequality plays the role of a restriction placed on allowable forms of the response functions. The
functions must be so chosen as to satisfy the inequality in every smooth thermomechanic process
compatible with the 3D balance equations.

To reveal the restrictions placed on the shell constitutive equations (65) by our resultant entropy
inequality, let us just introduce (65) into the inequality (62) to obtain

(N=py.p *E+M = py VK —(pn+ py, )0 - py.,-&
= PV Graae*Grad E = py . g *Grad K = pyr B — pyr i -K (68)

: 1
—pgz/,G-G—p@s—Eq-g+Divw+«9Divs >0.
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Any deformation—temperature path can be realised in a thermomechanic process, so that values of

A and A can be chosen arbitrarily. Since the left-hand side of (68) depends on A linearly, in order

to satisfy (68) the coefficients in front of time rates of variables must vanish,

N==V.u> ¥Y6ue=0, ¥iux=0, ¥.;=0, w =0, v, =0, y,;=0. (69)
These relations imply that y =y, [E,K,H; x,B(x)] , and by (69); and definition of i the same
structure should have the response functions £, and 7, .

With (69) the inequality (68) reduces to
(N-pv.p )E + (M — Yol /8% )oK — pOs —%q -g+Divw+60Divs>0. (70)

Since p>0 and 8>0, from (70) it follows that the field s is required to be non-positive,

s < 0. Please also note that in (70), N and M still depend on A, while y,; and v, depend only on

E,K,@ . If the decompositions (66) and (67) are used in (70), the following constitutive equations for
the equilibrium part of the shell stress measures are obtained:

N* =y [E.K.0;x,B(x)], M’ =y ([EK,0;x,B(x)]. (71)

Let us now apply the chain rule to the surface vector fields w and s, which allows one to expand

(70) with (71) into
2o+ MoK - ps | - 1 Ly e
N «E+M"«K - pOs — Eq—w,g—gs,g g+ w,g+5s,g .
1 1 1
+tr w,G+5s,G oGrad G |+tr w,E-kgs,E oGradE | +tr w,K+5s,K oGrad K (72)

+tr Kw,Gde +és,Gdej<>Gmd2 E} +tr Kw,Gde +és,Gdej<>Gmd2 K} >0,

where for two 3"-order surface tensors A,A4 and for two 4™-order surface tensors @,% the 2"-order
surface tensors AoA4 and @O ¥ are defined such that in Cartesian components associated with 7.M ,
Aoy =Ny Asg s (POF) oy =Lz Finyp» @ F=12. (73)

Let us remind that the interstitial working vector w is of entirely mechanical origins. Hence, we
may additionally assume that w =w_ [E,K,Grad E,Grad K;x,B(x)] , so that w,,=w, = 0. Similarly,
the extra surface field s is of entirely thermal origins and we may additionally assume that

S=S§, [49, g,G;x,B(x)] , so that §,p =8, = 8,600k = Scraax = 0- With these additional assumptions the

inequality (72) reduces to

ND-E+MD-K—p0s—l(q—s,g)-g+ls,g-G+tr (ls,G oGrade
0 0 0 (74)

+tr (w, oGrad E)+tr (w, oGrad K) +tr (w,Gde 0Grad* E) +1r (w,Gde 0Grad® K) >0.



-18 -

5.2. Thermoelastic shells

An important special case of viscous shells with heat conduction are thermoelastic shells, for

which the constitutive functions in (65); do not depend on E.K . In this case the refined entropy
inequality takes the form (68), only now without terms containing w,. and y,. . To satisfy it we

should have

l//,GdeZO, V/’GradKZO’ l//,gZO, W’GZO’ (75)
so that also in this case y =y [E,K,é’; x,B(x)] , with the same structure of £_ and 7. As a result,
the constitutive equations for N, M, and 77 of the thermoelastic shells are

N=py,g, M=pyx, n=-y,. (76)

With the constitutive equations (76) the reduced form of our entropy inequality becomes

—pHs—(éq—w,g—%s,g)g+(w,g+és,gJ-G+tr KW,G +és,6joGradG}

+tr KW,E +és,E)o Grad E} +tr KW,K +és,Kjo Grad K} (77)

+tr |:(W,Gde +%s,GW,Ej<>Gmd2 E} +tr [(w,Gde +%S,Gmd,<j<>Grad2 K} >0.

If again w_ in (77) is assumed not to depend on 8,g and §_ on E,K,Grad E,Grad K then the

inequality (77) reduces further to

1 1 1
—pOs——(q—s,,)-g+—s,,G+tr | —s,.°oGrad G
POs = (4=5,0) 8+ 8., (‘9 G J %)

+tr (w, oGrad E)+tr (w, oGrad K) +tr (w,Gde 0Grad® E) +1r (w,Gde 0Grad* K) >0.

In both cases of viscous shells with heat conduction and of thermoelastic shells the reduced

entropy inequalities (74) and (78) still put some constraints on allowable forms of w_ and s,_, but we

postpone their further discussion here. But the main message following from (74) and (78) is that our
refined, resultant entropy inequality does allow the constitutive equations of the both types of shells to

depend on GradE, GradK, and G indeed. However, before fully revealing such an explicit

dependence much research has still to be done.

5.3. Kinetic constitutive equations

The simple relation 1=p,y used in (4) and (37) is in fact a kind of kinetic 3D constitutive
equation for the 3D kinetic momentum vector 1(x,¢) introduced into the Cauchy continuum mechanics

by the Newton law.
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In the resultant shell thermomechanics it is not apparent how the resultant linear momentum

I(x,t) and angular momentum k(x,t) vector fields should be related to the 2D translational and

angular velocities v and @ as well as to other kinematic and thermal surface fields. Since the fields

I,k do not enter into our refined resultant entropy inequality (59), it does not place any

thermodynamic restrictions on their functional forms. We propose below some heuristic arguments,
extending those give in Chrdscielewski et al. (2004), how the 2D kinetic constitutive equations can be
constructed within the classes of shell models discussed in subsections 5.1 and 5.2.

Since I and k are of entirely mechanical origins, the 2D constitutive equations for them may be

postulated in the reduced form
=1 [0.0.EK,Grad E,Grad K.E.K; x, B(x) |,

. o (79)
k =k v,0,E.K,Grad E,Grad K,E.K; x,B(x) |.

In analogy to the 3D case, it is reasonable to assume that the constitutive functions iK and IgK are
linear functions of v, @,
I=Jo+J,0, k=Jw+J,0. (80)
Here J, eV ®V, A4=1,2,3,4, are tensor functions of E,K,Grad E,Grad K,E. K, in general.
If the tensors J , satisfy the symmetry conditions
Ji=a,, I =Jy, J,=J,, (81)
we may expect existence of the 2D kinetic energy density x(x,?) per unit surface of M , which is the

quadratic function of v,®@,
K:%(U-J10+U-J2w+a)-J3u+a)-J4a)). (82)

The function x may serve as potential for /,k , so that (80) can be found from x according to

I=x,, k=x,,. (83)

v 0

The tensors J, may be taken to be quite complex functions of all their arguments, in general. But
because of mechanical origins of / and £ we may additionally assume that J , =J ,(p,E,K) . With
such J , the kinetic constitutive equations (80) was proposed by Chroécielewski et al. (2004).

Particularly appealing forms of (80) appear when, in analogy to the rigid-body motion, the J, are

assumed to be
Ji=pl, Jy=J;=pQL0", J,=pQL0", (84)
where I, and I, are constant inertia tensors which explicit definitions depend on specific internal

structure of the shell across the thickness. In this case, according to (83) we obtain

I=pv+pOIlQ 0, k=pQIQ" +pQLO" . (85)
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The kinetic constitutive equations (85) were used, for example, by Altenbach and Zhilin
(1988); Eremeyev and Zubov (2008).
In many contemporary papers on shell dynamics the inertia tensors are taken in the ultimately
simple forms leading to
J=p1, J,=J,=0, J,=pIl, (86)
where [/ is the geometric moment of inertia of the shell cross section. The simplest 2D kinetic

constitutive equations I = pv, k = plw following from (83) with (86) were applied for example by

Zhilin (1976); Libai and Simmonds (1983, 1998); Chroscielewski et al. (2004).

6. Conclusions

We have derived the new, refined, resultant balance of energy and entropy inequality of the
general shell thermomechanics. The 2D laws may be regarded as exact implications of corresponding
3D laws of rational thermodynamics. The refinement has been achieved by completing the resultant
2D balance of energy, which is initially inaccurate when expressed through the 2D fields alone, with
the interstitial working surface flux vector w. Our refined resultant balance of energy and entropy

inequality contain three non-classical surface fields w,s,s which play the role of somewhat similar

fields appearing in 3D extended thermodynamics, see Miiller and Ruggeri (1998).

We have briefly analysed restrictions imposed by our refined resultant entropy inequality on the
2D constitutive equations of viscous shells with heat conduction and of thermoelastic shells. Applying
the procedure of Coleman and Noll (1963), it has been shown that in the both cases our resultant
entropy inequality allows the constitutive equations to depend also on the first surface gradients of

shell strain measures E,K and on the second surface gradient of the mean surface temperature 8. We

have also provided several novel forms of the 2D kinetic constitutive equations obtained with the help
of heuristic arguments.

More definite properties of the non-classical fields w,s,s as well as reduced explicit forms of the

constitutive equations following from requirements of material frame-indifference and material
symmetry for these types of shells should be discussed separately. Due to the non-classical form of the
reduced inequalities (74) and (78) as well as a number of independent fields in the constitutive

equations (65), it is natural to expect that the corresponding analyses be quite involved.
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