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ABSTRACT Some geometric and kinematic relations associated with the curve moving on
the shell base surface are discussed. The extended surface transport relation and the extended
surface divergence theorems are proposed for the piecewise smooth tensor fields acting on the
regular and piecewise regular surfaces. The recently formulated resultant, two-dimensionally
exact, thermodynamic shell relations - the balances of mass, linear and angular momenta, and
energy as well as the entropy inequality — are completed by the corresponding jump
conditions at the moving (non-material) and stationary (material) singular surface curves.
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1 Introduction

Moving singular surfaces are used in three-dimensional (3D) continuum thermomechanics
to properly model such phenomena as wave propagation, phase transition, strain localization,
fracture, etc. We refer to known books for example by Truesdell and Toupin (1960), Truesdell
and Noll (1965), Kosinski (1986), Silhavy (1997), Gurtin (2000), Bhattacharya (2003),
Abeyaratne and Knowles (2006), Berezovski et al. (2008), Gurtin et al. (2010) and the
extensive literature given there.

If a thin body - a shell - undergoes a phase transition or a shock wave, for example, there
is a thin, small, time-dependent region of material points where physical quantities change
rapidly in space and time. For description of such processes within phenomenological shell
models, a Gibbs type singular, moving, surface curves can be used across which jump
discontinuities of some physical surface fields occur. In shell thermomechanics some one-
dimensional (1D) jump conditions were formulated and applied only in a few papers using

different shell models. In particular, within a version of the six-field shell thermomechanics
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the description of singular surface curves and jump conditions across them were proposed in
the report by Makowski and Pietraszkiewicz (2002). Some versions of the jump conditions
were used by Eremeyev and Zubov (2008) and Eremeyev and Pietraszkiewicz (2009, 2010) to
model phase transition phenomena in shells within alternative models of shell
thermomechanics.

The refined, resultant, two-dimensional (2D) balance laws of mass, linear and angular
momenta, and energy as well as entropy inequality of the non-linear theory of shells were
formulated by Pietraszkiewicz (2011) by direct through-the-thickness integration of
corresponding 3D laws of rational thermomechanics proposed by Truesdell and Toupin
(1960). Since the resultant 2D stress power could not be expressed exactly through the 2D

stress and strain measures alone, an additional surface stress power field w,, called an

interstitial working after Dunn and Serrin (1985), was added to the resultant 2D balance of
energy. In this version of shell thermomechanics only one mean referential temperature 6 >0
was associated with the shell base surface. This was induced by only one scalar balance of
energy available in 3D rational thermomechanics. The non-uniform distribution of
temperature across the thickness was accounted for in two additional resultant surface fields -
the extra heat supply s and the extra entropy supply vector s - for which 2D constitutive
equations are required. As a result, the 2D 1% and 2" laws of the resultant shell
thermomechanics could be regarded as exact resultant implications of corresponding 3D laws
of rational thermomechanics.

In the undeformed (reference) and deformed (current) placements the shell base surface
was assumed in Pietraszkiewicz (2011) to be the regular geometric surface with piecewise
smooth boundary. Also all the surface fields appearing in the resultant 2D laws were assumed
to be smooth everywhere, so that the classical forms of the surface divergence theorem were
applicable. In the present paper those simplifying assumptions are removed, which allows us
to complete the resultant 2D laws of shell thermomechanics of Pietraszkiewicz (2011) with
corresponding 1D jump (called also continuity) conditions at stationary and/or moving
singular surface curves.

The jump conditions at moving singular surface curves are necessary to complete the
initial-boundary value problems modeling phase transition and/or wave propagation
phenomena within the resultant thermomechanic shell theory. Results available on phase
transition phenomena in shells obtained within some simpler 2D shell models have been
reviewed by Eremeyev and Pietraszkiewicz (2004, 2010).



The jump conditions at stationary (material) singular surface curves are necessary to
model geometric and material irregularities such as folds, branchings, intersections, stepwise
thickness changes, abrupt changes of material parameters, shell-to-beam and shell-to-column
connections, technological junctions, etc. Mechanical problems of such geometric, kinematic
and/or mechanical irregularities in shells were discussed using various analytical and
numerical shell models for example by Makowski and Stumpf (1994), Bernadou and Cubier
(1998), Chroscielewski et al. (1996, 1997, 2002, 2004, 2011), Makowski et al. (1998, 1999),
Pietraszkiewicz (2001), Teng (2004), Konopinska and Pietraszkiewicz (2007), and
Pietraszkiewicz and Konopinska (2011), where references to other results are given.

This paper is organized as follows. After recalling appropriate definitions of the surface
gradient and divergence operators, in section 3 we discuss a surface curve moving on the
reference shell base surface. This allows one to extend the surface transport relation for any
piecewise smooth tensor field acting on the surface as well as to formulate the surface
divergence theorem in the presence of the singular surface curve. Then in section 4 we derive
2D analogues of the geometric and kinematic compatibility conditions on the surface with a
singular curve. The referential 1D jump conditions at the moving (non-material) singular
curve, which are associated with the 2D balances of mass, linear and angular momenta, and
energy as well as with the entropy inequality, are derived in section 5. Finally, section 6
provides the referential 1D jump conditions associated with the above five basic laws of
resultant shell thermomechanics at stationary singular surface curves of the irregular shell

base surface.

2 Preliminaries

In the undeformed (reference) placement the regular shell is usually represented by the
regular smooth base surface M, which in the deformed (current) placement is also assumed

to be the regular smooth surface M (t) = y(M,t), where y is a deformation function and t is
time. By xeM and y= y(x,t)e M(t) we denote corresponding placements of a material

particle of the base surface in the 3D physical space £ with E as its translation vector space.

Then x=x—0eE and y=y—o0eE are the respective position vectors of x and y in an
inertial frame (o,e;), where oe & isanoriginand e; e E, i=1,2,3, are orthonormal vectors.
The base surface M is oriented by a choice of unit normal vector n(x). The space of all
vectors perpendicular to n(x) is then the tangent space TM at xe M , and a vector field t

on M is tangential if t(x) e T,M at every xe M . Given a regular smooth part /7 c M with
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a piecewise smooth boundary o0/7 , the outward unit normal v at regular x € 0/7 is directed
outward of 6/7 and tangentto M .

Let p(X)eR, a(x)eE, and T(x) e E®QE be smooth scalar-valued, vector-valued, and
2"-order tensor-valued fields on M , respectively. Then the surface gradient operator Grad
applied to the fields ¢,a, T leads to Gradgp(x)eT,M, a tangential vector field,
Grada(x) e E®T,M, a mixed 2"-order tensor field, and GradT(x) cEQE®T M, a

mixed 3"-order tensor field. These gradient fields are defined as follows: Given any smooth

curve C on M described by the position vector x = x(s), where s is the arc length along C,

we have

{p(x)) ={Grad p(x)}-x', {a(x)} ={Grada(x)} X,

1)
(T} ={Grad T(x)} x', (.)’:%, X' =7g,

where z. € T,M is the unit tangent vector of C. By definition,
(Gradp)-n=0, (Grada)n=0, (GradT)n=0. 2)
The surface divergence Div of a vector a(x)eE and a mixed 2"-order tensor
S(x) e E®T,M fieldson M are defined by
Diva(x) = tr{ P Grad a(x)} ,

{DivS(x)}-c = tr{PGrad(ST (x)c)} = Div{ST (x)c}, foranyceE, ®)

where P=1-n®neT,M ®E is the perpendicular projection onto M and 1 E®E is the

unit (metric) tensor of 3D space.
With definitions (1) and (3) the surface divergence theorem valid on any regular, smooth
parts /7 of M are given by Gurtin and Murdoch (1974), eq. (2.22),,

jana® Svds:jjn{a® Div S +(Grad a)ST}da (4)

for any smooth (of class C') vector a and mixed 2"-order tensor S fields at xe /7.

Particular cases of (4) are

jana-vds = ﬂﬂ(Diva+2Han)da, jan Svds = ”ﬂ DivSda,

Lﬂax Svds = ”H{ax(DivS)+ax(S(Grad a)’ —(Grada)S” )} da, ©

where a, =n-a and H =—(1/2)tr(PGradn) is the mean curvature in x € /7 .
It is to be noticed that alternative surface gradient Va and divergence V-T fields can be

defined on M with the help of a nabla operator V such that



Va=(Grada)', c-(V-T)=V-(Tc) foranyceE. (6)

With these alternative definitions (6) the surface divergence theorems (4) and (5) take some

alternative forms. In the present paper we shall not use these alternative conventions.

3 Non-material curve moving on the regular reference base

surface

The global, resultant, balance laws and entropy inequality of shell thermomechanics
formulated in Pietraszkiewicz (2011) each involves the material time derivative of a surface
integral. In the absence of singular curves, the standard transport theorem on any fixed part of
M allows one to change the order of surface integration and material time differentiation. But
for the reference shell base surface containing a moving singular curve the transport relation
as well as the divergence theorems (5) have to be carefully extended to take into account the
effect of the moving discontinuity.

A surface curve moving on the reference base surface M over a time interval | =[t,,t,],
t, <t;, is a one—parametric family {C(t)} of piecewise smooth surface curves X. = X:(S,t)
parameterised along each C(t) by the length coordinate s and oriented consistently with the
orientation of M. With each regular point Xx. €C(t) we can associate the triad of
orthonormal vectors: the tangent z. =0x./0s, the normal n. =n, and the exterior normal
ve =7 xN. Velocity of C(t) relative to M is the tangential vector field
v(s,t)=0x:/oteT,M . Its exterior normal component V =v-v. measures the speed with
which the curve C(t) transverses the surface M . The tangential component T =v -7 is a
measure of intrinsic velocity of C(t) within itself.

The normal velocity v, =Vv. determines the normal trajectory of the curve C(t): a
surface curve that is tangent to v, at any instant t. The normal trajectory begins at a certain
point of the initial curve C(t,), and different points of C(t,) determine different normal

trajectories.

Let a smooth time-dependent field @(x,t), with @ belonging to any finite-dimensional
vector space R, T,M,E,E®QT,M, EQRE etc., is defined only on M \C(t), but the value of
@(x,t) need not be defined on C(t). Let /7 — M be an arbitrarily fixed, regular region of
M containing a portion of C(t) in its interior, see Fig. 1. For the field @(x,t) on 7/7\C(t)
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we suppose that at each instant t one-sided finite limits of @(x,t) at C(t) exist. We write @~
for the finite limit of @ as C is approached from 77~ and @™ for the finite limit of @ as C
is approached from 777, that is for any regular x. of C(t) and 2>0,

D7 (xct) = lIM P (xF Ave (), 1) 7

Then [@](s,t) and <@> (s,t) denote the jJump and the mean value of @ at x. € C(t) given

by

. 1,

[P]l= -, <¢>:§(¢ +@ ) (8)
oM
S
e3
_>e2
el/()

Figure 1. The regular surface M with moving surface curve C(t)

If [@] does not vanish identically at all regular points of C(t), the curve C(t) is said to be

singular of the 0™ order with respect to @ at time t. If @(x,t) is continuous across C(t)

then [@] =0 and <@> =@, because by continuity @ =@".
When @(x,t) is piecewise smooth on 77 with C(t) then Gradd@d is piecewise

continuous and (Grad@®)’ (xc,t) exist at all regular points of C(t) with

[Grad @] =(Grad @) —(Grad @) . If the surface gradient of @ is continuous and [@] does



not vanish identically at all regular points of C(t), then C(t) is singular of the 1% order with

respect to @ attime t.

In general, if @(x,t) is n-times differentiable on 77 with C(t) and its surface gradients

of n-th order have the finite one-sided limits (Gradn qﬁf (xc,t) at all regular points of C(t),

then [Grad”cD]z(Grad“gD)+ —(Grad“gb)_ If all (n—1)th surface gradients are continuous

at C(t) and only [Grad" @] does not vanish identically at all regular points of C(t), the
curve C(t) may be called singular of the n™ order with respect to @ at time t.
Let /7 — M be an arbitrary fixed, closed, regular region of M containing a part of C(t)

in its interior. The curve C(t) separates the region 77 — M into two disjoint complementary
subregions 77 (t) and /77 (t) such that 77 (t)w /7 (t) = 77 which boundaries /7 (t) and
OIT™" (t) in the neighbourhood of C(t) are moving, see Fig. 1, so that /7 (t) /7" (t) =C(t) .
At each regular point of C(t) the exterior normal vector v~ of o677 (t) coincides with the
unit vector v of C(t). Thus, the exterior normal velocity v-v™ =v-v, of o7 (t) is equal
to V at C(t) and vanishes elsewhere on 077 (t) . Likewise, at each regular point of C(t) the
vector v* of oI77(t) coincides with —v. of C(t). Hence, the exterior normal velocity
v-v' =—v-v. of IT"(t) becomes —V at C(t) and vanishes elsewhere on o777 (t) . For the
field @(x,t) smooth on the subregions 77 (t) and 777 (t), by the Reynolds transport theorem

for smoothly evolving subregions 777 (t) with moving boundaries 6777 (t) we have

d : _
T [ jn,(t)qbdaz | P2t jaﬂf(t)mc(t)w ds, 9)

d . .
aﬂmm‘pda:f H*(t)Qda_J‘alf(t)mC(t)Vm ds. (10)

From the relations (9) and (10) we obtain the following referential form of the surface

transport relation valid for any piecewise smooth field @(x,t) on 77 in the presence of the

singular curve C(t):

%Hgdjda:.”nd)da_.[nmc:(t)v[(p]ds' (1)

Let us now extend the surface divergence theorems (5) in the presence of the singular

curve. As there is no time differentiation here, our discussion is confined to a fixed time.



For example, let the surface mixed 2"-order tensor field S(x,t) e E ®T,M be piecewise

smooth on any fixed /77 =M divided into two regular parts 77~ and /7" by the singular

surface curve C. The outward unit normal v~ of the boundary 0/7" satisfies v- =v. at C

and v~ =v elsewhere on o077 . Likewise, the outward unit normal v* of o0/7" satisfies

v =—v. at C and v' =v elsewhere on 077" . Applying the surface divergence theorem (5)
» on the regular parts /77~ and /7" of I7, we obtain
Ian Svds =J.61T Sv ds+ J.an* Svids— J:?H’r\C Svds —J-m%c S*v'ds
=[ Svds+[ Svds-| = Sweds-| = S'(-vc)ds (12)

= [[ Divsda+[[ Divsda+[ (S"-S")vcds,

so that

Svds =|| DivSda+ [S]v. ds . (13)
.[617 .”17 J.HmC ¢

Analogous arguments lead to the following extensions of the surface divergence

theorems (5); and (5)3 in the presence of the singular surface curve:
_[ant-vds = j IH Divtda+ Lm[t]-vC ds, (14)

J.max Svds =Hn{a><(DivS)+ax(S (Grada) —(Grada)S' )}da )

+.[mc[a><8]vC ds |

for any vector fields t(x,t) e T,M and a(x,t) €E.

4 Compatibility conditions

Let the finite one-sided limits @ (x.,t) be differentiable along C(t). Then adopting the

Hadamard lemma (see Truesdell and Toupin 1960, sec. 174, 175) to our case of the surface

M with the moving singular curve C(t), we have

di =(Grad @)’ OLLSC =(Grad @)’z . (16)

Subtracting the relation (16) with the — sign from the one with the + sign yields
%@] =[Grad @]z, =[(Grad @)z.], a7

which means that derivative along C(t) of the jump is the jump of derivative along C(t). The

relation (17) is the geometric compatibility conditions for the field @ on M with C(t).



But the Hadamard lemma is valid for any (n-1)—dimensional hypersurface in the
n—dimensional space. Treating time t as an additional dimension, for our case of the

singular curve C(t) moving on the surface M we may also write

12" _99" | (Grado) e (18)
dt ot dt

from which it follows that
%[di] = [%h[Grad (D](ch +Trc). (19)

The relation (19) can be called the kinematic compatibility condition for the field @ on the

surface M with the moving singular curve C(t).

In the important special case when @ is continuous on M (i.e. [@]=0, or when @ is a
scalar field and [@]=const) but Grad@ may exhibit a jump, from (17) it follows that
[Grad @]z, =0. Since according to (2), [Grad®]n. =0, the general expression for
[Grad @] can only be of the form

[Grad @lv. =A or [Gradd]=AQv,., (20)
where the amplitude A belongs to the same space as the field @. As a result of (19) and (20)
for the continuous field @ we obtain

[%’]WA:O. (21)

This is the kinematic compatibility condition for the continuous field @ on M with C(t).

Kinematics of the refined, resultant, thermodynamic shell model proposed by
Pietraszkiewicz (2011) is described by two fields defined over the reference base surface M :

the position vector y(x,t) representing the translatory motion of the moving base surface
M (t) and the proper orthogonal tensor Q(x,t) representing the energetic mean rotary motion

of the shell cross sections. The corresponding translational v and angular @ velocity vectors

are defined by

Yy [Rat «0-R
v—at,wax(atQj,wQ - (22)

In most cases the shell motions y(x,t) and Q(x,t) are continuous fields on M with

C(t). Applying the relation (21) to such continuous motions we obtain

[vI+V[(Grad y)v.]=0, [@xQ]+V[(GradQ)v.]. (23)



We can recall that Grad y=F e E®T,M is the surface deformation gradient. We can also
note that in (23);, ax{(Grad Q)QT} =K e E®T M is the shell bending tensor. This allow us

to write (23) more concisely as
[VI+V[Fv.]=0, [@]+V[Kv.]. (24)
The relations (24) are the kinematical compatibility conditions for the continuous motion
of the shell with a coherent singular curve C(t), which within description of a phase

transition phenomenon were formulated by Eremeyev and Pietraszkiewicz (2004) using
alternative arguments.

The phase transition is the transformation of a thermodynamic system from one state of
matter to another during which some changes may occur in the internal lattice structure of the
body. In thin shells undergoing phase transition it may happen that while the translational

motion is coherent at C(t), the rotational motion may exhibit jump at C(t) which results that
the second of (24) may not be satisfied. In such a case the interface C(t) is usually called

incoherent in rotations.

5 Referential jump conditions for non-material singular

thermomechanical processes in shells

In the refined, resultant thermomechanics of shells developed by Pietraszkiewicz (2011)
three surface fields on M as independent field variables were used: the position vector
y(x,t) e E of M(t) (or equivalently the translation vector u(x,t)=y(x,t)—x of M), the
mean rotation tensor Q(x,t)eOrth™, and the mean referential absolute temperature
6d(x,t) >0. The triad of fields {u,Q, &} defines a thermomechanical process of the shell. In
this refined thermomechanic shell model, the resultant 2D balance of energy was completed
by an interstitial working flux vector field w(x,t) e T,M . Then for any regular part /7 < M

the corresponding resultant 2D laws of shell thermomechanics in the referential (Lagrangian)
description - the balances of mass, linear and angular momenta, and energy as well as the
entropy inequality - became exact resultant implications of corresponding 3D laws of rational

thermomechanics proposed by Truesdell and Toupin (1960):

%Iﬂpda—_[jncda=0, (25)

J.J.pr da_%.[.[nlda+."an\amf NVdS+J.017m6Mf n*ds=0, (26)
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Il peda-2 [ kaar[[, (veptida-2 [ (yx1)a on

(My+yx NV)dS-i—IaH Mf(m*+y><n*)ds:0,

+
oIT\OM

MOl

S J, peda-f, (N-E°+M-K)da- [ w-vds

_Ijnprda+.[an\amhq'VdS_J‘anmath*ds =0,

%”ﬂpndazJ.J-np(g_sjda_.[an\amh(%JrSj'Vds_ anmamh(g_,t+s*jd5- (29)

In the resultant 2D balance laws of shell thermomechanics (25) - (28) the following 2D

(28)

mechanical fields have been used: p(x,t) >0 and c(x,t) are the (referential) surface mass
and mass production (densities), f(x,t) and c(x,t) are the force and couple vectors per unit
mass of M, I(x,t)eE and Kk(x,t)eE are the surface linear momentum and angular
momentum vectors per unit area of M, N(x,t)e EQT M and M(x,t)eE®T,M are the

referential surface stress resultant and stress couple tensors of Piola type with corresponding

work-conjugate referential surface stretch E(x,t) e E®QT,M and bending K(x,t)e E®T,M
tensors, while (\)° = Q%(QT (.)) is the co-rotational time derivative, respectively.

The resultant 2D energy balance (28) and the entropy inequality (29) are expressed

through additional resultant surface fields: ¢(x,t) and 7(x,t) are the surface internal energy
and entropy (densities), r(x,t) and s(x,t) are the surface heat and extra surface heat supply
(densities) , all per unit mass of M, while q(x,t)eT,M and s(x,t)eT,M are the surface

heat flux and extra entropy supply vectors per unit area of M , respectively.
In (26) - (29), oM and oM, are those parts of OM along which the external resultant

mechanical and heat fields are prescribed; the prescribed values of the fields are denoted by
an asterisk (.)*. Definitions of all resultant 2D surface fields entering (25) - (29) in terms of
their 3D counterparts are given in Pietraszkiewicz (2011), where the local forms of 2D laws
of shell thermomechanics are derived under assumption that M be a regular smooth surface
and all the surface fields be smooth.

In the present report within any regular fixed /7 —c M we allow a moving, non-material,
singular curve C(t) on which some fields appearing in (25) - (29) may not be differentiable,
see section 3.

In the presence of C(t), from (11) we have
11



% | jnpda= [ jn pda— jmc(t)V[p]ds, (30)

so that (25) yields the referential, local balance of mass and mass jump conditions
p—c=0 inM, V[p]=0 across C(t). (31)
When the singular curve C(t) is admitted, in 2D balances of momenta (26) and (27) some

terms containing time derivatives can be transformed with the help of the surface transport

relation (11) as follows:

d :
Eﬂn | da:jjﬂlda+jmc(t)V[|]ds ,
d . :
aﬂn(my><|)o|a=jjn(k+yx|+yx|)o|a (32)
+Lm(t)V[k+ yx1]ds.
To some other terms we apply the extended surface divergence theorems (13) and (15), which
yields
jm Nv ds :jjﬂ Div N da+jmc(t)[|\| lveds

jan My ds = j jﬂ Div M da + j]m(t)[lvl Tveds , (33)
[, yxNvds :”H{yx(DivN )+ax(NFT + FNT)}da+jmc(t)[yx N]v.ds .
Introducing (32) and (33) into (26) and (27) we obtain the local referential balances of

momenta and dynamic boundary conditions given in Pietraszkiewicz (2011), f. (30) and

(33)12, and additionally the following referential dynamic jump conditions across C(t):
[N]ve +V[I] =0, [M]v; +[yxN]v.+V[I+ yxk]=0. (34)

But in Section 1 we have already assumed that M (t) remains the regular smooth base surface

during the whole thermomechanical process. This means that [y]=0, and the second of
dynamic jump conditions (34) can be reduced to

[M]v. +V[Kk]=0. (35)

Similarly, in the presence of the singular surface curve C(t) some terms in the 2D energy

balance (28) are transformed as follows:

%ﬂn peda=|[ pi da+fmc(t)V[p€] ds
LHW vds = _”H Divwda—me(t)[\,\,].vcdS , (36)

Lmq vds = _Uﬂ Divq da—_[nmc(t) [q]-vds .
12



Introducing (36) into (28) we obtain again the referential, resultant, local balance of energy
and the thermal boundary conditions (48) and (34); of Pietraszkiewicz (2011), and

additionally the referential energetic jump conditions across C(t):
V[pe] +[w—-q]-v. =0 . (37)
Finally, in the presence of the singular surface curve C(t) some terms in the resultant 2D

entropy inequality are transformed applying (11) and (14) as follows:

%”np” da=|f ppda+| _ VIpylds,

LH(%+ sj-v ds = .UH Div(%+ sjda—_[mc(t) [%+ s]vds .

Then (29) with (38) leads to the local referential forms of the resultant 2D entropy inequality

(38)

and entropic boundary inequality given in Pietraszkiewicz (2011), egs. (57) and (58), and

additionally to the following referential entropic jump inequality across C(t):

Viori-[ +5}ve 20. (39)

In many solids mass is not created during the thermomechanical process, so that in the

resultant shell thermomechanics c=0, p=0 and, hence, p = p(x). In such case the resultant
balances of mass (30) or (31); are identically satisfied. Then (31), requires that [0o]=0. The

latter relation means that the referential energetic jump conditions and the entropic jump

inequality across C(t) can be reduced to
PVIE] +W=0lve =0 | pVIl-[]+5hvg 20, (40)

Exactly these simplified 1D jump conditions have recently been derived by Konopinska and
Pietraszkiewicz (2013).

Jump conditions formulated in this report are compatible only with the resultant shell
thermomechanics proposed by Pietraszkiewicz (2011). But the surface transport relation (11),
the surface divergence theorems (13) - (15) as well as several compatibility relations derived
in section 4 can be utilized for formulation of corresponding jump conditions in other versions
of 2D shell thermomechanics. Various such alternative versions were proposed for example
by Naghdi (1972), Murdoch (1976), Zhilin (1976), Simmonds (1984, 2010), Makowski and
Pietraszkiewicz (2004), Eremeyev and Zubov (2008), and Eremeyev and Pietraszkiewicz
(2009, 2010).

An additional strain energy density associated with 1D curvilinear interface was used by

Pietraszkiewicz et al. (2007) to model the generalized capillarity type phenomena during the
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phase transition in shells. In particular, when the line tension along the interface curve was
assumed constant the 1D analogue of the Laplace equation was obtained, see also Eremeyev
and Zubov (2008). Similar idea could be utilized in the theory of curvilinear dislocations in
shells, where the line tension would describe an energy of tube surrounding the dislocation
curve. For other phenomena which might be modeled by additional fields associated with the
2D interface in continuum mechanics see, for example, Podstrigach and Povstenko (1985),
Grinfeld (1991), Zubov (1997), Gurtin (2000), and Gurtin et al. (2010).

6 Irregular shell base surface

In section 1, we have assumed that the shell base surface in the reference (undeformed)
placement M and in the actual (deformed) placement M (t) = y(M,t) be the regular smooth
surfaces which geometry varies smoothly with the position vectors x of M and y of M(t),
respectively. But real shell structures are often irregular ones such that already their reference
base surface may contain folds, branches, intersections etc., which results that the position
surface derivatives or the curvatures be discontinuous along some surface curves or at some
surface points. Additional mechanical design elements such as stepwise thickness changes,
parts made of different materials, stiffeners, technological junctions, assembling inaccuracies
etc. may also influence the real geometry of the shell base surface in the undeformed
placement. The turbine blade with inside cooling channels along its length , see for example
Sadowski and Godlewski (2012) or Han et al. (2013), is an example of a thin structure which
may be modeled by a shell with thermal singular curve. All such 1D discontinuities are
associated with material surface curves and points which remain to be material during an
arbitrary thermodynamic process.

In this section we extend definition of the shell base surface and assume it to be the
piecewise smooth surface M in the reference placement. This means that from now M is the
union of a finite number of regular, smooth and connected (but not necessarily simply

connected) surface elements M, ,k=1,2,...,K, with edges oM, joined together along spatial
Jordan curves 7, =M, oM, N...nIM, , k =k, #...#K,, a=12,..., A, not necessarily
closed, where two or more distinct M, meet, see Fig. 2. The union 7~ of all 7~, together with
their end points (vertices) c¢,,p=12,...,P, form a complex spatial network, see Makowski et

al. (1999), where more detailed discussion of the irregular shell base surface is given.
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Figure 2. Example of the piecewise smooth surface M

The position vector x:M — E of the piecewise smooth surface M is differentiable
everywhere on M except on subsets of /"< M which area measure is zero. Each smooth

part M, of M can be oriented by a choice of unit normal vector n,(x). The space of all
vectors perpendicular to n,(x) is then the tangent space T,M, at each regular xe M, .

Consider first for simplicity a piecewise smooth surface M consisting of only two

regular parts M, and M, joined together along the curve /" =0M, oM, parameterized by

the length coordinate s, see Fig. 3. The curve 7~ can be oriented consistently with the surface

element M, if necessary. Then the unit tangent vector =, =0X,./0s of I” coincides with the
unit tangent vector 7, of oM, and two other unit vectors n,. and v, =7,.xn, along /" are
taken coinciding with n, and v, =7, xn, of oM, respectively. Fig. 3 differs from Fig. 1 in
that now the surface elements M, and M, at both sides of /= have different orientations
n, # n,, and their outward unit normals v, e T,M, and v, e T,M, are elements of different 2D

tangent spaces. In fact, along the curve 7 there is a fold of the irregular surface M .
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e k0 €

Figure 3. The irregular surface M =M, UM, with afold 7~

Let the surface mixed 2"-order tensor field S(x) e E ®T M be piecewise smooth on any
IT < M having a part of 77 in its interior, see Fig. 3. If 7~ is oriented consistently with M, ,
v, of o071 satisfies v, =v, along 77 and v, =v elsewhere on 077, but v, of 077, is not
related to v, along 77, although still v, =v elsewhere on 077,. Applying the surface

divergence theorem (5), separately on the regular parts 77, and 77, of 77, we obtain

J'm Svds= j'm Sy, ds +.[anz Sv,ds —.[anmr Sy, ds— .[anzmr S,v,ds
= jm Sv,ds+][ , Sv,ds- [ (Sw +Sw,)ds (41)
= ﬂn DivSda —jﬂmr[[Sv]] ds,
where now the jump at 7 is defined by
[Svl=Syv,+S,v,. (42)

Since M, and M, are obliquely joined along 7, we can model geometry of such a junction
by assigning an angle «(x,) in the plane orthogonal to 7/ in Xx,., see Fig. 3. Then
v, =—v,cosa and the jump [[.]] in (42) can explicitly be expressed as

[Svl=Sy, —S,v,cosa=—(S,cosa—S,)v, . (43)
If there is no fold of M along /7~ then =0 and [Sv]=—(S,-S,)v, =—[S]v,, which

brings (41) into full agreement with the extended surface divergence theorem (13).
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It is apparent that using similar arguments we can extend also other patchwork surface

divergence theorems on the piecewise smooth subsurface 77 = 77w I1,, for example

Iant -vds 2.”17 Divtda—.[nmr[[t-v]] ds, (44)
J.anax Svds =”H{a><(DivS)+ax(S (Grada)' —(Grada)S' )}da )
~[  Maxsvlds

for any surface vector fields t(x,t) e T,M and a(x,t) € E. Somewhat similar arguments were

applied by Kazakeviciatée-Makovska (2010) in her derivation of the patchwork surface
divergence theorems used to formulate equilibrium problems of hybrid structures composed
of interacting membranes and strings.

In more general cases each of the network curves 7/~ may represent a junction of more

than two regular surfaces M, as in branching and self-intersecting shells, see Konopinska and
Pietraszkiewicz (2007). Let for example 7"=0M, "oM, N...NAM represent a junction of

K regular, smooth and connected surface elements, and let 77 < M have a part of such 7~ in
its interior. Then the surface divergence theorem (5) applied separately on the regular parts

I1,17,,..., 17, of IT to the piecewise smooth mixed tensor field S(x) e E®QT,M would lead

to similar transformations as indicated in (41), only now the jump should be defined by

ISvl=3,,SwW- (46)
Thus, the extended patchwork surface divergence theorems on the piecewise smooth surface
comprising a part of 7~ will have the same forms as (41), (44) and (45), only now with the
jump [[.]] defined by the extended formula (46).

However, in case of branching and self-intersecting shells, the direct through-the-
thickness integration requires special attention in order to assure the exact equivalence of 1D
equilibrium conditions of the junction region. According to procedure proposed by
Konopinska and Pietraszkiewicz (2007), each of the regular parts of 3D shell is first extended
into the junction region up to the junction curve of the shell base surface. By such extension
some fictitious tractions become automatically applied on surface strips, and through-the-
thickness integration becomes performed twice within tubes in the junction region. To assure
exact balances of forces and couples acting on the irregular shell base surface, some statically
equivalent system of forces and couples has to be subtracted along the junction curves and at
points of their intersection. As a result, this procedure suggests that in case of irregular shell
structures it may be necessary to apply some completed resultant 2D laws of shell
thermomechanics and more complex jump conditions than those given in section 5 with
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jumps defined by (46). For such completed resultant thermomechanic shell relations, each set

corresponding to a particular type of shell irregularity should be discussed separately.

7 Conclusions

We have presented some geometric and kinematic relations associated with the surface
curve moving on the shell base surface. For the piecewise smooth tensor fields acting on the
shell base surface, the extended surface transport relation and the extended surface divergence
theorems have been derived taking account of the moving singular surface curve. This has
allowed to complete the referential, refined, resultant balance laws and entropy inequality of
shell thermomechanics proposed in Pietraszkiewicz (2011) by the corresponding jump

conditions at moving non-material singular surface curves.

Stationary (material) singular surface curves can model various irregularities of shell
structures such as branching, intersections, abrupt changes of geometric and/or material
parameters etc. It has been noted that in case of shell intersections the jumps appearing in the
extended surface divergence theorems become more complex. In such cases the through-the-
thickness integration procedure requires to take account of additional non-balanced forces and

couples along the surface curve of irregularity.
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